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Second-order maximum principle controlled weakly
singular Volterra integral equations

Jasarat J. GASIMOVo and Nazim I. MAHMUDOVo

This work studies a class of singular Volterra integral equations that are (controlled) and
can be applied to memory-related problems. For optimum controls, we prove a second-order
Pontryagin type maximal principle.

Key words: second-order maximum principle, singular Volterra integral equation, optimal
control, Pontryagin’s maximum principle

1. Introduction

Studying optimal control problems described by singular integral equations
offers a unique and intellectually stimulating challenge that has important im-
plications for both theoretical research and practical applications in many fields.
Singular integral equations, which involve integrals that may have singularities
(i.e., integrals that become unbounded or undefined at certain points), arise in
a variety of complex systems, and addressing these problems opens the door
to solving real-world optimization issues in diverse scientific and engineering
domains. The study of optimal control problems described by singular integral
equations is not just a niche but a powerful and essential area of research with
vast implications in multiple fields. From engineering design and material science
to robotics and fluid dynamics, singular integral equations capture the essential
behaviors of systems with singular interactions, and optimal control provides
the framework to optimize these systems for better performance, efficiency, and
stability.
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This area offers a rich, interdisciplinary research environment where innova-
tions in mathematics, physics, and engineering can come together to solve real-
world problems. By tackling the challenges posed by singular integral equations,
you are contributing to the development of both theoretical and computational
methods that will have far-reaching practical applications, advancing not only
control theory but also our ability to model and optimize complex systems in
nature and technology.

In this paper, we investigate the controlled Volterra integral equation given
below:

𝑦(𝑡) = 𝜂(𝑡) +
𝑡∫

0

𝑓 (𝑡, 𝑠, 𝑦(𝑠), 𝑢(𝑠))
(𝑡 − 𝑠)1−𝛼 d𝑠, 𝑎.𝑒. 𝑡 ∈ [0, 𝑇] . (1)

The above representations of 𝜂(·) and 𝑓 (·, ·, ·, ·) are maps that are referred to as
the generator and the free term of the state equation, respectively; 𝑦(·) represents
the state trajectory and takes values in the Euclidean space R𝑛; 𝑢(·) represents the
control and takes values in convex subset𝑈 ⊂ R𝑛, constant 𝛼 ∈ (0, 1).We present
the cost functional performance metric to gauge the control’s effectiveness.

𝐽 (𝑢(·)) =
𝑇∫

0

𝑔(𝑡, 𝑦(𝑡), 𝑢(𝑡))d𝑡 +
𝑚∑︁
𝑖=1

ℎ𝑖 (𝑦(𝑡𝑖)), (2)

The running cost and the prespecified instant costs (𝑎𝑡 0 ¬ 𝑡1 < 𝑡2 < · · · <
𝑡𝑚 ¬ 𝑇), are represented by the two terms on the right hand, respectively.

The Pontryagin Maximum Principle can indeed be extended to optimal con-
trol problems described by singular integral equations, but this extension involves
overcoming significant challenges due to the singularities present in the system
dynamics and the adjoint equations. The singular kernels complicate both the
theoretical derivation of the adjoint equations and the practical process of maxi-
mizing the Hamiltonian.

To address these challenges, the first-order necessary conditions (Pontryagin’s
type maximum principle) for optimal control problems involving singular integral
equations were established by Lin and Yong in [1]. Additionally, in [6], it was
shown that a Pontryagin maximum principle can be applied to terminal state-
constrained optimal control problems involving Volterra integral equations with
singular kernels. This result extends the applicability of Pontryagin Maximum
Principle to more complex problems where the system dynamics exhibit singular
behavior.

On the other hand, the second-order necessary conditions for optimal control
problems are important for ensuring that a candidate solution is not only a critical
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point (satisfying the first-order conditions) but also a local minimum of the cost
functional. These conditions involve the second variation of the cost functional
and the second derivative of the Hamiltonian. They help refine our understanding
of the optimal control problem by providing a more thorough test for optimality
and are essential for distinguishing between minima, maxima, and saddle points
in the optimization process. For the integral necessary condition of optimality
of the second order for control problems given by volterra integral equations
and a system of integro-differential equations, we refer to [2–4], and for singular
controls for systems with fractional derivatives, and dynamic systems, see [5,7,8].

Motivated by the previous works, this research seeks to explore the second-
order necessary conditions for optimal control problems of the form (1), which
are governed by singular Volterra integral equations. The aim is to develop a
second-order Pontryagin maximum principle specifically tailored to the optimal
control problem in this context.

2. Main Result

We analyze the state equation (1) alongside the cost functional (2). Let𝑈 be a
nonempty bounded or unbounded convex subset of R𝑛. For any 𝑝 ­ 1, we define
the set U 𝑝 [0, 𝑇] as follows:

U 𝑝 [0, 𝑇] = {𝑢 : [0, 𝑇] → 𝑈 | 𝑢(·) ∈ 𝐿𝑝 (0, 𝑇 ;R𝑚)}.

Also, we define

𝐿𝑝+(0, 𝑇 ;R𝑛) =
⋃
𝑞>𝑝

𝐿𝑞 (0, 𝑇 ;R𝑛), 𝑝 ∈ [1,∞).

If 𝑛 = 1, we use notation 𝐿𝑝+(0, 𝑇) = 𝐿𝑝+(0, 𝑇 ;R).
Problem(P) Find a 𝑢∗(·) ∈ U 𝑝 [0, 𝑇] such that

𝐽 (𝑢∗(·)) = inf
𝑢(·)∈U 𝑝 [0,𝑇]

𝐽 (𝑢(·)). (3)

Any 𝑢∗(·) satisfying (3) is called an optimal control of Problem(P), the corre-
sponding state 𝑦∗(·) ius called an optimal state and (𝑦∗(·), 𝑢∗(·)) is called an
optimal pair.

• (A1): Let 𝑓 : Δ×R𝑛×𝑈 → R𝑛 be a transformation with (𝑡, 𝑠) ↦→ 𝑓 (𝑡, 𝑠, 𝑦, 𝑢)
being measurable, (𝑦, 𝑢) ↦→ 𝑓 (𝑡, 𝑠, 𝑦, 𝑢) being continuously differentiable up to
order-1. There are nonnegative functions 𝐿0(·), 𝐿(·) with

𝐿0(·) ∈ 𝐿
1
𝛼
+(0, 𝑇), 𝐿(·) ∈ 𝐿

𝑝

𝑝𝛼−1+(0, 𝑇),
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for some 𝑝 >
1
𝛼

, 𝑢0 ∈ 𝑈.

| 𝑓 (𝑡, 𝑠, 0, 𝑢0) | ¬ 𝐿0(𝑠), (𝑡, 𝑠) ∈ Δ,

| 𝑓 (𝑡, 𝑠, 𝑥, 𝑢) − 𝑓 (𝑡, 𝑠, 𝑥′, 𝑢′) | ¬ 𝐿 (𝑠) [|𝑥 − 𝑥′| + |𝑢 − 𝑢′|],
(𝑡, 𝑠) ∈ Δ, 𝑥, 𝑥′ ∈ R𝑛, 𝑢, 𝑢′ ∈ 𝑈.

We denote Δ = {(𝑡, 𝑠) ∈ [0, 𝑇] × [0, 𝑇] | 0 ¬ 𝑠 < 𝑡 ¬ 𝑇}.
• (A2): Let 𝜂(·) be continuous at 𝑡𝑖, 𝑖 = 1, 2, . . . , 𝑚. Let ℎ𝑖 : R𝑛 → R, 𝑖 =

1, 2, . . . , 𝑚 be continuously differentiable up to order-2, and 𝑔 : [0, 𝑇]×R𝑛×𝑈 →
R be a transformation with 𝑡 ↦→ 𝑔(𝑡, 𝑦, 𝑢) being measurable, (𝑦, 𝑢) ↦→ 𝑔(𝑡, 𝑦, 𝑢)
being continuously differentiable up to order-1. There is a constant 𝐿 > 0 such
that

|𝑔(𝑡, 0, 𝑢) | + |𝑔𝑥 (𝑡, 𝑥, 𝑢) | + |𝑔𝑢 (𝑡, 𝑥, 𝑢) | ¬ 𝐿, (𝑡, 𝑦, 𝑢) ∈ [0, 𝑇] × R𝑛 ×𝑈.

Theorem 1. Let (𝐴1) and (𝐴2) hold, and 𝜂(·) ∈ 𝐿𝑝 (0, 𝑇 ;R𝑛). Suppose
(𝑦∗(·), 𝑢∗(·)) is an optimal pair of (1) − (2). Then there a solution 𝜓(·) ∈
𝐿

𝑝

𝑝−1 (0, 𝑇 ;R𝑛) of the following adjoint equation

𝜓(𝑡) =
𝑇∫
𝑡

𝑓 ⊤𝑦 (𝑠, 𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))
(𝑠 − 𝑡)1−𝛼 𝜓(𝑠)d𝑠 − 𝑔𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))

−
𝑚∑︁
𝑖=1

1[0,𝑡𝑖) (𝑡)
𝑓 ⊤𝑦 (𝑡𝑖, 𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))

(𝑡𝑖 − 𝑡)1−𝛼 ℎ𝑖𝑦 (𝑦∗(𝑡𝑖)), 𝑎.𝑒. 𝑡 ∈ [0, 𝑇], (4)

such that following estimation holds:
𝑇∫

0

𝐻𝑢 (𝑡)𝑣(𝑡)d𝑡 ¬ 0,

where

𝐻 (𝑠, 𝑦, 𝑢, 𝜓) =
𝑇∫

𝑠

𝜓(𝑡) 𝑓 (𝑡, 𝑠, 𝑦
∗(𝑠), 𝑢(𝑠))

(𝑡 − 𝑠)1−𝛼 d𝑡 − 𝑔(𝑠, 𝑦∗(𝑠), 𝑢(𝑠))

−
𝑚∑︁
𝑖=1

1[0,𝑡𝑖) (𝑠)
𝑓 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢(𝑠))

(𝑡𝑖 − 𝑠)1−𝛼 ℎ𝑖𝑦 (𝑦∗(𝑡𝑖)). (5)

• (B1): Let 𝑓 : Δ×R𝑛×𝑈 → R𝑛 be a transformation with (𝑡, 𝑠) ↦→ 𝑓 (𝑡, 𝑠, 𝑦, 𝑢)
being measurable, (𝑦, 𝑢) ↦→ 𝑓 (𝑡, 𝑠, 𝑦, 𝑢) being continuously differentiable up to
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order-2. There are nonnegative functions 𝐿0(·), 𝐿(·) with

𝐿0(·) ∈ 𝐿
1
𝛼
+(0, 𝑇), 𝐿(·) ∈ 𝐿

𝑝

𝑝𝛼−1+(0, 𝑇),
for some 𝑝 > 1

𝛼
, 𝑢0 ∈ 𝑈.

| 𝑓 (𝑡, 𝑠, 0, 𝑢0) | ¬ 𝐿0(𝑠), (𝑡, 𝑠) ∈ Δ,

| 𝑓 (𝑡, 𝑠, 𝑥, 𝑢) − 𝑓 (𝑡, 𝑠, 𝑥′, 𝑢′) | ¬ 𝐿 (𝑠) [|𝑥 − 𝑥′| + |𝑢 − 𝑢′|],
(𝑡, 𝑠) ∈ Δ, 𝑥, 𝑥′ ∈ R𝑛, 𝑢, 𝑢′ ∈ 𝑈.

• (B2): Let 𝜂(·) be continuous at 𝑡𝑖, 𝑖 = 1, 2, . . . , 𝑚. Let ℎ𝑖 : R𝑛 → R, 𝑖 =
1, 2, . . . , 𝑚 be continuously differentiable up to order-2, and 𝑔 : [0, 𝑇]×R𝑛×𝑈 →
R be a transformation with 𝑡 ↦→ 𝑔(𝑡, 𝑦, 𝑢) being measurable, (𝑦, 𝑢) ↦→ 𝑔(𝑡, 𝑦, 𝑢)
being continuously differentiable up to order-2. There is a constant 𝐿 > 0 such
that

|𝑔(𝑡, 0, 𝑢) | + |𝑔𝑥 (𝑡, 𝑥, 𝑢) | + |𝑔𝑢 (𝑡, 𝑥, 𝑢) | ¬ 𝐿,
|𝑔𝑥𝑥 (𝑡, 𝑥, 𝑢) | + |𝑔𝑥𝑢 (𝑡, 𝑥, 𝑢) | + |𝑔𝑢𝑢 (𝑡, 𝑥, 𝑢) | ¬ 𝐿, (𝑡, 𝑦, 𝑢) ∈ [0, 𝑇] × R𝑛 ×𝑈.

Definition 1. An admissible control 𝑢(𝑡) is considered to be singular according
to the Pontryagin maximum principle if, within the process {𝑢(𝑡), 𝑦(𝑡)}, it implies
that

𝐻𝑢 (𝑡) = 0, 𝑡 ∈ [0, 𝑇] . (6)

Theorem 2. Let (𝐵1) and (𝐵2) hold, and 𝜂(·) ∈ 𝐿𝑝 (0, 𝑇 ;R𝑛). Suppose
(𝑦∗(·), 𝑢∗(·)) is an optimal pair of (1) − (2). Then there a solution 𝜓(·) ∈
𝐿

𝑝

𝑝−1 (0, 𝑇 ;R𝑛) of the following adjoint equation

𝜓(𝑡) =
𝑇∫
𝑡

𝑓 ⊤𝑦 (𝑠, 𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))
(𝑠 − 𝑡)1−𝛼 𝜓(𝑠)d𝑠 − 𝑔𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))

−
𝑚∑︁
𝑖=1

1[0,𝑡𝑖) (𝑡)
𝑓 ⊤𝑦 (𝑡𝑖, 𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))

(𝑡𝑖 − 𝑡)1−𝛼 ℎ𝑖𝑦 (𝑦∗(𝑡𝑖)), 𝑎.𝑒. 𝑡 ∈ [0, 𝑇], (7)

such that following estimation holds:
𝑇∫

0

𝐻𝑢𝑢 (𝑡)𝑣2(𝑡)d𝑡 +


𝑇∫
0

𝑇∫
0

𝑣(𝜏)𝑀 (𝜏, 𝑠)𝑣(𝑠)d𝑠d𝜏

+2
𝑇∫

0


𝑡∫

0

𝑣(𝑠)𝐻𝑦𝑢 (𝑡)𝑄(𝑡, 𝑠)𝑣(𝑡)d𝑡
 d𝑠

 ¬ 0,
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where

𝑄(𝑡, 𝑠) = 𝑓𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 +

𝑡∫
𝑠

Φ(𝑡, 𝜏) 𝑓𝑢 (𝜏, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝜏 − 𝑠)1−𝛼 d𝜏,

𝑀 (𝜏, 𝑠) =
𝑇∫

max{𝜏,𝑠}

𝑄(𝑡, 𝑠)𝐻𝑦𝑦 (𝑡)𝑄(𝑡, 𝜏)d𝑡

−
𝑚∑︁
𝑖=1

1[0,𝑡𝑖) (𝑠)1[0,𝑡𝑖) (𝜏)𝑄(𝑡𝑖, 𝑠)ℎ𝑖𝑦𝑦 (𝑦∗(𝑡𝑖))𝑄(𝑡𝑖, 𝜏), 𝜏, 𝑠 ∈ [0, 𝑇] .

An extended Gronwall’s inequality with a singular kernel is given in the
following lemma.
Lemma 1. [1] Let 𝛼 ∈ (0, 1) and 𝑞 > 1

𝛼
. Let 𝐿 (·), 𝑎(·), 𝑦(·) be nonnegative

functions with 𝐿 (·) ∈ 𝐿𝑞 (0, 𝑇) and 𝑎(·), 𝑦(·) ∈ 𝐿
𝑞

𝑞−1 (0, 𝑇). Suppose

𝑦(𝑡) ¬ 𝑎(𝑡) +
𝑡∫

0

𝐿 (𝑠)𝑦(𝑠)
(𝑡 − 𝑠)1−𝛼 d𝑠, 𝑎.𝑒. 𝑡 ∈ [0, 𝑇] .

Then there exists a constant 𝐾 > 0 such that

𝑦(𝑡) ¬ 𝑎(𝑡) + 𝐾
𝑡∫

0

𝐿 (𝑠)𝑎(𝑠)
(𝑡 − 𝑠)1−𝛼 d𝑠, 𝑎.𝑒. 𝑡 ∈ [0, 𝑇] .

Let 𝑝 ­ 0 and cosider the following linear integral equation:

𝑦(𝑡) = 𝜂(𝑡) +
𝑡∫

0

𝐴(𝑡, 𝑠)𝑦(𝑠)
(𝑡 − 𝑠)1−𝛼 d𝑠, 𝑎.𝑒. 𝑡 ∈ [0, 𝑇] . (8)

where 𝛼 ∈ (0, 1), 𝜂(·) ∈ 𝐿𝑝 (0, 𝑇 ;R𝑛), and 𝐴 : Δ → R𝑛×𝑛 is measurable and
satisfies

|𝐴(𝑡, 𝑠) | ¬ 𝐿 (𝑠), (𝑡, 𝑠) ∈ Δ,

for some measurable function 𝐿 (·) ∈ 𝐿 ( 1
𝛼
∨ 𝑝

𝑝−1 )+ (0, 𝑇).

Lemma 2. [1] Let 1 ¬ 𝑝 <
1

1 − 𝛼 , for any 𝑠 ∈ [0, 𝑇)

Φ(𝑡, 𝑠) = 𝐴(𝑡, 𝑠)
(𝑡 − 𝑠)1−𝛼 +

𝑡∫
𝑠

𝐴(𝑡, 𝜏)Φ(𝜏, 𝑠)
(𝑡 − 𝜏)1−𝛼 d𝜏, 𝑎.𝑒. 𝑡 ∈ (𝑠, 𝑇] .
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Then

𝑦(𝑡) = 𝜂(𝑡) +
𝑡∫

0

Φ(𝑡, 𝑠)𝜂(𝑠)d𝑠, 𝑎.𝑒. ∈ [0, 𝑇]

the expression gives a representation for the solution to the linear equation (8).

2.1. Proof of the Theorem 2

Let (𝑦∗(·), 𝑢∗(·)) be an optimal pair of (1) − (2) and fix any 𝑢(·) ∈ U 𝑝 [0, 𝑇] .
Denote

𝑢𝛿 (·) = 𝑢∗(·) + 𝛿𝑣(·) where 𝑣(·) = 𝑢(·) − 𝑢∗(·). (9)

Clearly, 𝑢𝛿 (·) ∈ U 𝑝 [0, 𝑇]. Let 𝑦𝛿 (·) = 𝑦(·, 𝜂(·), 𝑢𝛿 (·)) be the corresponding
state.

It follows that

𝑦𝛿 (𝑡) − 𝑦∗(𝑡) =
𝑡∫

0

𝑓 (𝑡, 𝑠, 𝑦𝛿 (𝑠), 𝑢𝛿 (𝑠)) − 𝑓 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 d𝑠

=

𝑡∫
0

𝑓 𝛿𝑦 (𝑡, 𝑠)
(𝑡 − 𝑠)1−𝛼 (𝑦

𝛿 (𝑡) − 𝑦∗(𝑡))d𝑠

+
𝑡∫

0

𝑓 𝛿𝑢 (𝑡, 𝑠)
(𝑡 − 𝑠)1−𝛼 (𝑢

𝛿 (𝑡) − 𝑢∗(𝑡))d𝑠, (10)

where

𝑓 𝛿𝑦 (𝑡, 𝑠) =
1∫

0

𝑓𝑦 (𝑡, 𝑠, 𝑦∗(𝑠) + 𝜏[𝑦𝛿 (𝑡) − 𝑦∗(𝑡)], 𝑢𝛿 (𝑠))d𝜏, (𝑡, 𝑠) ∈ Δ,

𝑓 𝛿𝑢 (𝑡, 𝑠) =
1∫

0

𝑓𝑢 (𝑡, 𝑠, 𝑦𝛿 (𝑠), 𝑢∗(𝑠) + 𝜏[𝑢𝛿 (𝑡) − 𝑢∗(𝑡)])d𝜏, (𝑡, 𝑠) ∈ Δ.

(11)

(A1) provides with�� 𝑓 𝛿𝑦 (𝑡, 𝑠)�� ¬ 𝐿 (𝑠), | 𝑓 𝛿𝑢 (𝑡, 𝑠) | ¬ 𝐿 (𝑠), (𝑡, 𝑠) ∈ Δ. (12)
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Clearly, 𝐿 (𝑠) ∈ 𝐿𝑞 (0, 𝑇) for some 𝑞 ∈
(
1
𝛼
, 𝑝

)
. That being so

|𝑦𝛿 (𝑡) − 𝑦∗(𝑡) | =
𝑡∫

0

𝐿 (𝑠)
(𝑡 − 𝑠)1−𝛼 |𝑦

𝛿 (𝑡) − 𝑦∗(𝑡) |d𝑠

+
𝑡∫

0

𝐿 (𝑠)
(𝑡 − 𝑠)1−𝛼 |𝑢

𝛿 (𝑡) − 𝑢∗(𝑡) |d𝑠, 𝑡 ∈ [0, 𝑇] . (13)

By the extended Gronwall’s inequality Lemma 1 and (9), choosing 𝑞′ ∈
(
1
𝛼
, 𝑞

)
(see, [1]),

|𝑦𝛿 (𝑡) − 𝑦∗(𝑡) | ¬ 𝐾𝛿
𝑞−𝑞′
𝑞′𝑞 → 0, 𝛿 → 0 uniformly in 𝑡 ∈ [0, 𝑇] . (14)

• let 𝑌1(·) is the solution of the following first-order variational equation:

𝑌1(𝑡) =
𝑡∫

0

𝑓𝑦 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑌1(𝑠)d𝑠

+
𝑡∫

0

𝑓𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑣(𝑠)d𝑠 𝑡 ∈ [0, 𝑇] . (15)

• let 𝑌2(·) is the solution of the following second-order variational equation:

𝑌2(𝑡) =
𝑡∫

0

𝑓𝑦 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑌2(𝑠)d𝑠 +

𝑡∫
0

𝑓𝑦𝑦 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑌2

1 (𝑠)d𝑠

+
𝑡∫

0

2 𝑓𝑦𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑌1(𝑠)𝑣(𝑠)d𝑠

+
𝑡∫

0

𝑓𝑢𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑣2(𝑠)d𝑠, 𝑡 ∈ [0, 𝑇] . (16)
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As a consequence of those,
𝑦𝛿 (𝑡) − 𝑦∗(𝑡)

𝛿
− 𝑌1(𝑡)

=

𝑡∫
0

𝑓 𝛿𝑦 (𝑡, 𝑠)
(𝑡 − 𝑠)1−𝛼

(
𝑦𝛿 (𝑡) − 𝑦∗(𝑡)

𝛿

)
d𝑠 +

𝑡∫
0

𝑓 𝛿𝑢 (𝑡, 𝑠)
(𝑡 − 𝑠)1−𝛼

(
𝑢𝛿 (𝑡) − 𝑢∗(𝑡)

𝛿

)
d𝑠

=

𝑡∫
0

𝑓𝑦 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑌1(𝑠)d𝑠 +

𝑡∫
0

𝑓𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑣(𝑠)d𝑠

=

𝑡∫
0

𝑓 𝛿𝑦 (𝑡, 𝑠)
(𝑡 − 𝑠)1−𝛼

(
𝑦𝛿 (𝑡) − 𝑦∗(𝑡)

𝛿
− 𝑌1(𝑠)

)
d𝑠

+
𝑡∫

0

𝑓 𝛿𝑢 (𝑡, 𝑠)
(𝑡 − 𝑠)1−𝛼

(
𝑢𝛿 (𝑡) − 𝑢∗(𝑡)

𝛿
− 𝑣(𝑠)

)
d𝑠

+
𝑡∫

0

𝑓 𝛿𝑦 (𝑡, 𝑠) − 𝑓𝑦 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑌1(𝑠)d𝑠

+
𝑡∫

0

𝑓 𝛿𝑢 (𝑡, 𝑠) − 𝑓𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑣(𝑠)d𝑠

=

𝑡∫
0

𝑓 𝛿𝑦 (𝑡, 𝑠)
(𝑡 − 𝑠)1−𝛼

(
𝑦𝛿 (𝑡) − 𝑦∗(𝑡)

𝛿
− 𝑌1(𝑠)

)
d𝑠

+ 𝑎𝛿1(𝑡) + 𝑎
𝛿
2(𝑡) + 𝑎

𝛿
3(𝑡) 𝑡 ∈ [0, 𝑇], (17)

where

𝑎𝛿1(𝑡) =
𝑡∫

0

𝑓 𝛿𝑢 (𝑡, 𝑠)
(𝑡 − 𝑠)1−𝛼

(
𝑢𝛿 (𝑡) − 𝑢∗(𝑡)

𝛿
− 𝑣(𝑠)

)
d𝑠,

𝑎𝛿2(𝑡) =
𝑡∫

0

𝑓 𝛿𝑦 (𝑡, 𝑠) − 𝑓𝑦 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑌1(𝑠)d𝑠,

𝑎𝛿3(𝑡) =
𝑡∫

0

𝑓 𝛿𝑢 (𝑡, 𝑠) − 𝑓𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑣(𝑠)d𝑠.
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The dominated convergence theorem (like [1]), and (9) supplies

lim
𝛿→0

|𝑎𝛿1(𝑡) | = 0, lim
𝛿→0

|𝑎𝛿2(𝑡) | = 0, lim
𝛿→0

|𝑎𝛿3(𝑡) | = 0.

The dominated convergence theorem and the extended Gronwall’s inequality
Lemma 1(like [1]) produces

lim
𝛿→0

���� 𝑦𝛿 (𝑡) − 𝑦∗(𝑡)𝛿
− 𝑌1(𝑡)

���� = 0. (18)

Sequentially,

𝑦𝛿 (𝑡) − 𝑦∗(𝑡)
𝛿

− 𝑌1(𝑡) −
𝛿

2
𝑌2(𝑡)

=

𝑡∫
0

𝑓𝑦 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼

(
𝑦𝛿 (𝑠) − 𝑦∗(𝑠)

𝛿
− 𝑌1(𝑠) −

𝛿

2
𝑌2(𝑠)

)
d𝑠

+ 𝑓𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼

(
𝑢𝛿 (𝑠) − 𝑢∗(𝑠)

𝛿
− 𝑣(𝑠)

)
d𝑠

+ 1
2𝛿

𝑡∫
0

𝑓𝑦𝑦 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 (𝑦𝛿 (𝑠) − 𝑦∗(𝑠))2d𝑠

− 𝛿

2

𝑡∫
0

𝑓𝑦𝑦 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑌2

1 (𝑠)d𝑠

+ 1
𝛿

𝑡∫
0

𝑓𝑦𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 (𝑦𝛿 (𝑠) − 𝑦∗(𝑠)) (𝑢𝛿 (𝑠) − 𝑢∗(𝑠))d𝑠

− 𝛿

2

𝑡∫
0

𝑓𝑦𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑌1(𝑠)𝑣(𝑠)d𝑠

+ 1
2𝛿

𝑡∫
0

𝑓𝑢𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 (𝑢𝛿 (𝑠) − 𝑢∗(𝑠))2d𝑠

− 𝛿

2

𝑡∫
0

𝑓𝑢𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑣2(𝑠)d𝑠 𝑡 ∈ [0, 𝑇] .
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The extended Gronwall’s inequality Lemma 1, (18), and (9) yields

lim
𝛿→0

���� 𝑦𝛿 (𝑡) − 𝑦∗(𝑡)𝛿
− 𝑌1(𝑡) −

𝛿

2
𝑌2(𝑡)

���� = 0. (19)

Also, by the optimality of (𝑦∗(·), 𝑢∗(·)), one has

0 ¬ 𝐽 (𝑢𝛿 (·)) − 𝐽 (𝑢∗(·)) =
𝑇∫

0

[
𝑔(𝑡, 𝑦𝛿 (𝑡), 𝑢𝛿 (𝑡)) − 𝑔(𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))

]
d𝑡

=

𝑇∫
0

𝑔𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡)) (𝑦𝛿 (𝑡) − 𝑦∗(𝑡))d𝑡 +
𝑇∫

0

𝑔𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡)) (𝑢𝛿 (𝑡) − 𝑢∗(𝑡))d𝑡

+ 1
2

𝑇∫
0

𝑔𝑦𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡)) (𝑦𝛿 (𝑡) − 𝑦∗(𝑡))2d𝑡

+
𝑇∫

0

𝑔𝑦𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡)) (𝑦𝛿 (𝑡) − 𝑦∗(𝑡)) (𝑢𝛿 (𝑡) − 𝑢∗(𝑡))d𝑡

+ 1
2

𝑇∫
0

𝑔𝑢𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡)) (𝑢𝛿 (𝑡) − 𝑢∗(𝑡))2d𝑡 +
𝑚∑︁
𝑖=1

ℎ𝑖𝑦 (𝑦∗(𝑡𝑖)) (𝑦𝛿 (𝑡) − 𝑦∗(𝑡))

+ 1
2

𝑚∑︁
𝑖=1

ℎ𝑖𝑦𝑦 (𝑦∗(𝑡𝑖)) (𝑦𝛿 (𝑡) − 𝑦∗(𝑡))2. (20)

Further, from (19), (18), and (14), we get

0 ¬ 𝐽 (𝑢𝛿 (·)) − 𝐽 (𝑢∗(·)) = 𝛿
𝑇∫

0

𝑔𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑌1(𝑡)d𝑡

+ 𝛿
2

2

𝑇∫
0

𝑔𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑌2(𝑡)d𝑡 + 𝛿
𝑇∫

0

𝑔𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑣(𝑡)d𝑡

+ 𝛿
2

2

𝑇∫
0

𝑔𝑦𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑌2
1 (𝑡)d𝑡 + 𝛿

2
𝑇∫

0

𝑔𝑦𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑌1(𝑡)𝑣(𝑡)d𝑡
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+ 𝛿
2

2

𝑇∫
0

𝑔𝑢𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑣(𝑡)2d𝑡 + 𝛿
𝑚∑︁
𝑖=1

ℎ𝑖𝑦 (𝑦∗(𝑡𝑖))𝑌1(𝑡𝑖)

+ 𝛿
2

2

𝑚∑︁
𝑖=1

ℎ𝑖𝑦 (𝑦∗(𝑡𝑖))𝑌2(𝑡𝑖) +
𝛿2

2

𝑚∑︁
𝑖=1

ℎ𝑖𝑦𝑦 (𝑦∗(𝑡𝑖))𝑌2
1 (𝑡𝑖) + 𝑜(𝛿

2)

= 𝛿

𝑇∫
0

𝑔𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑌1(𝑡)d𝑡 +
𝛿2

2

𝑇∫
0

𝑔𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑌2(𝑡)d𝑡

+ 𝛿
𝑇∫

0

𝑔𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑣(𝑡)d𝑡 +
𝛿2

2

𝑇∫
0

𝑔𝑦𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑌2
1 (𝑡)d𝑡

+ 𝛿2
𝑇∫

0

𝑔𝑦𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑌1(𝑡)𝑣(𝑡)d𝑡 +
𝛿2

2

𝑇∫
0

𝑔𝑢𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑣(𝑡)2d𝑡

+ 𝛿
𝑇∫

0

𝑚∑︁
𝑖=1

ℎ𝑖𝑦 (𝑦∗(𝑡𝑖))1[0,𝑡 𝑗 ) (𝑠)
(
𝑓𝑦 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))

(𝑡𝑖 − 𝑠)1−𝛼 𝑌1(𝑠)

+ 𝑓𝑢 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡𝑖 − 𝑠)1−𝛼 𝑣(𝑠)d𝑠

)
d𝑠

+ 𝛿
2

2

𝑇∫
0

𝑚∑︁
𝑖=1

ℎ𝑖𝑦 (𝑦∗(𝑡𝑖))1[0,𝑡 𝑗 ) (𝑠)
(
𝑓𝑦 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))

(𝑡𝑖 − 𝑠)1−𝛼 𝑌2(𝑠)d𝑠

+
𝑓𝑦𝑦 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))

(𝑡𝑖 − 𝑠)1−𝛼 𝑌2
1 (𝑠) +

2 𝑓𝑦𝑢 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡𝑖 − 𝑠)1−𝛼 𝑌1(𝑠)𝑣(𝑠)

+ 𝑓𝑢𝑢 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡𝑖 − 𝑠)1−𝛼 𝑣2(𝑠)

)
d𝑠 + 𝛿

2

2

𝑚∑︁
𝑖=1

ℎ𝑖𝑦𝑦 (𝑦∗(𝑡𝑖))𝑌2
1 (𝑡𝑖) + 𝑜(𝛿

2)

= 𝛿

𝑇∫
0

(
𝑔𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡)) +

𝑚∑︁
𝑖=1

ℎ𝑖𝑦 (𝑦∗(𝑡𝑖))1[0,𝑡 𝑗 ) (𝑠)
𝑓𝑦 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))

(𝑡𝑖 − 𝑠)1−𝛼

)
𝑌1(𝑡)d𝑡

+ 𝛿
2

2

𝑇∫
0

(
𝑔𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡)) +

𝑚∑︁
𝑖=1

ℎ𝑖𝑦 (𝑦∗(𝑡𝑖))1[0,𝑡 𝑗 ) (𝑠)
𝑓𝑦 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))

(𝑡𝑖 − 𝑠)1−𝛼

)
𝑌2(𝑡)d𝑡
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+ 𝛿
𝑇∫

0

𝑔𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑣(𝑡)d𝑡 +
𝛿2

2

𝑇∫
0

𝑔𝑦𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑌2
1 (𝑡)d𝑡

+ 𝛿2
𝑇∫

0

𝑔𝑦𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑌1(𝑡)𝑣(𝑡)d𝑡 +
𝛿2

2

𝑇∫
0

𝑔𝑢𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑣(𝑡)2d𝑡

+ 𝛿
𝑇∫

0

𝑚∑︁
𝑖=1

ℎ𝑖𝑦 (𝑦∗(𝑡𝑖))
𝑓𝑢 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))

(𝑡𝑖 − 𝑠)1−𝛼 𝑣(𝑠)d𝑠

+ 𝛿
2

2

𝑇∫
0

(
𝑓𝑦𝑦 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))

(𝑡𝑖 − 𝑠)1−𝛼 𝑌2
1 (𝑠) +

2 𝑓𝑦𝑢 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡𝑖 − 𝑠)1−𝛼 𝑌1(𝑠)𝑣(𝑠)

+ 𝑓𝑢𝑢 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡𝑖 − 𝑠)1−𝛼 𝑣2(𝑠)

)
d𝑠

+ 𝛿
2

2

𝑚∑︁
𝑖=1

ℎ𝑖𝑦𝑦 (𝑦∗(𝑡𝑖))𝑌2
1 (𝑡𝑖) + 𝑜(𝛿

2), 𝛿 → 0. (21)

Applying (7), (15), and (16)

0 ¬ 𝐽 (𝑢𝛿 (·)) − 𝐽 (𝑢∗(·))

= 𝛿

𝑇∫
0

©­«−𝜓(𝑡) +
𝑇∫
𝑡

𝑓𝑦 (𝑠, 𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))
(𝑠 − 𝑡)1−𝛼 𝜓(𝑠)d𝑠ª®¬𝑌1(𝑡)d𝑡

+ 𝛿
2

2

𝑇∫
0

©­«−𝜓(𝑡) +
𝑇∫
𝑡

𝑓𝑦 (𝑠, 𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))
(𝑠 − 𝑡)1−𝛼 𝜓(𝑠)d𝑠ª®¬𝑌2(𝑡)d𝑡

+ 𝛿
𝑇∫

0

𝑔𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑣(𝑡)d𝑡 +
𝛿2

2

𝑇∫
0

𝑔𝑦𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑌2
1 (𝑡)d𝑡

+ 𝛿2
𝑇∫

0

𝑔𝑦𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑌1(𝑡)𝑣(𝑡)d𝑡 +
𝛿2

2

𝑇∫
0

𝑔𝑢𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑣(𝑡)2d𝑡

+ 𝛿
𝑇∫

0

𝑚∑︁
𝑖=1

ℎ𝑖𝑦 (𝑦∗(𝑡𝑖))
𝑓𝑢 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))

(𝑡𝑖 − 𝑠)1−𝛼 𝑣(𝑠)d𝑠
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+ 𝛿
2

2

𝑇∫
0

(
𝑓𝑦𝑦 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))

(𝑡𝑖 − 𝑠)1−𝛼 𝑌2
1 (𝑠) +

2 𝑓𝑦𝑢 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡𝑖 − 𝑠)1−𝛼 𝑌1(𝑠)𝑣(𝑠)

+ 𝑓𝑢𝑢 (𝑡𝑖, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡𝑖 − 𝑠)1−𝛼 𝑣2(𝑠)

)
d𝑠 + 𝛿

2

2

𝑚∑︁
𝑖=1

ℎ𝑖𝑦𝑦 (𝑦∗(𝑡𝑖))𝑌2
1 (𝑡𝑖) + 𝑜(𝛿

2), 𝛿 → 0.

(22)

By using again (5),(15),(16) and Fubini′s theorem,

0 ¬ 𝐽 (𝑢𝛿 (·)) − 𝐽 (𝑢∗(·)) = −𝛿
𝑇∫

0

𝐻𝑢 (𝑡)𝑣(𝑡)d𝑡

− 𝛿2

2

𝑇∫
0

𝐻𝑦𝑦 (𝑡)𝑌2
1 (𝑡)d𝑡 − 𝛿

2
𝑇∫

0

𝐻𝑦𝑢 (𝑡)𝑌1(𝑡)𝑣(𝑡)d𝑡 −
𝛿2

2

𝑇∫
0

𝐻𝑢𝑢 (𝑡)𝑣2(𝑡)d𝑡

+ 𝛿
2

2

𝑚∑︁
𝑖=1

ℎ𝑖𝑦𝑦 (𝑦∗(𝑡𝑖))𝑌2
1 (𝑡𝑖) + 𝑜(𝛿

2) (𝛿 → 0). (23)

Lemma 2 provides following expressions

Φ(𝑡, 𝑠) =
𝑓𝑦 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))

(𝑡 − 𝑠)1−𝛼 +
𝑡∫

𝑠

𝑓𝑦 (𝑡, 𝜏, 𝑦∗(𝜏), 𝑢∗(𝜏))Φ(𝜏, 𝑠)
(𝑡 − 𝑠)1−𝛼 d𝜏,

and

𝑌1(𝑡) =
𝑡∫

0

𝑓𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 𝑣(𝑠)d𝑠

+
𝑡∫

0

Φ(𝑡, 𝑠) ©­«
𝑠∫

0

𝑓𝑢 (𝑠, 𝜏, 𝑦∗(𝜏), 𝑢∗(𝜏))
(𝑠 − 𝜏)1−𝛼 𝑣(𝜏)d𝜏ª®¬ d𝑠

=

𝑡∫
0


𝑓𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))

(𝑡 − 𝑠)1−𝛼 +
𝑡∫

𝑠

Φ(𝑡, 𝜏) 𝑓𝑢 (𝜏, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝜏 − 𝑠)1−𝛼 d𝜏

 𝑣(𝑠)d𝑠.
As a result, we have

𝑌1(𝑡) =
𝑡∫

0

𝑄(𝑡, 𝑠)𝑣(𝑠)d𝑠, (24)
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where

𝑄(𝑡, 𝑠) = 𝑓𝑢 (𝑡, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝑡 − 𝑠)1−𝛼 +

𝑡∫
𝑠

Φ(𝑡, 𝜏) 𝑓𝑢 (𝜏, 𝑠, 𝑦∗(𝑠), 𝑢∗(𝑠))
(𝜏 − 𝑠)1−𝛼 d𝜏

Substitute (24) into (23), and Fubini’s theorem

𝑇∫
0

𝐻𝑦𝑦 (𝑡)𝑌2
1 (𝑡)d𝑡 =

𝑇∫
0

𝐻𝑦𝑦 (𝑡) ©­«
𝑡∫

0

𝑄(𝑡, 𝑠)𝑣(𝑠)d𝑠ª®¬©­«
𝑡∫

0

𝑄(𝑡, 𝜏)𝑣(𝜏)d𝜏ª®¬ d𝑡

=

𝑇∫
0

𝑇∫
0

𝑣(𝑠)


𝑇∫
max{𝜏,𝑠}

𝑄(𝑡, 𝑠)𝐻𝑦𝑦 (𝑡)𝑄(𝑡, 𝜏)𝑑𝑡
 𝑣(𝜏)d𝑠d𝜏

=

𝑇∫
0

𝑇∫
0

𝑣(𝑠)𝑀 (𝜏, 𝑠)𝑣(𝜏)d𝑠d𝜏,

and

𝑚∑︁
𝑖=1

ℎ𝑖𝑦𝑦 (𝑦∗(𝑡𝑖))𝑌2
1 (𝑡𝑖)

=

𝑇∫
0

𝑇∫
0

𝑣(𝑠)
[
𝑚∑︁
𝑖=1

1[0,𝑡𝑖) (𝑠)1[0,𝑡𝑖) (𝜏)𝑄(𝑡𝑖, 𝑠)ℎ𝑖𝑦𝑦 (𝑦∗(𝑡𝑖))𝑄(𝑡𝑖, 𝜏)
]
𝑣(𝜏)d𝜏d𝑠.

Therefore,

0 ¬𝐽 (𝑢𝛿 (·)) − 𝐽 (𝑢∗(·)) = −𝛿
𝑇∫

0

𝐻𝑢 (𝑡)𝑣(𝑡)d𝑡 −
𝛿2

2

𝑇∫
0

𝐻𝑢𝑢 (𝑡)𝑣2(𝑡)d𝑡

− 𝛿2

2


𝑇∫

0

𝑇∫
0

𝑣(𝜏)𝑀 (𝜏, 𝑠)𝑣(𝑠)d𝑠d𝜏

+ 2
𝑇∫

0


𝑡∫

0

𝑣(𝑠)𝐻𝑦𝑢 (𝑡)𝑄(𝑡, 𝑠)𝑣(𝑡)d𝑡
 d𝑠

 + 𝑜(𝛿2) (𝛿 → 0), (25)
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where

𝑀 (𝜏, 𝑠) =
𝑇∫

max{𝜏,𝑠}

𝑄(𝑡, 𝑠)𝐻𝑦𝑦 (𝑡)𝑄(𝑡, 𝜏)d𝑡

−
𝑚∑︁
𝑖=1

1[0,𝑡𝑖) (𝑠)1[0,𝑡𝑖) (𝜏)𝑄(𝑡𝑖, 𝑠)ℎ𝑖𝑦𝑦 (𝑦∗(𝑡𝑖))𝑄(𝑡𝑖, 𝜏), 𝜏, 𝑠 ∈ [0, 𝑇] .

We can now prove our theorem, which is based on the cost functional estimation
mentioned previously.

The theorem is obtained by dividing the right side of (25) by 𝛿2 and allowing
𝛿 to approach zero, while taking into account 𝐻𝑢 (𝑡) = 0 in expression (25).

The Theorem 2 was proved.

2.2. Proof of the Theorem 1

By the optimality of (𝑦∗(·), 𝑢∗(·)), we have

0 ¬ 𝐽 (𝑢𝛿 (·)) − 𝐽 (𝑢∗(·)) =
𝑇∫

0

[𝑔(𝑡, 𝑦𝛿 (𝑡), 𝑢𝛿 (𝑡)) − 𝑔(𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))]d𝑡

=

𝑇∫
0

𝑔𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡)) (𝑦𝛿 (𝑡) − 𝑦∗(𝑡))d𝑡

+
𝑇∫

0

𝑔𝑢 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡)) (𝑢𝛿 (𝑡) − 𝑢∗(𝑡))d𝑡

+
𝑚∑︁
𝑖=1

ℎ𝑖𝑦 (𝑦∗(𝑡𝑖)) (𝑦𝛿 (𝑡) − 𝑦∗(𝑡)). (26)



SECOND-ORDER MAXIMUM PRINCIPLE CONTROLLED WEAKLY SINGULAR
VOLTERRA INTEGRAL EQUATIONS 879

Morever, from (18), and (14), it follows

0 ¬ 𝐽 (𝑢𝛿 (·)) − 𝐽 (𝑢∗(·)) = 𝛿
𝑇∫

0

𝑔𝑦 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑌1(𝑡)d𝑡

+ 𝛿
𝑇∫

0

𝑔𝑣 (𝑡, 𝑦∗(𝑡), 𝑢∗(𝑡))𝑣(𝑡)d𝑡

+ 𝛿
𝑚∑︁
𝑖=1

ℎ𝑖𝑦 (𝑦∗(𝑡𝑖))𝑌1(𝑡𝑖) + 𝑜(𝛿), (𝛿 → 0). (27)

Substituting (7), (15), and (5) into (27), we obtain theexpression below

0 ¬ 𝐽 (𝑢𝛿 (·)) − 𝐽 (𝑢∗(·)) = −𝛿
𝑇∫

0

𝐻𝑢 (𝑡)𝑣(𝑡)d𝑡 + 𝑜(𝛿), (𝛿 → 0). (28)

The Theorem 1 was proved.

Example 1. Consider the problem

𝑦(𝑡) = 1 + 𝑡
√
𝑡 +

𝑡∫
0

𝑡𝑦(𝑠)𝑢(𝑠)
(𝑡 − 𝑠) 1

2
, 𝑎.𝑒 𝑡 ∈ [0, 1],

𝐽 (𝑢) = 𝑦(1) +
1∫

0

𝑦(𝑠)𝑢(𝑠)d𝑠 −→ min, |𝑢 | ¬ 1.

We are evaluating the efficiency of the control input 𝑢(𝑡) = 1 and analyzing its
optimality. This particular selection of control corresponds to the solution 1+ 𝑡

√
𝑡

for the integral equation. Throughout the course of the process represented by
(1 + 𝑡

√
𝑡, 0), we have noted the following outcome.

𝜓(𝑡) = 1, 𝐻 = 0.

Therefore, the control 𝑢(𝑡) = 0 is identified as a singular control. Clearly, employ-
ing the control 𝑢(𝑡) = 0 yields a performance measure value of 𝐽 (𝑢) = 2. Now,
let’s investigate if there is an alternative control function that leads to functional
values less than 2. We will compute the value of 𝐽 for the admissible control

𝑢(𝑡) = −1
2

.

𝑦(𝑡) = 1.
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Then, we have

1
2
= 𝐽

(
−1

2

)
¬ 𝐽 (0) = 2.

This indicates that opting for the control 𝑢(𝑡) = 0 within the interval 𝑡 ∈ [0, 1] is
not an optimal.
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