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EffEct of thE MatErial Gradation on thE fracturE trajEctory  
in cEraMic/MEtal functionally GradEd MatErials

This paper is based on a 2d numerical study of crack initiation and growth in ceramic/metal functionally graded materials 
(fGMs) under mixed mode condition. The finite element method is used for modeling the crack growth trajectory. Two types of 
ceramic/metal fGMs are considered to explore the effect of the material gradation on the fracture trajectory. The variation of the 
material properties is declared in a program by defining the material parameters at the center of the elements. After a numerical 
evaluation of the fracture parameters, the Maximum Tangential stress (MTs) criterion is used for the prediction of crack propaga-
tion direction with respect to the crack axis. The difference in the crack growth trajectory can be related to the influence of the 
material gradient. in addition, it was found that the easiest way for the crack propagation is when the crack is perpendicular to 
the material gradation. A crack located on the rigid side of the specimen deviates less compared to the one on the soft side.

Keywords: Mixed mode loading; functionally graded materials; stress intensity factors; T-stress; crack propagation; ceramic/
metal fGM

1. introduction 

functionally graded materials (fGM) are a new material 
concept of sophisticated composites, designed with a gradual 
variation of mechanical properties, microstructure and composi-
tion different from classic composites or homogeneous materials. 
This new generation of materials have a reputation of being ideal 
for the applications requiring various performances like the re-
duction of thermal stresses associated with the good mechanical 
properties by designing a ceramic/metal fGM. Because of the 
complex design of the fGMs, the study of fracture and crack 
propagation is very challenging. 

compared to the detailed studies on mode i fracture of 
fGMs, a limited number of works have been reported for the 
case of mixed mode fracture. Mixed-mode experimental and 
numerical study was carried out by oral et al. [1] on fracture 
initial direction in fGMs. 2d dynamic mixed mode crack growth 
simulations was done on fGMs by Zhang and Paulino [2] by 
the mean of cohesive zone models. using the extended finite 
element method (XfeM), dimitri et al. [3] have been able to 
predict the crack direction for different loading conditions and 
to evaluate stress intensity factors (sifs). The same approach 
(XfeM) was applied by dolbow and Gosz [4] who considered 

an arbitrarily oriented crack in the plane problem. Kirugulige 
and Tippur [5] carried out dynamic fracture tests to investigate 
the crack growth in glass-filled epoxy fGM. Jin and Batra [6], 
Gu and Asaro [7] came up with quasi-static sifs for cracks in 
fGM for distinct geometries and loading conditions.

it is known that the determination of the crack propagation 
trajectory is based on the determination of the sifs, for that rea-
son, accurate values of sifs are necessary to predict the crack 
growth at each step. Various methods have been reported in the 
literature to accurately evaluate sif for different materials [8-13]. 
Among several studies dealing with fGMs, Kim and Paulino [14] 
attempted to evaluate the crack propagation trajectory for fGMs 
through numerical simulations in the case of mixed-mode and 
non-proportional loading; they used a modified crack closure 
method. The same authors [15] carried out fracture analysis of 
nonhomogeneous orthotropic materials using a mixed mode 
 J-integral formulation. in another study [16], sifs were evalu-
ated by the mean of the interaction integral method. Topal and 
dag [17] performed a thermal fracture analysis of orthotropic 
fGMs using an equivalent domain integral approach. The dis-
placement extrapolation technique was used by several authors 
to determine the stress intensity factors [18-20]. sifs were deter-
mined by rao and rahman [21] using the  element-free Galerkin 

1 dJillAli liABes uniVersiTy of sidi Bel-ABBes- 22000- sidi Bel-ABBes. lABorAToire de MATériAuX eT sysTèMes réAcTifs- lMsr, AlGeriA
2 uniVersiTy of lille, uniTé de MécAnique de lille, eA 7512 uMl 59000 lille, frAnce

* corresponding author: m.bouchelarm@yahoo.com

BY NC

© 2024. The Author(s). This is an open-access article distributed under the terms of the creative commons Attribution-noncom-
mercial license (cc By-nc 4.0, https://creativecommons.org/licenses/by-nc/4.0/deed.en which permits the use, redistribution of 
the material in any medium or format, transforming and building upon the material, provided that the article is properly cited, the 
use is noncommercial, and no modifications or adaptations are made.

https://orcid.org/0000-0001-9887-3149
https://orcid.org/0000-0002-3578-9625
https://orcid.org/0000-0001-5116-2972
https://orcid.org/0000-0002-3460-617x
mailto:m.bouchelarm@yahoo.com


956

method for 2d arbitrary geometry fGMs. using a generalized 
method, chandran and Barsoum [22] determined KI and KII for 
center-cracked specimen. dorduncu et al. [23] used peridynamic 
approach for modeling of two dimensional functionally graded 
plates. dewei he et al. [24] carried out a study of fracture 
in functionally graded materials under thermal shock loading 
using peridynamics. nguyen et al. [25] investigated the effect 
of porosities on crack propagation in fGM structures using the 
phase-field model. it was found that this method can accurately 
model the failure of porous structures.

Much of the literature focused on theoretical and numeri-
cal studies, there are relatively few experimental works dealing 
with the mixed mode fracture of functionally graded materials. 
rousseau and Tippur [26] performed experimental four-point 
bending tests and investigated the fracture trajectory in epoxy/
glass fGM beam. experimental study was done by Tilbrook 
et al. [27] by the mean of fatigue and fracture tests of fGMs; 
they studied the influence of graded properties on their results. 
Xin Jin et al. [28] investigated the fracture in Zro2/nicr fGM 
under mixed mode condition. Abanto-Bueno and lambros [29] 
experimentally studied the fracture behavior of a polymer-based 
functionally graded material. digital image correlation technique 
was used to extract fracture parameters sifs and T-stress [30]. 

The aim focus of this work is to numerically investigate 
the influence of the direction of material gradient on the mixed-
mode fracture path in ceramic/metal fGMs. To this end, we have 
considered two types of fGMs, with different material gradients. 
A special algorithm has been developed by the mean of Ansys 
APdl, incorporating the material properties and a local fracture 
mechanics criterion to predict the crack growth path of fGM 
beam under three point bending. The mixed mode conditions are 
obtained by shifting the applied loading position with respect 
to crack axis. 

2. theoretical formulations

2.1. determination of the sifs

in this study, the displacement correlation technique dcT 
[31] is used to compute the mixed mode sifs KI and KII for 
functionally graded materials. This correlation is performed on 
specific points located on the crack lips, the parameters KI and 
KII are respectively the mode i and mode ii sifs and are given 
by the following equations:
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Etip, υtip et μtip represent respectively, the elastic modulus, Pois-
son’s ratio and shear modulus. These parameters are evaluated 
at the crack tip. 

in linear elasticity, the parameter ktip is equal to 
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for plane stress and equal to (3 – 4νtip) for plane strain.
L corresponds to the length of the element side connected 

to the crack front. u and v are, respectively, the displacements 
along the x and y directions.

it should be mentioned that for an improved calculation 
accuracy of the field in the vicinity crack front, a special quarter 
point finite element is considered. The middle side node of the el-
ement in the crack front is shifted to quarter length of the element

2.2. determination of t-stress

The in-plane linear elastic stresses in the region of the 
crack tip can be defined as symmetric and antisymmetric fields, 
respectively known as mode i and mode ii. The stress fields can 
be represented as an eigen series expansion [32-34]. Arround 
the crack front, where the higher order terms O(r1/2) can be 
neglected, the mode i stress fields are:
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And for mode ii:
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where σxx, σyy and τxy are the mode i stresses, r, θ, x and y are 
coordinates in conventional polar and cartesian systems with 
the crack tip at the origin. The T term is a constant stress parallel 
to the crack namely the T-stress. 

for a mixed mode loading, a singular term corresponding to 
mode i, or mode ii or mixed (i+ii) are considered. The methods 
used for mode i are therefore not valid for the case of a mixed 
mode i/ii. T-stress can be determined without the use of sifs 
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when both symmetric and antisymmetric properties of modes i 
and ii are used. The stresses in the first half of the cracked speci-
men can be added to the stresses of the second half. The mode ii 
stresses are simplified and the mode i stresses are doubled. This 
gives the possibility to determine T-stress by the following equa-
tions using finite element analysis [35].
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it is convenient to use eq. (10) since only one stress com-
ponent is used.

A more efficient way to determine T-stress without using 
a very refined mesh is to use the displacement method. hooke’s 
law for small deformations can be written as follows:
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where: εxx et uxx re the strain and displacement respectively 
parallel-to-the-crack and E' is defined as E' = E for plane stress 

and 21
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 for plane strain. E is young’s modulus and 

ν is Poisson’s ratio.
using eq. (14) for the upper and the lower crack lips, and 

summing the results, T-stress can be determined by:
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Based on the displacements alone, T-stress is obtained using:
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2.3. determination of the fracture trajectory

After a numerical evaluation of the sifs, the fracture 
criterion must determine the crack propagation direction with 
respect to the crack axis. The fracture phenomenon is assumed 
to be driven by the circumferential stress intensity in the vicin-

ity of the crack front. introduced by erdogan and sih [36], the 
Maximum Tangential stress (MTs) is a local criterion, based 
on the knowledge of the stress field at the crack tip. According 
to this criterion, the bifurcation initiates at the crack tip in the 
direction for which the circumferential stress σθθ is maximum.

in linear elasticity, it is translated to: 
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one can deduce:
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The crack direction can be expressed as follows :
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for this criterion, the propagation direction θ0 is independ-
ent of the nature of the material, especially the Poisson’s ratio ν. 
This criterion needs quite-few remeshing for every step of crack 
growth. it is also possible to use it for materials with elastic-
plastic behavior for the case of confined plastic zone [37].

3. crack growth modeling

The fracture initial angle θ at each propagation increment 
Δa is determined by solving the equations system defining the 
chosen criterion. in this study, we use the MTs criterion. The 
propagation angle θ is calculated in the local reference system 
with respect to the crack axis. for the proposed examples, the 
calculations are performed step by step, assuming small crack 
propagations Δa. To explain how the program works for the 
crack propagation, a flowchart is presented in fig. 1. in each 
step, sifs KI and KII are calculated first using the displacement 
field information in the vicinity of the crack. After finding the 
propagation angle θ using the fracture criterion, we assume 
a small crack extension Δa in the calculated direction. Then in 
the next step, the crack front is automatically shifted to extend 
the crack. The new stress intensity factors KI and KII are calcu-
lated to determine the new propagation angle. it is noted that an 
advancing front method is used to generate the fe mesh, where 
the mesh generation and the singular elements construction are 
incorporated in the program, simplifying the analysis of the 
crack growth. The algorithm can be repeated continuously to the 
ultimate failure of the specimen or can be stopped by the user. 
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fig. 1. flowchart of the crack modeling algorithm

4. finite element analysis

4.1. numerical validation

in this section, fracture simulations for fGM material were 
carried out in order to validate the proposed numerical method. 
cracked fGM beam subjected to three-point bending was con-
sidered. fig. 2 shows the fGM beam geometry and boundary 
conditions considering an offset loading. A linear variation of 
the material properties is chosen according to the proposed 
examples of Khazal [38] and chen [39]. fe modelling was 
conducted using Ansys APdl. The structure was modeled in 
2d under plane strain conditions using isoparametric quadrilat-
eral Plane 82 elements, which have eight nodes. A total number 
of 2394 elements is used, and special singular elements mesh is 
investigated at the crack-tip to consider the singularity of stress 
and deformations fields.

fig. 2. cracked fGM beam subjected to three-point bending [38-39]

in fig. 3, the crack path trajectory obtained by the proposed 
method is compared to the numerical results of Khazal [38] us-
ing the extended element free Galerkin method, and to the crack 
trajectory using the scaled boundary finite element method pro-
posed by chen [39]. clearly, we have accurate results and a good 
agreement is obtained between the predicted crack trajectories 
by the numerical methods cited above. one can conclude that the 
developed approach of the current study is successfully validated 
and can be used for the next investigations.

fig. 3. comparison of crack path trajectories for fGM beam

4.2. Effect of the material gradation

To study the effect of the material gradation on the crack 
growth in ceramic/metal fGMs subjected to mixed-mode load-
ing, we considered two sorts of functionally graded materials: 
fGM-A corresponds to a material which the gradation is along 
the y-axis (fig. 4a), and fGM-B whose material gradation 
is along the x-axis (fig. 4b). for both materials, the specimen 
is loaded by an applied force located in one of the three posi-
tions A, B or c according to the configurations shown in fig. 4.

fig. 4. Geometry and material gradient direction; a) for fGM-A and 
b) for fGM-B

for this problem, we considered a cracked fGM speci-
men under three-point bending. A pre-crack with a = 2 mm is 
considered parallel to the material gradient for fGM-A, and 
grows forward in the direction of decreasing young’s modulus, 
and perpendicular to the gradient of the properties for fGM-B. 

eight nodded quadratic elements are used to mesh the con-
sidered geometry. To take into account the singularities of the 
fields in the vicinity of the crack-tip, some modifications were 
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necessary [40-41]. singular elements were employed to describe 
the singularity at the crack-tip. The special quarter point finite 
elements are used for a better approximation of the field near the 
crack front. The mid-side node of the element connected to the 
crack front is shifted to the quarter of the element length (fig. 5). 
The determination of fracture parameters is based on the crea-
tion of singular elements at the crack tip based on isoparametric 
finite element developed into the APdl program. This method 
has proven its effectiveness in previous studies [42-45].

fig. 5. singular elements at the crack-tip

The meshing is considered to calculate the T-stress and 
the sifs KI and KII using dcT method to predict the fracture 
trajectory for every step of crack growth. The calculation of the 
fracture parameters is performed under plane strain conditions. 
According to noda and Jin [46] the influence of Poisson’s ratio 

can be neglected for functionally graded materials, thus Poisson’s 
ratio is considered ν = 0.3 for the whole model. 

fig. 6 shows the geometrical model of fGM beam and 
expose the FE mesh of the specimen subjected to bending with 
a zoom on the crack front mesh. fig. 7 presents the elastic modulus 
E gradient for the fGM-A and fGM-B. The mechanical properties 
E, ν and KIC (fracture toughness) were taken from the experi-
ments of Xin Jin et al. [28]. The detailed values of the material 
gradation are summarized TABle 1 for each layer of the fGM. 

TABle 1

Material properties for each layer of the considered fGM

Material composition ceramic/Metal E (GPa) KIC (MPa. )
100/0 201 11
90/10 188 9.4
80/20 170 7.5
70/30 152 6.2
60/40 135 4.7
50/50 120 3.8

5. results and discussion

figs. 8, 9 and 10 illustrate respectively the variation of the 
mixed mode sifs KI and KII as well as the T-stress in the case 
of fGM-A and fGM-B. The value of KI increases during crack 

fig. 6. fe mesh and zoom on crack-tip

a) b)

fig. 7. elastic modulus variation of the considered materials [28]: a) fGM-A and b) fGM-B
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extension. in all cases, KI has a major effect on the driving force 
of the crack propagation. however, KII defines the deviation 
from the stable mode i crack propagation and tends to oscillate 
around zero during the propagation.

The evolution of the normalized T-stress is presented in the 
fig. 10, its magnitude is smaller compared to that of KI in the 
first part of the crack propagation, and then it takes significant 
values in the last stages. We note a negative magnitude in the 
early stages of propagation for both fGM-A and fGM-B ma-
terials, then T-stress changes sign to positive. This could be an 
indication of the instability of the crack propagation.

using the MTs criterion, we have plotted in fig. 11 the 
crack propagation trajectories corresponding to the two materi-
als fGM-A and fGM-B for the three loading positions (A, B 

and c). in the case of loading in positions A and B, the crack 
propagation trajectory leans toward left in the direction of the 
loading point, which creates a mixed mode conditions. This is 
noticed for both materials, however, for the fGM-B, the crack 
takes a more curved trajectory followed by an increasing of the 
bifurcation angle as the crack continue to grow. 

for a better illustration of this phenomenon, we can focus on 
the comparison presented in fig. 11c for the loading position c. 
in this case, the condition is in mode i, the crack is supposed to 
propagate in a straight direction with respect to the initial crack, 
which is the case for fGM-A. however, in the case of fGM-B, 
the propagation trajectory deviates from the initial direction. 
due to the identical geometry and boundary conditions of the 
fGM beams, this can be explained by the type of the fGM-B 

fig. 8. evolution of the normalized mode i sif for fGM-A and fGM-B as a function of crack extension at loading positions; a) A, b) B, c) c

fig. 9. evolution of the normalized mode ii sif for fGM-A and fGM-B as a function of crack extension at loading positions; a) A, b) B, c) c

fig. 10. evolution of the normalized T-stress for fGM-A and fGM-B as a function of crack extension at loading positions; a) A, b) B, c) c
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material where the gradation direction is perpendicular to the 
direction of the initial crack, which means that the value of the 
elastic modulus decreases in this direction and the crack takes 
the easiest trajectory to propagate.

Without a doubt, the material gradient has a considerable 
effect on the crack trajectory in fGMs. Moreover, it can be con-
cluded that the easiest way for the crack propagation is when the 
crack is perpendicular to the material gradation where the crack 
deviates towards the side of the decreasing properties. 

A comparison between the kinking angles θ0 of both ma-
terials is presented in TABle 2. it is noted that for fGM-A, the 
crack bifurcation takes place at an initial angle of 6.97° with 
respect to the crack axis. While, the kinking angle for fGM-B 
is 11.82°. from the numerical results, one can conclude that the 

fig. 11. numerical predictions of the crack growth trajectories of fGM-A and fGM-B at different loading positions; a) A, b) B, c) c

fig. 13. stress distribution maps of fGM-A and fGM-B

fig. 12. comparison of the critical load as a function of crack extension 
for fGM-A and fGM-B

TABle 2

Predicted fracture initial angles for fGM-A and fGM-B

load position
Kinking angle θ0

fGM-a fGM-B
A 6,97 11,82
B 4,98 9,63
c 0,0185 4,56

crack located on the rigid side of the fGM beam kinks less than 
the one on the soft side.

Based on the fracture criterion, the critical load is deter-
mined for every crack extension, and the obtained value is 
applied to the corresponding extension. fig. 12 shows that the 
critical load required to the crack growth for fGM-A is greater 
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than that for fGM-B. it depends on the properties of the material, 
especially the critical stress intensity factor KIC, which corre-
sponds the material resistance to the crack propagation. A crack 
located in the stiff part of the beam requires a larger load to grow. 
This is illustrated in fig. 13 where the stress distribution maps 
of the studied cases are presented. it is clearly shown that the 
stresses are more important for the fGM-A than the fGM-B for 
the same geometry and boundary conditions.

6. conclusion

The main focus of this numerical study is to explore the ef-
fect of the material gradation direction on the fracture trajectory 
of ceramic/metal fGM beams subjected to mixed-mode load-
ing. Two sorts of functionally graded materials are examined; 
the fGM-A represents the beam with a parallel pre-crack to the 
material gradient, and fGM-B with a perpendicular pre-crack 
to the material gradation. The main findings are highlighted:
– The mode i sif KI has a major effect on the driving force 

of the crack propagation, however KII defines the deviation 
from the stable crack propagation.

– The change of sign of T-stress could be an indication of the 
instability of the crack propagation.

– The crack in the fGM-B, follows a more curved trajectory 
and the crack propagation angle increases as the crack 
grows.

– The difference of the fracture trajectory can be related to 
the influence of the material gradation.

– The numerical results of the kinking angle θ0 demonstrate 
that the crack located in the rigid part of the specimen 
exhibits less deviation than the one on the soft part.

– The critical load required to the crack growth for fGM-A 
is greater than that for fGM-B. it depends on the value of 
critical stress intensity factor KIC.
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