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Abstract. In this paper, the problem of backward compatibility of active disturbance rejection control (ADRC) is investigated. The goal is to
contextualize ADRC to deliver its interpretations from the established field of linear control systems. For this study, a control algorithm, denoted
here as integral disturbance rejection control (IDRC), is considered that combines classical state-feedback control with an integral compensator.
At first, an interpretation of ADRC is involved in terms of existing state-space control approaches. Next, a transition to the frequency domain
is performed, which is justified as a significant part of practical control engineering is conducted in that domain. For assumed specific plant
structures, both ADRC and IDRC are then holistically compared in terms of transfer function representation and frequency characteristics, as
well as steady-state convergence conditions. Such a juxtaposition helps to highlight the similarities and differences of both approaches, whereas
the utilized bandwidth parameterization is shown to bring the control system to the same form, thus indicating some interesting practical aspects.
Finally, the theoretical results concerning both considered control structures are validated in a set of numerical simulations and experiments
conducted on a laboratory hardware testbed.
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1. INTRODUCTION control systems naturally resistant to unmodeled/uncertain dy-
The disturbance observer-based control has been extensively namigs and disturbances [4]. . .
studied in the scientific literature as an alternative to integral As it recently turned out, ADRC has more in common with

control. In this approach, an observer estimates the disturbance, standard controllers than initially thought [5, 6]. One can ar-
which is subsequently countered by the control law. This method ~ &U€ that if ADRC methodology is viewed from the perspective
is grounded in the internal model principle: whereas integral of the Gartner Hype Cycle, then it finally reached its plateau of
controllers implicitly reconstruct the disturbance through their ~ Productivity stage. It also indicates that the applicability and rel-
integral component, disturbance observers explicitly incorpo- ~ €vance of ADRC are now better understood and its mainstream
rate the disturbance model. Recent reviews [1,2], along with ~ adoption took off (based on the recent integration of ADRC by
related references, analyze the vast research area and point to  top industry players like Texas Instruments and Mathworks). It

active disturbance rejection control (ADRC) as one of the more ~ Seems that the current meaningful development of ADRC has
prominent approaches. shifted because of that and now goes towards finding connec-

tions with classical controllers rather than distancing from them
and simply claiming superiority. For one, it was recognized that
ADRC is not a single, rigid set of equations; it is an idea of
how to look at, analyze, and solve control problems. The ADRC
methodology can produce control schemes in different forms,
all depending on what is expected from the control solution and
what limitations are posed [7, 8].

As an example, there has been increasing interest within the
control community to investigate more deeply the structural [9]
and parameter [10] similarities between proportional-integral-

The ADRC methodology was developed based on a firm
premise that theoretical concepts must be applicable in real-
world scenarios and that meaningful control theory should not
merely be an extension of mathematics based on precise mathe-
matical models of physical processes [3]. This manifested itself
in the body of work on ADRC that showcased how to design
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practice with ADRC and enabling its backward compatibility
with classical controllers came with the parameterization of
all controller gains based on bandwidth [11]. By integrating
ADRC design principles with Bode’s and Nyquist’s frequency
domain concepts and terminology, ADRC has become more ac-
cessible to engineers and has frequently become the preferred
tool in practical applications. The proposed bandwidth param-
eterization also enhanced its user-friendliness and positioned
it as a practical alternative to PID due to its simplicity, ro-
bustness, performance, and ease of tuning. Interestingly, it was
demonstrated that, with some simplifications and for low-order
systems, ADRC is indeed backward compatible with standard
PI [12] and PID [13] controllers when considering first- and
second-order plant dynamics, respectively.

The topic of finding equivalences of ADRC with other con-
trol approaches led to investigations done for sliding mode con-
trol [14], so-called flat filters [15], and eventually the standard
internal model control [16, 17].

Based on the above, the motivation for this work comes from
the need for ADRC to overcome one of its crucial challenges:
achieving backward compatibility with classical controllers. As
argued in [18], overlooking this challenge arguably caused many
established advanced control schools to stagnate and led to
doubts about their relevance in practical applications.

Therefore, the goal of this paper is to take another step towards
backward compatibility of ADRC. Here, we revisit a particular
control approach, namely a classical state-feedback control with
integral compensator [19], and investigate the existence of any
equivalences between these two approaches. For convenience
and brevity, we will denote the classic approach as IDRC. The
specific contributions of the paper are:

o derivation of the control system structure with an integrating
compensator and a Luenberger observer in a version not
overly dependent on the availability of a mathematical model
of the governed plant;

e side-by-side comparison of ADRC and IDRC for assumed
specific plant structures in terms of transfer function rep-
resentation, frequency characteristics, and steady-state con-
vergence conditions;

e showing similarities and differences between ADRC and
IDRC as well as proposing parameterization bringing both
control systems to the same form, thus indicating certain
practical aspects;

¢ and finally validation of theoretical results using simulation
and hardware tests conducted on a laboratory ball-balancing
experimental table.

The rest of the paper is organized as follows. Section 2 recalls
some of the key information from existing literature regarding
both ADRC and IDRC approaches that will become useful in
the course of the subsequent analysis. It also shows what are
the general plant model and control objective considered in the
paper. Section 3 contains the main results of the work, namely, it
shows the detailed investigation into the backward compatibility
analysis of ADRC and the classic IDRC approaches. Then, in
Section 4, validation of the findings is shown using a set of
various simulation and experimental tests. Finally, Section 5
concludes the work.

2. PREREQUISITES
2.1. General plant model and control objective

Consider a dynamical system of n-th order, described by the
following differential equation

Yy = a1y - —ayy—agy+d+g(-)+bu, (1)

where y = y(t) is the output signal, y) = y(") (¢) is the n-th time
derivative of the output, u = u(t) is the control signal, b is the
input gain scaling factor, d = d(¢) is the external disturbance,
g()=g(y,...,y" D u,1) is the function containing system
nonlinearities and unmodeling dynamics part, and a; € R are
parameters describing the linear part of the system dynamics
(characteristic polynomial coefficients).

Let us rewrite the dynamics equation (1) assuming that pa-
rameters a; and terms d and g(-) are unknown and that the value
of the input gain b is replaced by its estimate b. In such a case,
one can define a total disturbance of the system (1) as:

FO) ==y~ —ayy—agy+d+g(-)+(b-b)u. (2)

Taking advantage of the total disturbance, one can put dynamics
equation (1) into the following form

Yy =bu+ f(-). 3)

The state-space representation of the system (3) in the canonical
form can be described by

- 4)

£=Ax+bbu+hf(-),
y=cx,

where the state of the system is considered in the phase configu-

ration x = [x1,x2,....,x,]T = [y, ¥,...,y""D]T and matrices in
Eq. (4) are given as
o1 0 --- 0 0 0 1
o o1 --- 0 0 0 0
A= 1 oo b=t k=i, c=):
0 0 O 1 0 0 0
0 0 O 0 1 1 0

In this work, the control task is to stabilize the output y
of the system (4) at the constant reference value r = const.
Therefore, derivatives of the reference signal are not consid-
ered (7 = ... =r" =0). The occurrence of the feedforward part
in the presented control laws is also not assumed.

2.2. ADRC

For ADRC control, an extended state observer (ESO) that esti-
mates the state of the plan and a total disturbance is an essential
component, which is used in the decoupling loop to actively
reject a disturbance. Next, the external control loop is designed
for the decoupled system. The idea of ADRC operation is given
in Fig. 1.
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Plant >

Fig. 1. Block diagram of the considered ADRC structure

The main assumption of the ADRC approach is to shape
the dynamics of the control plant to approximately match the
following integral chain model

y" = uy, (5)

Comparing the desired system dynamics (5) and the control
plant model (3), one can obtain the general control law depen-
dent on the new control signal

u= %(uo—f('))- ©)

Assuming the extended state vector x, = [xT, f(-)]T e R™!,
the extended state-space representation of model (4), used in the
control system synthesis, can be described as follows

{{e :?e)_ce+béeu +ﬁef, (7)
yzgeie’
where
A b b h
AE: _9 Qez_’ ge-:g’ ﬁez_'
0., 0 0 0 0

For the state estimation process, the following Luenberger-
based observer is used

Ze = (Ae_leEZ)ge+Qel;u+£ey’ (8)
where 2! = [21,22,..., 20, Zus1] = [9, 5,0, 97D, F()] s the
estimated state vector and £e =[l1,1,... ,ln+1]T represents the

gains of the ESO.

To stabilize the plant output at constant value r one can use
the estimated state vector z in control law (6). Assuming that
gains of the observer (8) are selected such that the estimation
error is ”ge —)_ce” < €, where € > 0 is some positive constant
small enough, one can apply the following control law

w=kr-k'z, ., ©)

where @T = [ky,k2,...,k,]. Thus, combining (9) and (6), one
obtains the final form of the control law as

1

1
u= E(MO_Ze,n+1) = 3 (klr_kz:ée) ’ (10)

with &7 = [£T, 1].

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 2, p. 152608, 2025

Parameterization of ESO and controller

The ESO gains vector [, and the controller gains vector k are
selected such that the eigenvalues of the observer and closed-
loop system matrix are equal to the desired parameters. Here,
a design based on the separation principle is used which is a
key ingredient in the ADRC design. To be more precise, gains
satisfy the following relationships

det (sI - (Ae _QQZ)) = gaﬁDRC(s),
(1)
det (sl - (Ap b, E)) = ADRC (o),

where I is the identity matrix, ¢2PRC(s) and ¢2PRC(s) stand
for the assumed Hurwitz-stable polynomials. To facilitate the
selection of these polynomials, one can employ a simple pole
placement method, commonly used in ADRC design [11], rep-
resented by the following formulas

05"RC () = (s+wo)™!, @lPR(9) = (s+we)",  (12)
where w, and w,. are observer and controller bandwidths, re-
spectively. Combining (12) and (11), one respectively gets

eig; [Ae _QQZ

| =-wo for i=1,2,...,n+1, (13)

eig; [Ap —bpk'| =-w. for j=12,.. .n, (14)

where eig, (-) means the {-th eigenvalue of the given matrix.
The solution to (13) and (14) can be briefly specified as

n+1\ ; n i+l
e e

% v! . . .
where = ——— stands for binomial coefficients.
m| ml(v—m)!

15)

2.3. IDRC

The IDRC combines classical state-feedback control with inte-
gral compensator [19], along with specific assumptions regard-
ing the system model. Similarly to ADRC, it is assumed that
the system dynamics (characteristic polynomial and nonlinear
components from (1)) are generally unknown. Synthesis of the
algorithm is based on preliminary knowledge about the system
dynamics order and input gain coefficient. The sctructure of the
IDR controller is presented in Fig. 2.

Plant >

Fig. 2. Block diagram of the considered IDRC structure

In this approach, it is assumed that the system dynamics is
represented by (4). It is worth noting that, unlike in ADRC,
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an estimate of the total disturbance function from (4) is not
used in the IDRC controller synthesis. A detailed explanation is
provided in Section 3.

Employing the Luenberger state observer (SO) to estimate the
state of the system (4) the formula is obtained

Z:(A—ET)§+25L¢+L)), (16)
where the observer state vector z consists of z =
(21,225 20] T = 3,5, 9" V1T and e = [11, 12, - . ., 1] T con-

tains set of observer gains.

The control law for constant value control is defined as state
feedback with an integral action to compensate the steady-state
error and constant external disturbances

t
1
u=| -2k [ @ -yopac]an
0
where kT = [k1,k2,...,k,] and the iy term is an integral path

gain. Assuming that z ~ x and substituting control law into
model (4) leads to following closed-loop dynamics

t
i=Ax-blvabin [(((0-y@dn a9
0

then extending the state vector x by integral of control error

t
q= /(r(‘r) —y(7))dt gives the form
0

X A-bk" bl |x| [0
1= - = =+, (19)
q —cT 0 q 1
—,———
HiEEe

where r is the reference value for the closed-loop system.

Preliminary parameterization of SO and controller

Following the commonly used parameterization for ADRC, we
apply it to the IDRC structure. Similarly, we separate the feed-
back and observer design and consider the following

det (sI - (A - QT)) = goIODRC(s),
(20)

det (sI - H{:DLRC) = ¢p£,DRC(s),
with ¢!PRC(5) and ¢!PRC(s) being the assumed Hurwitz-stable
polynomials. Similarly as in ADRC, one can use parameters w,
and w, to tune the feedback and observer bandwidths, respec-
tively. In this case one assumes

0y RC(s) = (s+wo)",  9P%C(s) = (s+we)™, (1)
from which it follows that
eig; [A—L_CT] =—w, for i=1,2,...,n, (22)

eig; [HeL] = ~we for j=1,2,...,n+1. (23)
The SO and controller gains satisfying equations (22), (23) can
be obtained using Newton’s binomial form as

[\ g _ n+1 n—j+2
L= iwo, Kj= j_lwc .

Moreover, according to (19), «; obtained from (24) the form of
extended controller gains vector [k, ki ] T, where kT is the state
feedback vector consisting of «; gains for j =2,3,...,n+1 and
Kint is the integral path gain such that xjy = «; for j = 1.

(24)

Remark 1. Due to the assumption that the plant is subject to
modeling uncertainties, the selection of settings is heuristic. The
bandwidth values are selected to obtain the desired properties
of the closed-loop system (the desired speed or sensitivity to
noises), and some of its features will be visible in the transfer
function notation presented in the next section. In addition, the
range of parameter values that ensure stable system operation
depends on the structure and parameters of the plant.

Examples of the influence of ADRC parameters on the opera-
tion of the control system can be found in detail in [20]. Studies
on the influence of uncertainty of selected parameters on the
control quality can be found in [21,22].

3. THEORETICAL ANALYSIS OF ADRC AND IDRC

This section compares ADRC and IDRC approaches in vari-
ous aspects. The steady-state convergence (conditions to elim-
inate the steady-state error and compensating the external dis-
turbances) are analyzed. Transfer function representations are
derived and tuning parameterizations are proposed.

The main difference between ADRC and IDRC lies in the
method of extending the system state. In ADRC, the state is
extended due to the observer structure, whereas in IDRC, the
state extension occurs within the controller.

Remark 2. It is noteworthy that in the IDRC approach, the total
disturbance f(-) present in the model in (7) is not explicitly
taken into account in the controller synthesis process. However,
in this approach, disturbance rejection is embedded within the
controller loop and lacks a direct interpretation as in the clas-
sic ADRC approach. Thus, the employed Luenberger observer
in (16) does not have the extended state variable representing the
estimate of the total disturbance. Implications of non-extended
state estimation are discussed in Section 3.1.

Remark 3. According to obtained control laws in both algo-
rithms, in IDRC approach equation (17) the k;r term is not
required as in ADRC equation (10), because incorporating an
integral compensator ensures the unit static gain of the closed-
loop system.

3.1. Steady-state convergence analysis in ADRC and IDRC

The considerations in this section are conducted under the fol-
lowing assumptions:

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 2, p. €152608, 2025
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o closed-loop system is asymptotically stable for both struc-
tures and the influence of external disturbance is considered
after the transition process due to the reference signal;

e input gain coefficient b is known and used in the synthesis
of both algorithms (b=b);

e ESO and controller gains [, kT
respect to (15);

e observer and controller gains ¢, [T, kin] T
lected with respect to (24).

To facilitate the analysis, the following linear model of the
external disturbance (uncorrelated with the system state) is taken
into account

in ADRC are selected with

in IDRC are se-

d=et+¢, (25)

where £ and ¢ are constant (coefficients of the linear equation).

ADRC
Dynamics of estimation error e, = x, —z, under influence of
external disturbance from (25) in ADRC approach is
A T 5
€, = (Ae _lege)g() +ﬁed’ (26)
thus, since H, = (A, —1,c!) is a Hurwitz matrix, the norm
of estimation errors converge to a constant for any constant d
and zero for any constant d. In particular, the estimation error
¢, caused by constant d can be obtained using the final value
theorem in s domain

E (s)=(sI-H,) ™" (h,sD(s)), 27)

thus
e, (o) = lim sE, (5) = ~H; lim (ﬁeszD(s)) . ©8)
N S

Substituting the control law Eq. (10) (with biased extended state
estimates) in the system model Eq. (4) leads to

i= (A—QkT)J_C+QkTgo’lzn +h(d-d)+bkir.  (29)
—_— S~——
HéERC €o,n+l1

The limit value of state x can be easily obtained as in (28)

x(o0) = lim sX(s) = ~(HAP) ™! (kTSE, 1, (5)

+ hsE

E, ,.1(5) +Qk1sR(s)). (30)

Example 1. Taking advantage of (28), the final estimation error
for the disturbance equation (25) can be derived

1 (n+1\ 1 (n+1) 1 ntl) 11"

e=el=g | o |2 | —-
w? wh w? n w,

(31

This result indicates that in the limit, components of e , are

constant. Next, substituting the Laplace transform of ¢ in (30)

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 2, p. €152608, 2025

one obtains

y(o0) 1 e " n\[(n+l We d
v | Pram e
x(c0)=| J(e0) |= 0 ,
YD (eo)| | 0

(32
which shows a non-zero control error in steady state.

IDRC

In the IDRC approach, the dynamics of estimation error e =
x —z is described by

¢ =(A—ET)go+ﬁd.

—0

(33)

Since the observer state matrix H, = (A — ET) is Hurwitz, the
norm of state estimation error e converges to a constant for any
constant d. It can be derived from (33), that the derivative of
estimation error yields

¢, () = lim °E, () = =H " limy (ﬁeszD(s)) LG4
S S

Applying the control law (17) with biased state estimates z to
dynamics of the model (4) gives the following

t
= Ax— bk x+ brin / (r(v)—y(r))dr +bTe, +hd, (35)

and describing the dynamics (35) by extension of system state
vector as in (19) leads to the form

x A_MT bkint | |x
il | =" 0 |lq

———
IDRC
HCL

gl okl

Based on the state vector configuration in (36), the g variable
represents the integral of the control error r — y. There is a need
to differentiate that equation to calculate the final value of the
state vector possible, which consists of the control error.

(36)

X X bkt 0] |e hi .
S =HERC 1T+ D+ A+ 3D
g gl [0" o]|o] |o
N—— N——
X x*
5
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Thus, applying the final value theorem in (37) leads to

x'(0) = lim sX*(5)

bk™ Ol |[s2E (s)
—— HIDRC -1 1 _— — —0
(He™) Jm 0 0 0
0
+ 6 s*D(s)+ I s*R(s)]. (38)

Example 2. Similarly to ADRC, the estimation error for the
disturbance equation (25) in the IDRC can be considered. Us-
ing (34) one obtains

1 (n\ 1 (n\ 1 n\ 11"
wl (l)wz-l (2)w2-2 (n—l)w_o} O

It can be seen that the derivative vector of estimation error ¢,
is constant. Substituting the Laplace transform of (39) into (38)
leads to the final value of the assumed state vector

é,(o)=¢

0
y(e0) 0
(o)
Ple)=| 1 |= : (40)
y™ ! 0 i-1
e " ne We
ec(o0) o El (") Gost) (w_o) _

The most important conclusion is that despite the conflicting
convergence conditions of state estimation, the convergence of
the control error to zero in both methods requires that d be a
constant value. In ADRC, the convergence of the control error
is conditioned by the quality (consistency) of estimation. It can
also be concluded that the ESO bandwidth w, has a crucial
impact in attenuation of steady-state control error, while in IDRC
approach this role is more divided into observer and controller,
which can be noted by comparing the exponents of observer
and controller bandwidth w,, w. in equations (32), (40). For
assumed w, = w, as the result of Proof 1, it can be seen that the
steady-state convergence conditions will be equivalent for both
the ADRC and IDRC approaches. Convergence conditions for
estimation and control error are summarized in Table 1.

Table 1
Convergence conditions for estimation and control error

Requirement | Condition for ADRC | Condition for IDRC
e, =0 d = const d=0
e, =const d = const d = const
ec(00)=0 e, =0 e, = const

3.2. Transfer function analysis

Transfer function analysis can be performed for the linear (or
linearized) part of the model of the system. According to the

general system introduced in Section 2.1, under the assumption
thatd =0, g(-) =0 and b = b, the following transfer function that
describes linear dynamics of equation (1) can be investigated

Y(s) b

G = = .
P U(5) |4=0.¢(-)=0 S+ ay_1s" 1+ +ag

(41)

To provide the transfer analysis for general model of the sys-
tem (41), there is a need to determine the model of the linear
part of the system dynamics,

0 1 0 0
0o o0 1 0
A* - . . . . . ?
o 0 0 - 1
—dap —ap —az —An-1

which will be used in further theoretical derivations and consid-
erations (to determine the plant transfer function G, (s)).

In the description from (4), according to ADRC methodology,
it is assumed that the model of the system is highly uncertain.
So, even its linear part is treated as a part of the total disturbance
f(+), thus the state matrix contains only zeros in last row.

However, closed-loop transfer function analysis requires
knowledge about the system model, and for further derivations,
A* will be used as a state matrix of the system.

The analysis began with a comparison of the transfer function
equivalents of the controller in the ADRC and IDRC approaches.
For this purpose, the Gpg(s) and Ggg(s) (its interpretation can
be found in Fig. 3) transfer functions were calculated below in
both approaches for the most commonly assumed order of the
plant dynamics 7 in the synthesis of the algorithm.

GPF(S) GP(S)

Gra(s)

Fig. 3. Block diagram of considered control loop

Transfer function derivations in ADRC

Rewriting the state-space equations of the ESO dynamics equa-
tion (8) and combining it with the control law (10) (constant
value control)

to=(Ac-Lcl)z, +b bu+l,y,
1 (42)
u=g br-kiz,).

where k, = [kT,1]T is the extended vector of the controller
gains which makes it possible to combine the state feedback and
disturbance rejection loop. Then, substituting the control law

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 2, p. €152608, 2025
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into the ESO equations (42) leads to the expression

2, = (Ae—legZ—QekZ)g+£y+klger. 43)

ADRC
ACL

Applying the Laplace transform to both equations (42)
and (43) leads to the form

Z,(5)= (1= AR) (@ () + kb, R(5)
@)
U(s) = 3 (K29 + bR ().

and substituting the state estimate vector Z(s) to control law in
s domain gives its final form

Gpr(s)

| ki (det(sT-ARPRE) - KTadj (s1- AAPRC) b, |

U(s) = R(s)

S|

det (sI - AéERC)

| Kladj (sT- AAPRC) 4
- = Y(S)
b det (sI - AéERC)

(45)

Gra(s)

Transfer function derivations in IDRC

Rewriting the state-space equations (16) of the SO dynamics
and assumed formula for constant value control (17)

t=(A-icT) z+bbu+wy,
(46)

u=

S| —

K z+ ki [ (r(7) = y(7))d7 |,
/

then substituting the control law u into the system of equa-
tions (46) results in the following

t

éz(A_ET_QT)éJrQKim/(r(T)—y(r))dr+t_y. 47)
—/_/ 0
AGEC

Applying the Laplace transform for both equations (46) and (47)
leads to the form

Z(s)= SI‘A{?DLRC)_I ((5‘9%)“”*9%””)’ 48)

UGs) = 7 (~xZ(s)+ 2R () - 2y (s)),
N N

So| =
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and substituting the state estimate vector Z(s) to control law in
s domain ensures its final form

Gpr(s)

Kint (s det (sI - AICDLRC) — kTadj (sI _ AICDLRC) Q)

U(s) = R(s)

SH|—

IDRC
s det (sI -Aq. )
1 «Tadj (sI - A}RRC) (sL+ bKing) + Kint (det (SI - AICDLRC)

b

s det (sI_AICDLRc) Y(s).

Gra(s) 49)

Comparison conditions of the presented approaches

Based on equations (45) and (49), in general case (for assumed
n-th order of system dynamics) it can be derived that

@APRC () = det (sI - AéERC)
n i-1 .
— gl +Z kn_i+1+li+zkn—j+lli—j s (50)
i=1 J=1

@PRC(5) = 5 det (sI - AIC]{RC)
n i—1
= Sn+1 +Z Kn—i+1 +; +Z Kn—j+1ti—j Sn_H—l. (51)
i=1 j=1

Moreover, prefilter (PF) and feedback (FB) transfer functions
satisfy:

n
kl (S"+l + Z l 1'Si)
GADRC(S) _ i=0 e =k ‘POADRC(S) (52)
PF (,DADRC ( s) (’DADRC ( s) ’
n-1 X
Kint | "+ D] L,,_is’)
GIPRC(5) = lm( s i E ) (53)
P \S)= £IDRC () = Kint IDRC (5"
n—1|n—-i .
L1 8™+ X (Z kjli+j)sn_’
ADRC/ .y _ =0 \j=1
Gpg  (5)= @ADRC (o)
n .
Z kn—j+lln+lsn_]
j=1
+ (,DADRC(S) ’ (54)
n—1 [n-i R n .
KintS™ + '20 Zl Kitivj | 8"+ _21 Kintljs" ™/
i=0 \ j= j=
GIDRC(5) = . (55)

‘pIDRC ( S)

To make these formulas clearer and more intuitive, the prefilter
transfer functions for both approaches, assuming the most com-
mon order of system dynamics, are presented in Table 2. The
feedback transfer functions are listed in Table 3.

According to these transfer functions, it can be noted that the
denominators have a similar form for both ADRC and IDRC
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Table 2
Comparison between Gpg(s) in both ADRC and IDRC approach for different order n of the algorithm; coefficients responded for system robustness
are marked by red

’ n H ADRC IDRC
{ ky (SzH]le) Kint (s+11)
24 (ky+1y)s 24 (k1 +11)s
ki (s3+l]sz+lzs+l3) Kint (S2+L15+L2)
2 3+ (ko +11)52+ (ki +1lp+koly)s $34+(kp+11) 52+ (k1 +12+K211)
ki (s4+l]s3 +12s2+l3s+l4) Kint (53 +L152+125+L3)
3 s+ (k3 +11) 3+ (ko +1p +k3ly) s2+ (k1 + 13+ koly +k3lp) s s+ (k3 +11) 83 + (ko + 10 +K301) 82+ (K +13 + K211 +K3L2) §

Table 3
Comparison between Ggg(s) in both ADRC and IDRC approach for different order n of the algorithm; coefficients responded for system
robustness are marked by red

n ADRC IDRC
] (+kil)s+kils (Kint +K1¢1) 8 + Kintl1
24 (ky+1y)s 24 (k1 +11)s
2 (13+k111+k212)s2+(k112+k213)s+k113 (Kim+K1L1+K2L2)s2+(K1L2+KimL1)s+KimL2
SS+(k2+l])S2+(k1 +12+k211)s S3+(K2+L1)S2+(K1 +L2+K2L1)S
3 ([4+k111+k212+k313)53+(k112+k213+k314)82+(k1l3+k2/4)s+k1l4 (Kim+K1L1+K2L2+K3L3)S3+(K1L2+K2L3+KimL1)S2+(K1L3+KimL2)S+KimL3
s (ka+11) 53+ (ko+la+k3l) ) s2+(k +13+kol | +k310) s s (k3+01) 83+ (koo +k301 ) S2 4 (K +Hi3+KaL +K3L0) S

approaches. This similarity pertains only to the distribution of
controller and observer gains. However, for arbitrary gains se-
lection, including the parameterizations given by equations (15)
and (24), they are not equal.

The numerators of the prefilter transfer functions represent
the characteristic polynomials of the ESO and SO state matrices,
equations (11) and (20), respectively, for any assumed order of
system dynamics n. These polynomials are scaled by the ki
factor in ADRC and «;y factor in IDRC. These are the controller
gains responsible for ensuring the unit static gains of the closed-
loop system.

In the numerator of feedback transfer functions, the coeffi-
cients responsible for system robustness (I, gain in the ADRC
approach and iy in the IDRC approach) are distributed analo-
gously with respect to the powers of complex variable s.

We will now consider a particular case of parameterization
that ensures a certain equivalence of the transfer functions of
both analyzed structures, while generalizing the study reported
in [23]. This case is described by the following lemma.

Lemma 1. Assuming that gains are selected according to pa-
rameterizations (15) and (24) with
(56)

We =Wo =W,

where w > 0 is a positive parameter, transfer functions Ggg(s)
and Gpg(s) for ADRC and IDRC control schemes satisfy

IDRC, \_ W ADRC
Gpp (s)= (s+) Gp]: (s), (57)
and
Gpp C(s) = GIp(s). (58)

Proof. In order to guarantee that ¢'PRC(s5) = pAPRC(s) the fol-
lowing should be satisfied Vi =1,2,...,n

i-1
Kn—i+1 T4+
j=1

i-1
Kn—jtli—j = kn_ip1 +1; +Z kn—jsli—j. (59)
=1
The solution to (59) is
Kn—i+1 =1 and ¢; = ky_j41. (60)

Since the numerators of GHPRC(s) and GIPRC(s) denoted by

@APRC and IPRC are polynomials of n+ 1 and n degrees, re-
spectively, one can conclude that
o "C(s) = (s+7) 05 " (5), 61)

where y € R. As aresult, assuming that (60) holds, one can state

k
G C(s) = -~ (s+7) GR(s). (62)

nt

Recalling that kjn¢ = [,,41, it can be easily shown that Gléllg)RC (s)=
G;%RC(S), which corresponds to (58).

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 2, p. €152608, 2025
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Now, taking into account the standard parameterization of
gains scaled by the parameters w. and w, according to for-
mulas (15) and (24) and recalling (56) one has y = w and

k k

L Thus, based on (62) one concludes that (57)
Kint L

holds. m]

Remark 4. It is worth emphasizing that the presented analysis
is theoretical in nature and demonstrates the conditions under
which the transfer functions of the ADRC and IDRC struc-
tures are similar employing the parameterizations defined by
equations (15) and (24). However, this occurs under the strong
assumption (56), which states that the state feedback and the ob-
server are tuned analogously. As aresult, this significantly limits
the degree of freedom in tuning the entire algorithm, which is
typically based on increasing the observer gains independently
of the chosen feedback. Thus, in practice, the equivalence de-
scribed by (57) and (58) is not required, and a more advanced
tuning approach should be proposed.

Proposed IDRC parameterization

Here, we will make a more general comparison of both control
structures. In order to obtain clear results, we adopt simplifying
assumptions regarding the control process, i.e., we assume the
control plant is an ideal integral chain with the known input
gain coefficient, namely in equation (41) a; =0 and b = b. To
facilitate the computations, we replace equations (52)—(55) by

®o(s) u(s)

more general forms: Gpp = v and Ggg = ——, where
["4®)

(s
v € R. For the process defined by G, (s) = bs™", one can find
Ger(s) = 8 45

R(s)
e e(s)
GeL(8)=Y"00s) smats) + (o)
V‘po(s) V‘Po(s)

= = . (63)

sh(s)+u(s)  @c(s)po(s)
Recalling the particular parameterization for ADRC and IDRC
given by (12) and (21) and taking into account that v = k| =
w? for ADRC and v = kijp = wﬁ” for IDRC, one can find the
following

1
GADRC(S) RCAC +w,)""
CL =

. 64
(S+w0)n+l (S+0-)c)n 9

and
W (s+w,)"

s 65
(s+wo)" (s+we)™! (63)

where w, and w, are parameters that can be selected inde-
pendently for both transfer functions, that is, one can choose
different values of these parameters in (64) and (65).

Remark 5. It is worth noting that the dynamics of the closed
control loop in the IDRC approach is always characterized by an
order one higher compared to the ADRC. This has consequences
in the properties of both systems, for example, enforcing the
same speed for n-th order system as in an (n+1)-th order system
will imply differences in stability margins of the control loop.

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 2, p. €152608, 2025

Attempting to match the dynamics (64) and (65), we assume
that the nominal case is represented by (64) with fixed values
of w, and w.. The task considered here is to find a tuning
method for IDRC to obtain characteristics similar to those in
the case of ADRC. For this purpose, we propose the following
parametrizations of IDRC:

1. @-parameterization

(@)™ (s+wg)"

)n+1’

GERC(s) = (66)

(s+wd)" (s+w?

with w§ = aw, and w¢ = aw., which simply means that
the observer and closed-loop bandwidth (from ADRC) in
the IDRC approach are scaled by the @ > 0 coefficient. Both
bandwidths are scaled to maintain their ratio (modifying the
relation between w, and w. will affect the stability of the
closed-loop system). To obtain the algorithm gains, one can
use the formula (24) assuming the observer and closed-loop
system bandwidth values as wJ and w¢, respectively.

2. B-parameterization

,Bw?” (s+wy)"

(S+‘Uo)n (S+wc)n (S+ch) '

GERC(s) = (67)

in which we are forcing the one pole of the closed-loop
system to be non-dominant, by using the g > 1 parameter.
In general, increasing 8 implies that the (n+1)-th pole has a
decreasing impact on the IDRC closed-loop dynamics.
Note that for the S-parameterization with g # 1, the con-
troller gains cannot be selected using the formula from (24)
due to the different desired poles of the closed-loop system.
Instead, we want to obtain these gains satisfying the second
condition from (20) with redefined desired polynomial of
the closed-loop system

det (sI—HICDLRC) = (s+Bw)(s+w)".  (68)

Consequently, the tuning rule for the controller introduced
in (24) needs to be replaced by

B!
Kj= n n
[ﬂ (j—1)+(j—2)

with the integral gain kijn, = k7.

forj=1,
i (69)
wh g2 for j€{2,...,n},

Sensitivity analysis

This analysis is performed to present the relationship between
signals from a closed-loop system (comparison of the sensitivity
in different pathways) in the frequency domain.

Such description is known as the “gang of six” presented
in [24] and used with ADRC controller analysis in [25].
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According to Fig. 3, the following control system model [25]
can be investigated

R(s)
Y(s)| _|Gyr Gyp Gypy D(s) (70)
U(s) Gur Gup Gupy ’

Dw(s)

G(s)

where relations from the transforms of signals: reference R(s),

external disturbance D(s) and measurement noise Dy (s), to

the system output Y (s) and control signal U(s), are presented.
The transfer function matrix G(s) satisfies

[77le (s)Gpr(s)
1+6=1G, (s)Grs (s)
?7](S)GPF(S)
1+b_lGl, (S)G]:B(S)

G,,(S) 1
1+671G, (s)Grp (s)  14b671G (5)Grg (s)
~b~' Geg (5) Gre(s) -b'Geg(s) ’
1+6-1G,, (5)Grp(s) 1+6-1G,, (s)Gra(s)
7

G(s)=

where G, (s) is the transfer function of the control plant (4),
containing its real parameters.

4. SIMULATION AND EXPERIMENTAL VALIDATION

This section presents the description of the control plant (mathe-
matical model and system operation principles) and experimen-
tal results performed to confirm the theoretical considerations
presented earlier. In particular, time responses for the proposed
tuning methods and frequency characteristics of the control sys-
tem components are presented.

4.1. Mathematical model of the experimental system

The experimental results have been carried out on the real con-
trol plant — the ball balancing table (BBT), where the control
objective is to obtain the reference ball position on the plate
(Fig. 4a). The measurement signal is read by a touch-resisting
panel. The control signal is considered as the desired rotation
of the servomotor arm. The internal control loop is realized in
hardware, and then there is the dynamics between servomotor
rotation and ball position. Exemplary equations of movement for
the considered system can be found in [26], whereas application
using ADRC in [27]. Assuming the movement in two axes (x

il

(a) Photo of the used control plant

and y positions), the nonlinear BBT model is given by

) mry . 5 ,
xz_mr2+J (eryy+0xx—gsm0x),

Y, (72)
. mry . . .
y:—m(Qxeyx+9yy—gsm9y),

b

where 6/, is the angle of the platform (input signal), x and y
are the ball position coordinates (output signals), m is the ball
mass, J is the moment of inertia of the ball, r}, is the ball radius,
g is the gravitational acceleration.

The mentioned model (after linearization) presents the
second-order integrator, assumed as the nominal plant for ADRC
and IDRC control. Note that (72) does not show the whole plant
model. The differential equations after including the actuator
dynamics are derived below.

In this work, one degree of freedom — y axis — is considered
(Fig. 4b) to show the proposed tuning rules without introducing
additional disturbances from cross-coupling. Therefore, the y
signal is the system output, and the input signal u is the desired
servo rotation angle for the y axis. One can assume that the inter-
nal control loop of the servomotor arm position is approximated
by the first-order inertia system

U=—T_1U+T_lu, (73)
where v and u are the actual and desired motor arm angles, 7 is
the control loop time constant.

The dependency between the plate and servo angles is

0y = rmL ™', (74)
where r, is the motor arm length and L is the plate length in
the y axis.

After combining equations (74) and (73) and the second equa-
tion from (72), and under the assumption of small angles values
u — 0, a simplified linear model for the considered control ob-
ject is described by a third-order differential equation with a
structure corresponding to (1)

fC)
—

y® = bu—arj+d+g(-), (75)

(b) Diagram of simplified system operation

Fig. 4. The considered BBT system with its laboratory testbed (left) and schematic diagram for the y axis (right)
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where y is the measured output (ball position) u is the desired
servomotor angle (input signal), d is the disturbance signal (ad-
ditional displacement of the servo), g(-) is the unmodeled dy-
namics part and linearization errors relative to structure (75).

The real values of plant parameters are a, = — = 66.67 and
T
2
Mgrirm
= T8 146,
T(mry+J)L

The transfer function representation of the system Eq. (72)
linear part (where d =0 and g(-) = 0) is expressed as

b

G,(8)= ——,
p(s) s3+ans?

(76)

and is introduced for theoretical considerations, to be used for
closed-loop system model calculations in the following sections
(parameter a, was not used in the control synthesis).

The derivation of the third-order BBT model is presented
in [28]. Generally, the model is nonlinear with strong cross-
coupling disturbances. The linear approximation of this model
represents the second-order integrator connected to an inertial
system with a small time constant. The influence of plant pa-
rameters on the ADRC operation quality and stability has been
presented in more detail in [29].

The physical constraints of the system are given as follows

0.00m < y < 0.30m,

77

—0.785rad < u < 0.785rad.
In addition, it is noteworthy that the same experimental setup
was alsoused in [30,31]. However, these papers address different
problems, focusing on the ADRC methodology for state and

disturbance estimation in the presence of measurement noise as
well as the issue of input gain parameter selection and order
reduction of the model in the ADRC algorithm, respectively. In
the current work, the setup is used to conduct experiments that
verify the theoretical comparison and tuning methods proposed
for the ADRC and IDRC structures.

4.2. Comparison of both methods using proposed
parameterizations for IDRC

Sensitivity analysis

The magnitude Bode plots are presented for the “gang of six”
considered in (71) using the BBT model (76) as the plant transfer
function. The simulation results for @- and S-parameterization
can be found in Figs. 5 and 6.

Based on the results, it can be concluded that for both a-
and S-parameterizations in the IDRC approach, the character
of relations between signals in a closed-loop system is similar
to ADRC. The main difference between ADRC and IDRC ap-
proaches can be observed in relative order of Gyr, Gyr and
Gup transfer functions, whose numerator includes the prefilter
transfer function (71). The relative order of Gy is different in
both approaches due to the extension of the state in ADRC.

In general, a slight change in the « parameter implies
greater changes in closed-loop sensitivity, because we are scal-
ing both the observer and the controller bandwidth. Using S-
parameterization, we only force the (n+1)-th pole to be non-
dominant, leading to less pronounced changes in characteristics,
which are more noticeable at higher frequencies.

According to detailed relationships in the closed-loop system
for the assumed case, the external disturbance-to-output (Gyp)
transfer function characteristics show that the IDRC tuned using

IDRC: a =1 IDRC: a = 1.45 IDRC: a = 1.9
IDRC: a = 1.15 IDRC: @ = 1.6 ---ADRC
IDRC: a = 1.3 IDRC: a = 1.75 ——w,/w.
M
Gyr Gyp Gyp
0 Fo=——m——s 50 50
b
- -50 S 0 == NG 0 B o |
- ~ ¢
8 100 S N ,
=, . -50 \ %
— \\ N\ 4
c -150 . . .50 4
= s |-100 N /
3 200 3 N /
\ -100 #
250 -150 \ 4
-300 -200 -150
Gur Gup Gupy,
0 60 < 50
/ \\ £
-20 ,/’\‘ JEO . 40 // \\ / \\\
— <o 7 Mo / SN
% -40 /I 20 A v 0 =4 N
/ ,r ’
c 60 / 0 7% /
~— / ” /I
= / 20 ¢~ -50 /
S s/ " /
- /
100/ /
-60 100/
-120
102 10" 10° 10" 10% 10° 102 10" 10° 10" 10® 10° 102 10" 10° 10" 10% 10°
Q

Fig. 5. Results from the simulation — magnitude characteristics for “gang of six”” components assuming BBT model for different o values where
n=3,w, =28, w, =2.8, b =28.65. Characteristics collected for normalized frequency Q = w/w.. The w, /w, ratio is marked by a red line
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IDRC: 8 =3 IDRC: =9 ——IDRC: =15
IDRC: 8 =5 IDRC: 3 = 11 - - -ADRC
IDRC: 8 =7 IDRC: 8 = 13 ——w,/w.
Gyr Gyp Gyp,,
0 50 50
-50 \
- 0 /\ 0 o~
-100
= -50
= 150 -50
< -100
S -200
= -100
250 -150
-300 -200 -150
Gur Gup Gupy,
0 60 50
-20 . 40 .
2R 20 0 B S
S 60 0
j -80 -20 -50
-100 -40
-100
-120 -60
102 10" 10° 10" 102 10° 102 10" 10° 10" 102 10° 102 10" 10° 10" 102 10°

Fig. 6. Results from the simulation — magnitude characteristics for “gang of six” components assuming BBT model for different 8 values where
n=3,w, =28, w, =2.8, b =28.65. Characteristics collected for normalized frequency Q = w/w,.. The w, /w, ratio is marked by a red line

a-parameterizations can offer both better and worse attenuation
of constant disturbances (2 — 0) than the ADRC approach, de-
pending on the value «. From Fig. 5 it can be seen that @ = 1.45
corresponds to the same attenuation of constant disturbances in
both ADRC and IDRC approaches. In S-parameterization it can
be concluded that for 8 > 5 the characteristics of the Gyp trans-
fer function are similar in both approaches. The attenuation of
high-frequency disturbances (e.g., unmodeled part of system dy-
namics) is equal for both approaches with any parameterization
of IDRC.

The Gyp,, and Gup,, represent the sensitivity of the out-
put and control signal sensitivity to measurement noise, whose
magnitude plots are similar (taking into account the whole band-
width) for any IDRC parameterization, so the differences within
the changes a or 8 are almost unnoticeable in closed-loop system
performance.

Results from experiments
The considered control objective is to bring the ball to the ref-
erence position in the middle of the table r = 0.15 m, starting
from the edge of the table for y(0) = 0 m. The control algorithm
gains (for both ADRC and IDRC) b= 28.65, w. =2.8, w, =28
were assumed. The system order for experimental purposes was
assumed as a real one n = 3. To check the robustness of the
external disturbance, an additional signal was introduced in the
input path d(¢) = 0.26-1(#—20) rad. This means forcing the servo
motor arm to move 15 degrees halfway through the experiment
time. The experimental results using a- and S-parameterization
are shown in Figs. 7a and 7b. The numerical values of the ob-
server and state feedback gains for the considered experiment
scenarios can be found in Table 4.

Based on the experimental results, it can be observed that
the proposed IDRC parameterizations ensure closed-loop sys-

Table 4
Observer and controller gains values for the parameterizations used in the experiments
ADRC IDRC
Gains Gains o B
wo =28, we =2.8

1.33 1.50 1.75 5 10 15
.y I 112 0 112 126 147 84 84 84
> L
i’ 153 4704 2 4160 5292 7203 2352 2352 2352
% I3 87808 ;3 51645 74088 117649 21952 21952 21952
o lg 614656 U - - - - - -
5 k1 22.95 K1 206.58 293.35 470.60 351.23 680.51 1009.80
= ko 23.52 K2 83.21 105.84 144.06 141.12 258.72 376.32
= k3 8.40 K3 14.90 16.80 19.60 22.40 36.40 50.40
S kq — Kint 192.32 311.17 576.48 307.33 614.66 921.98
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E 045
l;/ 041 ——ADRC B
——IDRC: a =1.33
0.05 - ——IDRC: o = 1.50 |
——IDRC: a = 1.75
0 | | | | | I I
0 5 10 15 20 25 30 35 40

u(t) [rad]

(a) Result from experiments for a-parameterization

0.25

0.2 T

E 0151 N
\g; 0.1 ——ADRC B
——IDRC: =5
0.05 - ——IDRC: 8 =10/
——IDRC: g =15
0 | | | | | I I
0 5 10 15 20 25 30 35 40

u(t) [rad]

(b) Result from experiments for S-parameterization

Fig. 7. Results from the experiments on BBT system for different o and 8 values in IDRC approach where n = 3, w, = 28, w. = 2.8, b = 28.65.
System output and control signal. Control signal limits are marked by the dashed lines

tem performance consistent with theoretical considerations. For
higher values of the @ parameter, a less aggressive response
of the closed-loop system is observed to the reference and dis-
turbance signals. Specifically, for @ = 1.5, the disturbance re-
sponses for both the ADRC and IDRC approaches are very
similar. This is consistent with the theoretical considerations for
a = 1.45, as shown in the Bode plots.

In the case of B-parameterization, the response character
within the considered gain range is more similar to each other
compared to the previous case. This is confirmed by the rel-
atively small scope of the changes in the modulus plots. In
terms of measurement noise dependency, the same frequency
components of the control signal for both parameterizations are
visible. These results confirm the relationships presented by the
“gang of six”.

5. CONCLUSIONS

In this work, we have shown that an approach combining a
standard, textbook state-feedback control with an integral com-
pensator (denoted here as IDRC) can be derived in the form
of an active disturbance rejection scheme. This means that the
observer part no longer has to be equipped with a plant model
as accurately as possible since for ADRC-like schemes, one
deliberately makes the (erroneous) assumption of an integra-
tor chain model, regardless of the actual plant behavior. Such a
methodology greatly simplifies plant modeling and represents
a departure from the established school of control based on ac-
curate plant modeling. In other words, it was shown that the
disturbance-centric methodology of ADRC can work like an
enabler that can lead to the robustification of classic controllers.
The found equivalence also means that a linear ADRC can be

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 2, p. 152608, 2025

traced back to a “classical” observer-based state-feedback con-
trol with disturbance compensation and that an equivalence can
be established (assuming certain parameterization). The sig-
nificance behind being structurally equivalent to a well-known
approach from linear control systems theory means that typical
methods to analyze stability and performance criteria can, fortu-
nately, be applied to ADRC as well, thus showing its backward
compatibility.

As for future work, there is a need to study the influence
of design parameters on the control system performance for
ADRC and IDRC approaches. Various plant types can be used,
including the BBT. How this affects the claims made in this
work remains an open point.
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