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PLATE FINITE ELEMENT WITH PHYSICAL SHAPE
FUNCTIONS: CORRECTNESS OF THE FORMULATION

W. GILEWSKI!, M. SITEK?

The formulation of a plate finite element with so called ‘physical” shape functions is revisited. The derivation of the
‘physical’ shape functions is based on Hencky-Boll¢ theory of moderately thick plates. The considered finite element
was assessed in the past, and the tests showed that the solution convergence was achieved in a wide range of thickness
to in-plane dimensions ratios. In this paper a holistic correctness assessment is presented, which covers three criteria:
the ellipticity, the consistency and the inf-sup conditions. Fulfilment of these criteria assures the existence of a unique
solution, and a stable and optimal convergence to the correct solution. The algorithms of the numerical tests for each
test case are presented and the tests are performed for the considered formulation. In result it is concluded that the finite
element formulation passes every test and therefore is a good choice for modeling plate structural elements regardless of

their thickness.
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1. INTRODUCTION

The development of new finite elements within beam, plate and shell theories is still a very
important research topic [1, 2, 3, 4]. One of the most interesting finite element formulations is a
rectangular plate finite element with physical shape functions proposed in [5]. The concept of
physical shape functions assumes their dependence on the material properties and the geometrical
characteristics of the element. These shape functions have a physical interpretation, i.e. they

represent displacements and rotations due to imposed unit nodal displacements. The authors of [6]
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performed a series of numerical tests and presented results that prove an excellent convergence of
the formulation regardless of the element thickness. However, there is no formal assessment of the
formulation’s correctness to be found in literature. The unconventional approach used in this
formulation is difficult to evaluate by means of typically employed criteria.

In this paper the correctness of the finite element formulation is examined using three criteria:
ellipticity, consistency and inf-sup. If these conditions are satisfied, then: a) a unique solution exists,
b) the solution converges to the exact one with optimal convergence, and c) the formulation is
stable. This set of criteria was first proposed in [7] for mixed formulations, but it can be
successfully used for a displacement formulation, as it was shown in [2, 8]. The verification of the
ellipticity condition consists of an analysis of eigenvalues of a stiffness matrix of a single
unsupported finite element. It is required that the matrix is non-negatively defined, and the
eigenvectors corresponding to the calculated eigenvalues represent the correct energy modes,
without additional zero-energy modes. If the condition is met, the existence of a unique solution is
guaranteed. The convergence of a finite element solution is assured when the consistency condition
is met [9]. Various quantities, such as internal energy stored in an element, can be taken as the
convergence measure. Based on this assumption an energy criterion for consistency was proposed
in [1]. Satisfaction of the inf-sup condition, which was described in detail in [10, 11], guarantees
stability of the formulation independently of the finite element mesh used. It also assures an optimal
order of the solution convergence. This condition is frequently used by various authors [12, 13, 14,
15]. The inf-sup condition should be verified in several well-chosen test cases. Plate elements tend
to show parasitic states in bending-dominated problems, as showed in literature [16, 17, 18, 19, 20],

therefore this type of benchmarks is presented in this paper.

2. FORMULATION OF THE PLATE FINITE ELEMENT WITH PHYSICAL SHAPE
FUNCTIONS

Let us consider a rectangular plate finite element with a formulation based on the Hencky-Bollé
theory [21, 22, 23] for moderately thick plates in a Cartesian system of coordinates x, y. The in-
plane dimensions of the element are 2a by 2b and the thickness is 4. A dimensionless coordinate

system with the origin in the center of the finite element is introduced

= =2
e=n=5 1)
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with £ € <— 1,1> and 77 € <— 1,1> , and a vector of nodal parameters
q=[q, q, q; q4]T, q, =[w ¢, ¢yi]T @

where W; - vertical displacement, ¢X[ - rotation angle along x axis, ¢yi - rotation angle along y axis.

Figure 1 shows the geometry of the finite element and the adopted local coordinate system along

with nodal degrees of freedom.
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Fig. 1. The considered plate finite element

The considered nonstandard finite element formulation with physical shape functions is based on
the idea that the shape functions have a physical interpretation. The shape functions are solutions of
the displacement equilibrium equations of a Hencky-Bollé plate strips with unit boundary
conditions. The derivation is presented in [5, 6].

The shape function matrix N is expressed as
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W (&) = p(EE) -,y (E,6), w)' () = p(,) = w, 2 (0,17,

W (&) = [ ~ 1 2ED) . W =n,[wmm —u, 2] .

i=1,2,3.,4, )
B (&) ==&, (- ) p' (£8), ¢y () = —n,(0= w,)p" (,1),
Pl (&) =" (EH +u.p (5, ¢ () =-0" ) +u,p (1),
where for isotropic material
. % D D
Tol+3y,” Hy _1+37/y T T T
PO =5 @436-8), 0@ = (+E-8 -8, 2O =3 -8, %)

S=-1 & =1, & =1, & =1, n=-1, n,=-1, n,=1, n, =1

ER o kEh .
and D= 5y - bending stiffness, H= - shear stiffness, £ — Young’s modulus, v -
12(1-+?) 21+v)

Poisson’s ratio, k — shear coefficient.

The stiffness matrix and the load vector are obtained following the standard finite element

procedure, presented in [13] among others. Calculation of these matrices is performed with the use

of the exact integration. The stiffness matrix elements are as following

K =K ) Koy =[k¥] ij=1234, k=123, ©)

i ( ’)
5;(17;&) 1057,7, +51 18, + 2407 )+
2
pi = D &emn, +5;7(1—,UJ,)(105§f§/+5l—18,ux+2,u3)+

" ab 700
20001 — g1, P (6~ 200, + 12 )+ (1— g1, Fl6 -2, + 422 )|+
+TA+VIO6 =T p, + )6~ T, + 117)
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5%2[77,77] +3(1— 41, )] (105£¢&, + 51184, + 247 )+

o= Db &S

1+V(
g 2100

2
+30%[777,77, (=, P 0= i)+ 1425220 ) (6- ) [sm, +300- 1, P+

1-v s, (12 14, + 702 )+ 36(0— 1,V (L, | +

2 | +90p2 +15u,1-24,) (2~ 1)

k' =EEkD, k) =nnkl, G =EEmn k.

3. VERIFICATION OF THE FORMULATION

3.1. ELLIPTICITY CONDITION

It can be shown that verification of the ellipticity condition for a finite element is equal to
performing a spectral analysis of a stiffness matrix of an unsupported finite element [9]. The

eigenvalue problem considered here is
(K =A41) q =0 (7

The ellipticity condition states that matrix K¢ is required to be non-negatively defined. There should
be as many zero eigenvalues as rigid motions in the theory. The remaining eigenvalues are required
to be positive. Eigenvectors corresponding to zero eigenvalues should reproduce rigid motions, and
those corresponding to positive eigenvalues should represent nonzero deformation states. If the
ellipticity condition is not met, then the existence of a finite element solution cannot be guaranteed.
The considered finite element formulation is based on a moderately thick plate theory, but it
should also give good results when used in modeling thin plates. Table I presents results of
eigenvalue calculations for a case of an unsupported plate finite element with several different
values of thickness and constant in-plane dimensions a=b=1 m, with proportion /4/2a from 1/1 to

1/100, and material properties £=2-10* Pa and v=0.25.
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Table 1. Eigenvalues of the stiffness matrix of an unsupported finite element (dimensions: 2a by 2a by 4,
with a=b=1 m; material characteristics: E=2-10*Pa, v=0.25).

ho1l w L AL h_1  h_1 1 b1
2a 10 2a 20 2a 50 2a 100

2a 1 2a 2

23097.1  6603.86  731.555  109.045 142944  0.927365  0.116147
23097.1  6603.86 673307  92.0098 117761  0.758738  0.0949335
17777.8 4957.29 673.307 92.0098 11.7761 0.758738 0.0949335
13080.5 2222.22 142.222 17.7778 2.22222 0.142222 0.0177778
10666.7 1333.33 105.375 14.4493 1.85116 0.119307 0.0149283
7179.44 1227.35 104.670 13.9923 1.78168 0.114634 0.0143402
7179.44 122735 104.670  13.9923 178168  0.114634  0.0143402
6670.79  1020.66 853333  10.6667 133333  0.085333  0.0106667
3482.72 893.007 60.9539 7.86972 0.99368 0.063786 0.0079767

2a 5

~107'2 ~107"3 ~107"3 ~107'* ~107"° ~107"7 ~107'®
~107'2 ~107"3 ~107"? ~107* ~107'¢ ~107"7 ~107'®
~107"2 ~107"? ~107"? ~107"* ~107"7 ~107'® ~107'%

As presented in Table 1, the three lowest eigenvalues are several orders of magnitude smaller than
the remaining ones, which makes it possible to assume that they are of zero value. The eigenvectors
associated with zero-value eigenvalues correspond to rigid body motions. The positive eigenvalues
and corresponding eigenvectors are consistent with various states of plate deformation.

The above analysis shows that the considered finite element formulation complies with the

ellipticity condition for a wide range of thicknesses.

3.2. CONSISTENCY CONDITION
One of the forms of the consistency condition is the energy criterion. It is based on the following

reasoning [1, 9]. The internal energy density ES can be represented in a differential form. In the

FEM, this energy density can be written as a bilinear form E; with the use of finite element

stiffness matrix and nodal displacements vector, divided by the element area. Each nodal
displacement can be represented by its mean value and its derivatives in the form of a Taylor series.
When the characteristic size of an element decreases to zero, only the first order (constant with

respect to element dimensions) components remain. If they are the same as the corresponding
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components in E, then we can say that the formulation is consistent. An analysis of the second and

third order components provides information about the convergence of the formulation.
The density of the internal energy according to Hencky-Bollé plate theory is given by the

following formula

D(%j +D[a¢*j _ZDV%(M+D(IV)(M_%] +
~ 1 ox Oy ox Oy 2 ox Oy

2 ow Y o (ew Y
+H(§_¢}) +H(ay+¢xj

®)

The density of internal energy E{ accumulated in a finite element, can be written as a bilinear form

B 1 1

e

¢ =———q'K" 9
YL O]

Let’s express the nodal degrees of freedom with the use of Taylor series. The density of the finite
element internal energy can then be written in the following way (without losing any details of the

derivation we consider a rectangular element, with a=5)
E¢ = Ly(w..6,:D.v) + aL,(w.§,.4,: Dv) + @’ Ly (w.g,.4,:D.V) + . (10)
with differential operators in the form
2 2 2 2
_ A —v(Ag,
D[A¢*‘j +D—1 v(Ag, + D) b, +D—1 v[ A, +
11U Ax 2 Ay Ay 2 | Ax

0~ 5 2 (11)

2 2

+2VDA7¢XA7¢-"+(1 —V)D A, %+ H|:(¢V _Aiw) +[¢y _MJ }
Ax Ay Ax Ay T Ax Ay
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X[A2€X+A2¢;]+H¢[A¢2+A2] ( J H[]+
A Ay A A 3

oy
AN

A AR SRR

L:l 3 Ay 3 Ax Ay ) 3 Ax

S )
+— — — +
3 Ax 3 Ay \ AxAy 3 | Ax | AxAy

21 Nw) DI N4, (A,
+— += + 2
3 | AxAy 3|\ AxAy AxAy
The analysis of the above expressions shows that the finite element formulation is consistent. When
the element size @ — 0, only the first order entries remain and we get limE® = E,, as the
a—0
differential operator Lo represents the corresponding differential operator from the analytical plate
model. The differential operator L; equals zero, which means that the order of convergence of the

numerical model is quadratic. The presented differential operators don’t depend on any small

parameters, therefore no additional ‘parasitic’ energy can be generated when the ratio 4/, is small.

3.3. INF-SUP CONDITION

3.3.1. THE NUMERICAL PROCEDURE

The satisfaction of the inf-sup condition by a finite element formulation implies a monotonic and
optimal convergence in bending-dominated problems. In formulations that conform to the criterion
no parasitic states are observed even for very thin plates. As it is very difficult to verify this
condition analytically, a numerical procedure was developed.

The algorithm of the numerical test is as follows. In each test case a sequence of several (usually

up to four) finite element meshes with decreasing element size is chosen. For every k (k=1,2,...,n)
. . . . . e k . . . . >
discretization in the sequence, an equation K,q, =4'S,q, is solved, with specific stiffness K,
S . . ik . /1/{ _ 0 .
and norm O, matrices, and the smallest eigenvalue 4., is calculated. If 4, =V independently of
the mesh density, the condition is not satisfied and therefore the discretization shows parasitic

states. If, on the other hand, /1:,;“ >0 for the coarsest mesh, it should be verified if there is any

dependence of the lowest non-zero eigenvalue on the characteristic mesh size. Usually it is done by
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k

creating and examining a graph of 10g(/1"“.“) in function of log(l/ N k). If the curve quickly flattens and

/1“-“ converges to a positive value, it is said that the condition is satisfied.

The selection of the stiffness matrix K « depends on the type of the analyzed finite element

formulation. In a standard displacement formulation, it is the full, unchanged stiffness matrix of a
finite element. The norm matrix S depends on the problem in question. The solution of the problem
described in this paper belongs to the Sobolev space. In the internal energy expression there are
components of displacements and their first derivatives, therefore the H' norm should be used. In
the paper [19] the authors proposed a simplification, which assumed that L? norm can be used
instead, as the solutions in both cases don’t exhibit any qualitative differences. Due to the fact that
the norm matrix corresponding to L2 norm conforms to the mass matrix of an element with unit
mass density, the eigenproblem considered is transformed into a simple frequency analysis.

The satisfaction of the inf-sup condition by the finite element formulation is analyzed with

consideration of various cases. We study the influence of different boundary conditions, and two

types of norm matrices Sk (corresponding to H' and L? norms accordingly) on the inf-sup test

results.

The computations are performed in ABAQUS/Standard software with the use of the user
element subroutine, which makes it possible to include own finite element formulations. The finite
element stiffness matrix and the norm matrices are coded in FORTRAN programming language in a
separate file with a structure required by the software. The subroutine is called by an input file, in

which the problem geometry, boundary conditions and other simulation parameters are defined.

3.3.2. THE NORM MATRICES

The L2 norm for the plate finite element is expressed as following

3 3
[a]; = @+ v + w2 Jav = J'[hw2 +f—2¢f +%¢j JdQ = [u"n,ud0 (12)
Vv Q Q

where

u(x,y)=[wg, 4,1, n, = diag{h,f';,g} (13)
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As it was mentioned before, the norm matrix obtained from the above equation is identical to a

mass matrix of an element with unit material density

SO :INTHONdQ, (14)
Q

where N are displacement shape functions.

It was shown in [24, 25] that matrix So is positive definite, which allows us to use standard FEM

procedures to solve the eigenproblem. If we take 4, =, f, = #’[12 then the entries of the matrix

SO:[SUl SU:[(,UJ(Z;71234 k0 =1,23) (15)
are as follows
1 7y,
Sop =t { (51 184, )} L+216(51—18/1y+2u)2,)}+
2 1
+u2 & : 51 1841, + 244 )} (16)

Rl
+ uz 77,77] { +2u; )}

2

soj_f:yoazbE, 2‘”’1()(9 11/1¥+2,u‘):‘|:1 ’7""»’(51—18;1),+2y§)}+

i Iigf (1=7u, +6p E+ M0 (51— 18, + 2;@)} .

210

S
210

2

1Y £

5b

(O—11g, +244 )}

1 ,. 1 &S
5 _ﬂobza[gm+2’10(9—11ﬂy+2ﬂ>§)} L - O(51 181, + 2447 )}
‘;gf (1—7,u),+6,uﬁ{1 550(51 18,ux+2/1v):|

3’ 1
+u2§§iéj(l—ux)2[gnj +onslo- 11uy+2y,)}

+H,
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1 1 L 7y,
Sof,-z = /u()a}b|:g§i§f +ﬁ(1_#x)2} {2+ 216 (51—18;1}, +2yf,)}+

1 i
+y2abE;§j +$(1—2,ux +6,uf)}{2 0 (51- 184, + 22 )}

210

3a’ 1 1 2
—nn\l— —&E +—(1- R
s 77,7],( uy)z[lséé, +105( i) }

210

Soy = Mo { T 5 (9 11%”%)} &77,* 7 (9—11ﬂy+2/1.§)}+

bé, 1 1
+ 1, 1-Tp, +6u O—11u, +2u
10 ( * 16 i 210( 7 V)

S
210

2
am, 5\ 1
+ S\ =Tu, +6u; | —
:u2 10 ( luy lut{G J

(90—11p, +242° )}

1 1 &<
s = pyab? [1577,% 05(1—%,)2} {2 21(’)(51—18,ux+2,uf)}+

+,uzab[ 77,77}+10(—2ﬂy+6yj)}B 92&150(51—18%+2M)}

3

+/u2%§f§j(l_ )2|:11577,77, ( ﬂ)z:l

21 12 31 13 32 23
Soy = giéiSOij > Soy T ;So; > Soy T gi‘fiﬂinjsolj .

The first order norm is defined as

ul? =I(A172 + AV + AWV =

{h a0, (MJ ho? +(d¢YJ +”3(d¢YJ +he? +h[dwj2+h[
12 dy dx 12 dy dx

n,u dQ

D'—u 'O'—-

where

an
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T
N R R R
X dw-dw a9 9l Wy Wy 4 | n = diag| hr - P 18
7 o ¢’} ‘ ag{ 12°12°12°12 } (18)

Norm matrix So1 representing this norm is calculated from

So1 = [N/nN,d+s, (19)
Q

The norm matrix So1 based on displacements and their derivatives is also positive definite. The

elements of the matrix are of substantial size, therefore they are not presented in the paper.

3.3.3. THE TEST CASES

The benchmark cases chosen to test the considered finite element are square plates with the
following boundary conditions: (a) clamped on one edge, (b) clamped on all edges and (c) simply
supported on all edges. In the paper [18] the author analyzed these cases in order to establish the
percentage of bending part in total energy. The study showed that in the cantilever and simply
supported plate cases the bending energy prevails for the entire considered range, 4#/2a € (0, 0.5].

For the clamped plate case the bending part is higher than 50% up to #/2a=0.31.

(a) : (b) [ F I FFFIY r r; (C) :' ——————— |
4 y Y y ‘ y |
y 7 ; l
: B 5 0 ! ol
/ / ' !
A /] | |
vl A ; I
y / / , I
’J /!I/!//I///!/f I

Fig. 2. The benchmark cases, a) clamped plate, b) cantilever plate, ¢) simply supported plate

The inf-sup condition graphs for ratio #/2a = 1/5, 1/20, and 1/100, are presented in Fig. 3, Fig. 4 and
Fig. 5 accordingly. The discretizations used are: 2 by 2, 4 by 4, 8 by 8, and 16 by 16 finite elements.
An eigenvalue problem was solved for each mesh and the lowest eigenvalue was monitored. The
figures show a comparison of convergence curves for Amin in the logarithmic scale, log(Amin) Vs.

log(1/N), obtained with the use of stiffness matrix K and norm matrices So and So1.
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Fig. 3. The inf-sup condition graphs for the clamped plate, with the use of (a) S0, and (b) SO1 norm matrices

@ A4 12 p 08 06 04 02 0

2,0
10
0,0
1,0
2,0
3.0
40
5,0
6,0

log(Amin)
'3
[} S
|8
>

(0]
¢
0]
o]

log(1/N)

—&—h/2a=1/5 ——h/2a=1/20 —e—h/2a=1/100



www.czasopisma.pan.pl P@N www.journals.pan.pl

PLATE FINITE ELEMENT WITH PHYSICAL SHAPE FUNCTIONS: CORRECTNESS...

(b) A4 A2 p 08 06 04 02 0

20
1,0
0,0
-1,0
-2,0
-3.0
-4.0

»
[}8

B

log{Amin)

B

8,0
log(1/N)
—a—hi2a=1/5 —»—h/2a=1/20 —6—hi2a=11100

Fig. 4. The inf -sup condition graphs for the cantilever plate, with the use of (a) S0, and (b) SO1 norm
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Fig. 5. The inf -sup condition graphs for the simply supported plate, with the use of (a) SO,

and (b) SO1 norm matrices
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The plate finite element satisfies the inf-sup condition in every test case when the full stiffness
matrix is used, along with both norm matrices So and So1. The plots are almost flat in the considered
range of the /4/2a aspect ratio, which shows that the solution is stable and independent from the

mesh density.

4. CONCLUDING REMARKS

The plate finite element with physical shape functions satisfies: ellipticity, consistency and inf-sup
conditions, which means that its formulation is correct. Fulfillment of the ellipticity condition
guarantees existence and uniqueness of FEM solution. When consistency and inf-sup conditions are
met, it implies that the convergence of the finite element solution to the exact one is monotonic. The
finite element considered in this paper is free from locking, and no additional zero-energy states are
present when element thickness tends to zero.

To conclude, the finite element is theoretically correct. Numerical results presented in [6] are then

confirmed by the theoretical analysis.
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PLYTOWY ELEMENT SKONCZONY O FIZYCZNYCH FUNKCJACH KSZTALTU:
POPRAWNOSC SFORMULOWANIA

Stowa kluczowe: plytowy element skornczony, fizyczne funkcje ksztaltu, eliptycznosé, zgodno$é, warunek inf-sup.
STRESZCZENIE:

Przedmiotem pracy jest weryfikacja poprawnosci sformutowania prostokatnego plytowego element skonczonego o tzw.
fizycznych funkcjach ksztattu. Sformutowanie fizycznych funkcji ksztattu bazuje na teorii ptyt o $redniej grubosci
Hencky-Bollé’a. Funkcje te w zagadnieniu dwuwymiarowym otrzymywane s3 jako superpozycja rozwigzan
otrzymanych dla dwodch krzyzujacych si¢ pasm ptytowych i bazuja na rozwigzaniach odpowiednich réwnan
rézniczkowych zwyczajnych. Fizyczne funkcje ksztattu sa czule na zmiany parametrow fizycznych i geometrycznych
elementu skonczonego. Plytowy element skoficzony znany jest od dawna, lecz jego dobre wiasnosci zbiezno$ci dla
réznych parametrow geometrycznych wykazane byly jedynie na przykladach testowych. Sformulowanie to jest
niestandardowe w zakresie metody elementow skonczonych i nie mozna zastosowaé klasycznych technik oceny
poprawnosci formutowania i zbiezno$ci rozwiazan MES. W pracy wykazano poprawno$¢ rozwazanego elementu
skonczonego na podstawie kryteriow eliptycznosci i zgodnosci, oraz warunku inf-sup, ktére zaproponowano w latach
90-tych XX wieku dla sformutowan mieszanych MES. Spetnienie tych kryteriéw zapewnia istnienie jednoznacznego
rozwigzania, stabilno$¢ rozwigzania i optymalng zbiezno$¢ do rozwigzania doktadnego.

Sprawdzenie kryterium eliptycznosci polega na analizie wartosci i wektorow wilasnych macierzy sztywnosci
pojedynczego elementu skoficzonego. Macierz sztywnosci elementu prostokatny o fizycznych funkcjach ksztaltu ma dla
dowolnych parametréw geometrycznych trzy zerowe wartosci wiasne, ktorym odpowiadaja ruchy sztywne elementu.
Pozostate dziewig¢ wartosci wlasnych jest dodatnich i odpowiadaja im wektory wiasne, ktére generuja odksztalcenia
elementu. Element spetnia tym samym warunek istnienia i jednoznacznosci rozwiazania zadania MES.

Sprawdzenie warunku zgodnosci bazuje na kryterium energetycznym, w mysl ktérego porownuje si¢ gesto$¢ energii
odksztatcenia w sformutowaniu rozwazanej teorii ptyt oraz odpowiedniego sformutowania MES. Postaé gestosci
energii odksztalcenia w ujgciu MES pozwala zdefiniowa¢ cztony zwigzane z tzw. stanami pasozytniczymi energii, ktore
moga zaleze¢ od parametréow geometrycznych lub fizycznych plyty i wystgpuja w wielu elementach skonczonych.
W plytach o $redniej grubosci najczgsciej wystepuje stan pasozytniczy zwiazany z poprzecznym Scinaniem, ktory
zaburza wyniki obliczef przy obliczeniach dzwigaréw cienkich. W analizowanym elemencie skonczonym posta¢
wyrazenia na energi¢ potencjalng jest poprawna i nie zawiera zadnych czlondéw pasozytniczych. Oznacza to, ze
rozwigzanie zadania MES jest stabilne zaréwno dla ptyt o sredniej grubosci jak i cienkich.

Analityczne sprawdzenie warunku inf-sup jest bardzo ztozone i rzadko stosowane w literaturze. W latach 90-tych XX
wieku zaproponowano numeryczny sposob weryfikacji tego warunku i tak wiasnie analizowano rozwazany element
skonczony. Warunek inf-sup, w odréznieniu od poprzednich dwoch warunkow, nalezy bada¢ w specjalnie wybranych
zadaniach dla ukladéow wielu elementow skonczonych. Weryfikacja numeryczna polega na badaniu zbieznosci
najmniejszej warto$ci wlasnej uogolnionego zagadnienia wlasnego w ktérym wystepuje macierz sztywnosci uktadu
elementow i specjalnie dobrana macierz normowa. W pracy przedstawiono analityczng posta¢é wzoréw na macierze
normowe. Zbiezno$¢ rozwiazania badano dla trzech typowych warunkéw podparcia ptyty, uzyskujac znakomita
zbiezno$¢ rozwiazania inf-sup, ktora gwarantuje optymalng zbieznos¢ rozwigzan zadan MES.

Plytowy element skonczony o fizycznych funkcjach ksztattu bez zastrzezen spetnia wszystkie wymagane kryteria, co

stanowi teoretyczne potwierdzenie jego przydatno$ci do analizy ptyt o $redniej grubosci i cienkich.
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