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MATHEMATICAL MODEL OF TRANSVERSE VIBRATIONS OF A HIGH-CAPACITY MINING SKIP DUE
MISALIGNMENT OF THE GUIDING TRACKS IN THE HOISTING SHAFT

MODEL MATEMATYCZNY DRGAN POPRZECZNYCH SKIPU GORNICZEGO O DUZEJ LADOWNOSCI
POWODOWANYCH PRZEZ NIEROWNOSCI TOROW PROWADZENIA TEGO SKIPU W SZYBIE

A solution is suggested to the problem which has received a great deal of researchers’ attention in the
last twenty years involving the development of a mathematical model of transverse vibration experienced
by high-capacity mining skips while they traverse the shaft. Such model, particularly useful when inve-
stigating fatigue damage of hoisting skips, is still being sought by engineering practitioners responsible
for hoist safety. Models proposed so far have been found unsatisfactory, which was corroborated by
research data showing that the underlying assumptions and involved equations need to be modified. This
paper highlights the suggested modifications, basing on measurement data and the modified version of
the model is verified against those data.
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W artykule zaproponowano rozwiazanie problemu naukowego, jakim od ponad dwudziestu lat jest
model matematyczny drgan poprzecznych doznawanych przez skipy gornicze o duzych tadownosciach
podczas jazdy w szybach. Taki model, przydatny w szczegodlnosci do opracowania metody obliczen
dla zmgczeniowej trwatosci skipéw projektowanych, jest oczekiwany przez $rodowisko inzynierskie
odpowiedzialne za bezpieczenstwo wyciagdw gorniczych. Obliczenia trwatosci jw. nie sa, jak dotad,
wykonywane, wskutek czego znaczaca czg$¢ skipow majacych duze tadownosci — aktualnie uzytkowa-
nych — doznaje uszkodzen zmgczeniowych po wykonaniu w szybie znacznie mniej cykli transportowych
niz zaplanowano. W artykule podano wyniki badan (Rys. 5) drgan poprzecznych takich skipow wyka-
zujace, ze opublikowane dotychczas propozycje przedmiotowego modelu sa nieckompletne i wymagaja
aktualizacji zardwno co do zatozen jak i jego rownan. W artykule zaproponowano taka aktualizacjg oparta
o zamieszczone wyniki badan, a takze sformutowano nowa propozycj¢ omawianego modelu (6)+(32),
zweryfikowana w oparciu o te wyniki.

Stowa kluczowe: skipy gornicze, nierdownosci torow prowadzenia w szybie, drgania poprzeczne, model
matematyczny
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1. Introduction

A typical design structure of high-capacity mining skips (Fig. 1) incorporates three main
mass components: the skip head, the hopper and the bottom frame, supported by vertical rods
(external and middle), also referred to as pull rods.
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Fig. 1. Design structure of high-capacity mining skip

Presently such high-capacity skips are widely operated in mine shafts and as early as in the
1960s that design solution was found most successful, ensuring good hoisting efficiency. Load-
bearing capacity of largest skips for hoisting coal approaches 40 Mg, whilst the skips for hauling
ores have the capacity over 50 Mg.

In the early 1980s, soon after high-capacity skips came into widespread use, maintenance
engineers registered the fatigue damage to load-bearing pull rods after a smaller number of duty
cycles than planned (Kedziora, 1983; Plachno et al., 1984-1989; Fuchs & Noeller, 1988). This
kind of damage was found to pose a major hazard to hoisting installations, at the same time
jeopardising the mine production schedules. Extensive research efforts were made, therefore,
to diagnose the problem and specialist teams were formed responsible for regular inspection of
pull rods for defects (Brodzinski & Smiatek, 1993) and for corrective maintenance in case when
such faults were detected (Bak & Myszor, 1999).

Researchers involved in the mining sector, including Polish engineers, thoroughly inves-
tigated and diagnosed the problem before 1980s, which is evidenced by numerous publications
(Ptachno, 1988; Fuchs & Noeller, 1988), demonstrating that the fatigue damage is induced by
variations of stresses acting in pull rods caused by enhanced levels of transverse vibration of
the skip hopper whose mass is much larger than that of the two remaining skip components. It
turned out that variable loads acting upon the pull rods are much larger in high-capacity than in
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low-capacity skips, which results in a significant increase of variable stresses in pull rods, out of
proportion to the load-bearing capacity of the skip.

These investigations finally established that the problem was caused by random irregularities
and misalignment of the guiding tracks in the shaft, giving rise to varied — amplitude dynamic
forces in roller guides and inducing random transverse vibration of the skip. These findings
prompted further research efforts to develop a mathematical model of these vibrations enabling
the problem to be solved by modifying the engineering design of the skip.

Accordingly, research work in Poland was undertaken by three research teams: that headed
by the Author (Ptachno, 1989, 1999a, 1999b, 2007; Ptachno & Rosner, 1997) who continued
earlier investigations (Ptachno et al., 1984-1989), by Tejszerska and her team (Tejszerska, 1993,
1995, 2002; Tejszerska et al., 2001) and a group of researchers “headed by S. Wolny (Wolny &
Bella, 2005; Wolny, 2009; Wolny & Matachowski, 2010, 2011; Matachowski, 2011).

Nevertheless, mathematical models governing the skip’s transverse vibration proposed so far
were found unsatisfactory by engineers responsible for safety of hoisting installations, because
they did not allow the skip fatigue damage to be handled by way of finding an engineering solu-
tion to the problem. This assessment was corroborated by research data quoted below, showing
that the underlying assumptions and model objectives, certain integral equations and involved
relationships need to be modified accordingly.

2. Modified assumptions underlying the equations expressing
the skip’s transverse vibration

The modifications are prompted by research data collected by (Ptachno et al. 2007-2015)
investigating transverse vibration experienced by skips whose load-bearing pull rods were fatigue-
damaged and repaired, having completed a lower number of duty cycles than planned. Eight skips
were investigated: two with the load-bearing capacity 18 Mg, two skips of 23 Mg and four skips
having the capacity 33 Mg. Measurements were taken of the skips’ transverse vibration using
the specialist equipment (Ptachno, 2007) installed to each time in the skip’s structure, as shown
in the diagram in Fig. 2a and 2b.

Fig. 3. (photo) shows the measuring equipment mounted in the investigated skips: the main
unit and an external unit.

As a part of the measurement procedure, each of the four external unit incorporating accel-
eration transducers was fixed to the main unit for the duration of the measurement. Apart from
acceleration transducers, the main unit incorporates the supply system powering the two units
and a digital recorder handling its all measurement paths. During each measurement procedure
this recorder was synchronised, via a cable (Fig. 2) with the recorder in the second unit and,
therefore, each sub-sequently registered acceleration of control points at the top Gl1g, G2g, Dlg,
D2g, or at the bottom G1d, G2d, D1d, D2d represented the same time instant.

The test runs being completed and the measuring equipment being removed from the inves-
tigated skip, thus registered signals were subsequently transferred by electronic means to the
exter-nal computer memory, where they were converted into frequency vs power spectral density
patterns and the plots of relative displacements between the test points at the top Glg, D1g, G2g,
D2g and at the bottom: G1d, D1d, G2d, D2d. For each investigated skip, the conversion procedure
used operator formulas given as:
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Fig. 2. Equipment (Ptachno, 2007) for measuring transverse vibration experienced by the skip head and hopper
(Fig 2a) and by the hopper and the bottom frame (Fig. 2b)

Fig. 3. (photo). Main unit (on the left) and external unit (on the right) of the purpose-built system (Ptachno,
2007) for measuring skip’s transverse vibration while it traverses the shaft
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« for control points at the top:
uy, (f)=0,5- FFT[bDlg(t)]_FFT[bGlg(t)]|2+ FFT[bDZg(t)]_FFTbGZg(t)|2
bg ” 47[2f2 47r2f2 | 47r2f2 47f2f2 | >
v ()=05. FFT[ep, ()] FFTleg, 0] . FFT[eps, (0] FFTlea, (0]
cg > 4772f2 47[2f2 | 47T2f2 47[2f2 | >
( )_(ljz .|FFT[bD1g(t)]+ FFT[bng(t)]_ FFT[bclg(f)]_ FFT[bDZg(t)]|2
J SN A I | 4n f> 4n’f? 4n’f? 4n 12 | :
£>05Hz. (1)
« for control points at the bottom:
upy (£)=0,5- FFT[bDld(t)]_FFT[bGld(t)]2+ FFT[szd(’)]_FFT[bczd(t)]z
b ’ 47r2f2 47z2f2 47z2f2 47r2f2 ’
u,,(f)=05- FFT[CDld(f)]_FFT[CGm(t)]2+ FFT[CDzd(f)]_FFT[Csz(’)]Z
« ’ 47 12 477 12 477 12 477 2 ’
(f)= [l)z .|FFT[bD1d(t)] + FFT[bsz(’)]_ FFT[bg,,(t)] B FFT[szd(f)]|2
Ysd s | 4r f? 4n f> 47 f> 4n f> | :
20,5 Hz. ()

where:

Upg(f), teg(f), &sg(f) — power spectral densities of relative displacements between the upper
control points vs frequency, relative displacements in the lateral motion (in the direction
determined by the shorter sides of the skip’s main mass components) vs frequency, relative
frontal dis-placements (in the direction determined by longer sides of the skip’s main mass
components) vs frequency and relative displacements in torsion around the vertical axis vs
frequency;

upa(f), uca(f), ga(f) — power spectral density patterns of relative displacements between the
upper lower points vs frequency: relative displacements in the lateral motion vs frequency,
relative frontal displacements vs frequency and relative displacements in torsion around
the vertical axis vs frequency;

FFT - Fourier operator transforming the time patterns into the frequency patterns,

bpig(D), bGig(D), bpag(t), bag(D), Cpig(t), Cpogll), CGag(t) — measured acceleration signals: re-
spective accelerations in lateral and frontal motion registered at control points at the top,

bp1a(®), bG14(0), bpra(t), bra(D), cpra(t), cpra(t), cgrqa(t) — measured acceleration signals: re-
spective accelerations in lateral and frontal motion registered at control points at the bottom,

s — dimension indicated in Fig. 2a and 2b.

Accordingly, Eq. (1) and (2) were recalled to obtain two sets of power spectral density pat-
terns of relative displacement for each investigated skip, one set for control points at the top and
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one- for control points at the bottom. Each set is assigned three spectral patterns, one associated
with relative displacements in lateral motion, one associated with relative frontal displacements
and one representing the relative displacements in torsional motion.

As for each investigated skip the plots of corresponding power density patterns were found
to be similar in qualitative terms, this study will focus on plots obtained for a 33 Mg skip. They
are shown in Fig. 4, the upper section gives the plots obtained for control points at the top, the
lower section — for control points at the bottom.

Spectrum of relative displacements in lateral and frontal Spectrum of relative displacements in torsion
motion of the skip head and hopper in a 33 Mg skip, of the skip head and hopper in a 33 Mg skip,

mm? measured at control points at the top (rd-10?)2 measured at control points at the top
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Spectrum of relative displacements in lateral and frontal Spectrum of relative displacements in torsion
motion of the hopper and bottom frame in a 33 Mg skip, of the hopper and bottom frame in a 33 Mg skip,
mm 2 measured at control points at the bottom (rd-10%)2 measured at control points at the bottom
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Fig. 4. Power spectral density of relative displacements in transverse vibration of a skip with the load-bearing
capacity 33Mg, measured at control points at the top and bottom

Plots in Fig. 4 lead us to two important conclusions:

1) Relative displacement spectra for control points at the top and at the bottom reveal lo-
cal peaks (maximums) corresponding to frequencies being the resonance frequencies of
trans-verse vibrations of the investigated skip. That indicates that the skip’ transverse
vibrations are ex-perienced by the linear and stationary elastic-mass system and that
they are induced by ran-dom misalignment of the guiding tracks in the shaft, leading
to deformations the roller guide elements due to their lateral and frontal movements of
a skip incorporating three major mass components connected with elastic rods replacing
the upper and lower segments of pull rods.

2) Each of the three relative displacement spectra mentioned above (obtained at the upper
and bottom control points): relative displacements in the lateral motion, relative frontal
displa-cements and relative displacements in torsion yield comparable values. This sug-
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gests that each upper and lower segment of the pull rod in the skip, exhibits a variable
strain due to transverse vibrations of the skip’s major mass components. This strain is
also associated with the pull rod being simultaneously bent in the lateral and in frontal
direction and due to torsion as well as tension to which it may be subjected.

A thorough study of main assumptions underlying the previously published equations gov-
erning the skip transverse vibration (Ptachno, 1989; Tejszerska, 1993; Wolny & Matachowski,
2010) reveals that these assumptions are in line with the first of the above conclusions only. As
regards the other one, they tend to neglect the effects of torsional and longitudinal stiffness of
pull rod segments.

Further research (Plachno et al., 2007-2015) established that this influence is essential,
therefore the relevant assumptions need to be modified accordingly and the new calculation pro-
cedure is suggested to obtain the stiffness of load-bearing pull rods in the skip. The procedure is
shown in the graphic format in Fig 5 and its mathematical representation is given by Eq. (3)+(7).

Fig. 5. Graphic representation of the procedure for
calculating lateral stiffness of the skip’s pull
rod segments

Fig. 5 shows a pull rod spatially deformed by forces Ny, N, P}, P, and the moments of force
M, M,, M, applied at the both ends (G and D), corresponding to points where the pull rods are
attached to the skip head and the hopper (upper segments) or to the hopper and the lower frame
(bottom segments). These forces and moments give rise to lateral displacements u;, frontal
displacements u, and displacements in torsion y, of the rod end point G with respect to its end
point D. Each of them corresponds to instantaneous displacements experienced by the main mass
components in the investigated skip, between the control points at the top and at the bottom, at
the same time the whole rod is experiencing the lengthening of the ur causing the distance. Ac-
cordingly, the forces and moments applied to the rod as shown in Fig. 5 are defined as:

Py, P. — forces inducing the displacements u, u,;

M,, M, — moments acting such that the angular displacements of the rod endpoint G with

respect to its endpoint D — (in the planes XZ, YZ) — are equal to zero;
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M, — moment inducing the displacement in torsion y;
N, N, — axial forces acting in the rod such that the distance between its endpoints G and
D is independent of applied loads;

The mathematical procedure for calculating the lateral stiffness coefficients of the skip’s
pull rod segments is based on their following definitions:

azH(ub7 uc’ 7/9) azH(ub9 uc’ 7/9) azH(ubﬁ uc’ 7/?)
= 7 ke = P e @)
Oou, Oou, oy,

ub

where:

ks Kuucs s Ky — lateral stiffness of the upper or lower pull rod segments, respectively for bend-
ing in lateral and frontal motion and in torsion;

H(uy, u,, u,, y,) — elastic energy accumulated in the investigated pull rod segments whilst its
end-points D and G get displaced with respect to one another by u,, u,, y,, and the distance L
of these points will not change.

Elastic energy H(uy, u,, u,, y,) is formulated as the sum of four components:

2 2 ) ) 2
Huy, u,, 7,)=2E Tyt +J w4 0,021 F () +u) + “

3
L1 v0,032.0, 1272

all of which are described mathematically using the underlying dependencies applied energetic
methods of calculating the displacement of rods (Lisowski & Siemieniec, 1973; Niezgodzinski,
1979; Wolny, 2008) and the following signs:
E, G — modulus of elasticity of rod material, respectively Young’s modulus, Kirchhoff ‘s,
Pa;
F  — cross-section area of the investigated pull rod segment, m?;
Jp, J. — inertia moments of the cross-section F' with respect to its neutral axes for bending
of the investigated pull rod segment in the lateral and frontal motion, respective-

ly, m%;
Js — equivalent moment of inertia of the cross section F in free torsion, m*;
L — as indicated in Fig. 5, m;

If we take into account that between the elongation u, and the displacements u,, u, there
is a relation:

(L-i—u,)2 :L2+u£+uc2

then expression (4) can be represented as:

6-LJy o 6L o

Huy,u.u,.,p,)=Huy,u,, 7, )= u; +
(b y) (b 7/) L3 L3
2
+£L2 1 uy +uc 1 GJv 7/3
2 I? 2-L "

and then, after considering that:
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2, .2 2, .2 2,2 2, .2
up +u; up +u; up +u u, +u,
bt <l = I+ 21405 <=y ~ L —¢
L L L 2-L
is obtained for the expression (4):
Upg =22 MM, Uy ~18 mm,  uy,, =79 mm, u,, =65 mm %)

The formula (5) contains a term expressing geometric nonlinearity of the rod shown in
Fig. 5 because the linearization procedure is applied (Bogusz et al., 1974) utilising measurement
data (Ptachno et al. 2007+2015) showing, that in the case of rods of rectangular cross-section
gxh (g < h), the maxi-mum amplitude u;,,,, displacements u;, and maximum amplitude 4
displacements u,. satisfy the conditions:

12-E-Jyy 0,25-E-F, ()
ubg = + ’ >

3 3 3
L, L, 10
o _12EJ 025EF, .[uwgf
ucg 3 3 3 ’
L, L, 10
E-J,
Ky = 0,384 — %, (6)

g

On this basis and assuming that in the case of steel rods G = 0,4 E, it was obtained by the
formulas (3):

12E-Jy; 0,25-E-F, (upy )
kubd = 3 + 3 : 3 >
L, L, 10

12.E-J,; 025E-F, (u,,Y
kuea = 3 3 |03 |
L, L, 10
E-J
k., =0,384. =254 7
Vsd Ld ( )

When formulas (7) are compared with formulas expressing the lateral stiffness of pull rod
segments published to date (Ptachno, 1989; Tejszerska, 1993, Wolny & Matachowski, 2010), it
is reasonable to apply the new calculation procedure outlined above to derive the modified equa-
tions governing the skip transverse vibration and to verify thus modified equations against the
measurement data compiled in Fig. 4. The results are summarised in further sections of this study.

3. Equations governing the skip’s transverse vibration due
to misalignment of the guiding tracks in the hoisting shaft
based on modified assumptions

Relevant equations were derived for the physical model of the system, shown schematically
in Fig. 6. There are three non-deformable geometric figures under load, the total number of applied
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loads being 68. These geometric figures are projections of the skip’s major mass components:
the skip head, the hopper and the bottom frame, underpinned by the following assumptions:

+ dimensions and point C on each of the geometric figures in Fig. 6 express the dimensions
and the centre of mass of the major skip’s component represented by this figure;

+ vertical dimensions of the skip head and bottom frame are negligibly small in relation to
the sum of the skip hopper’s dimensions ¢ and d;

+ forces and moments applied to the figures in Fig. 6 correspond to active and passive
loads ex-perienced by the skip’s major mass components in the course of its travel in
the shaft; active im-posed loads involve dynamic forces induced by misalignment of the
tracks guiding and inter-actions with roller guides, frontal and lateral; whilst passive
loads involve forces and moments of inertia, friction and elastic resistance sustained by
each of the skip’s major mass component.

Further assumptions underlying the model shown in Fig. 6 are:

1. Displacements due to vibration of each geometric figure shown in Fig. 6 at points designated
as 1,2, 3,4,5, 6 satisfy the following equations:
+ for skip head:

Uptg =Uprg =Y, ~Ty -5,

Upsg =Upag =Yg + 15, Upsg =Upg =¥,

Upg =Upsy =Upsy = Xy ~T-0,5-b,

Uprg =Usy =Usgg = Xy +T-0,5-b (8)

where:
Upig=Upggs Uc1g+Ucee — displacements in skip head vibrations at points 1+6, in lateral
and frontal motion, respectively;
Xy, Yg, G, — displacements in translational and angular vibration of the skip head,
respectively;
b, s — dimensions as indicated in Fig. 6;

+ for the hopper’s upper edge:
Upizg =Uppzg =Y, -T, -5 =@ -c,
Upsog Upazg =V AT, -5 =@, ¢, Upsy =Upg, =V, =P, -c,
U U Ups.,g=X,-T,-0,5-b-B, -c,

clzg = VYe3zg T
UCZZg:Uc4zg:Ucﬁzg:Xz-i_rz'O’S'b_Bz'c (9)

where:
Up1z¢7Upbzg> Ucizg7Ueozg — displacements induced by hopper vibration, registered at
points 1+6 on its upper edges for the lateral and frontal motion, respectively;
X, Y., B,, F,, G,— displacements in translational and angular vibration, respectively;
¢ — dimension as indicated in Fig. 6;
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Fig. 6. Physical model of the skip underlying the equations governing its lateral and frontal vibration,
based on modified assumptions
« for the hopper’s lower edge:
Ublzd = UbZZd = Yz _Fz 's+q)z 'd’
UbSZg :Ub4zg = Yz +rz .S+(I)z 'd’ UbSd = Ub6d = Yz +q)z 'd’
Uclzd = Uc32d = UcSzd = Xz _Fz .075.b+Bz .dﬂ
Ucsz =[Jc4zd =Uc6zd =‘sz—i_l—‘z'O'JSIb—i_Bz'd (10)

where:
Up1:07Upszas Uerza+Uyessa — displacements induced by hopper vibration, registered at
control points 1-6 on its lower edges for the lateral and frontal motion, respectively;
d — dimension as indicated in Fig. 6;
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 for the bottom frame:
Upia =Uppa =Y; =145,
Upsg =Upsa =Yg+ 148, Upsg =Upeq =¥y,
Ung =Ueqg =Upsq = X4 —T4-0,5-b,
Uirg =Uc4q =Uceq =Xq+1;-0,5:b (11)
where:
Up1a+Upsa> Up14+Uq6q— displacements in lower frame’s vibrations registered at points
1-6, for the lateral and frontal motion, respectively;
Xy, Y4, G4 — displacements in the lower frame’s translational and angular vibration,
respectively.

2. Active loads imposed on the skip head and bottom frame in Fig. 6 are designated and inter-
preted as follows:

Shet> Skars Scg> Shar» Spar» Sca — active forces induced by the skip roller guides at the upper
and on the lower are applied to the system shown in Fig. 6 at the centre point of shorter
sides of the skip head and of the bottom frame, expressed by the formulas:

pg
Sher = Kppg | Vg (1) =Y, =0,5-a-T ],
Seg = k '[ng(t)_XgJ’
Spat, = Kppa *| Ypa (£) =Y, +0,5-a-T ],

Shat, = kg [ Yy (1) =Y, +0,5-a-T, |,

peg

pd

Spar = K ppa '|:Ypd (1)-Y, —0,5'a'rdJ ,

Sea = hpea [ Xpa (1) =X, ] (12)
where:
a — dimension as indicated in Fig. 6,
kpbgs kppa — lateral stiffness of upper and lower roller guide, respectively;

kpegs kpep — frontal stiffness of upper and lower roller guide, respectively.

Xpo(D), Xpa(0), Y,4(2), Yyq(2) — random functions of time describing the effects of guide mis-
alignment on the skip roller guides, for the frontal roller guides in the upper and on the
lower position, respectively, in the frontal roller guides and in the lateral roller guides,
defined by ascribing the duration time of skip travel to the results of routine measure-
ments of guide alignment (Mining regulations, 2006);

Xg, Yy, Y, Yy — vibration of the skip’s major mass components, as shown in Fig. 6.

3. Passive inertia and friction loads imposed on the skip’s major mass components are applied
to point C ( centres of major mass) and are designated and interpreted as follows:
* Ry Ryg, Ry, Ry, Ry, Ryq—respective passive forces applied to the centre of mass of the
skip head, hopper and bottom frame, satisfying the following conditions:

Ryg=X, my+X, hy,

Ryg =Yg -mye + Yo hy,
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sz :Xz Ty, +Xz 'hxz’
Ryz :);'myz+Yz 'hyz’
Ry =Xy -my+Xy hy,
Ryd:Yd'myd+Yd'hyd (13)

where:
Mgy Myzy Mg, My, My, Mg — Masses corresponding to the accelerations in vibrations
Xg, X, Xy, Yg, Y2, Yy experienced by the skip’s major mass components;
o Pczs s Pygs Bz, g — Viscous damping of vibration X, X, Xy, Yo, Y., Y, experienced

h g) zo
by the skip’s major mass components;

* Mpypp., Mpp., Mpp., Mpp., Mpp, — passive moments applied to the centre of major mass of
the skip head, hopper and bottom frame, expressed as:

M . :Bz'Jﬁz +B, “hg.,
Mg, =D, 'J¢z+d)z “hy.,
Mprg =Ty Ty +T,h
Mpr. =T, 'J}/z+rz 'h}/z»

Mprg =Tg - Jyq + T4 hyy (14)

78>

where:
Jg2s Jyzr Jygs Jyzs Jyq — principal central inertia moments of the skip’s major mass com-
ponents with respect to their angular vibration B., F, I'g, I, ['j;
gz, Py yg, By, By — viscous damping of angular vibration B, F, I'y, I, I'y experienced
by the skip’s major mass components;

4. Passive elastic forces acting upon the skip’s major mass components at points 1, 2, 3,4, 5,6
are defined as:

° Pb1g+Pb6g7 Pblzg+Pb62d> Pblzd+Pb6zdﬂ Pb]d+Pb6d_ elastic fOI'CCS, each Corresponding to the

force P;, imposed by the rod shown in the diagram in Fig. 5 and satisfying the following

condition:

B)ig = _Byizg = kubig : (Ubig - Ubizg ) d

Biza = —Foia = kupia '(U bizd ~Ubia ) >

i:L 27 3, 47 53 6, (15)
where:

Ubig’ Ubizg9 Ubizda Ubid —as given by formulas (8)_(1 1)’
Kubig» kuvia— lateral stiffness of the upper and lower segment of the pull rod with the i-th
attachment to the skip’s major mass components, derived from Eq. (6) or Eq. (7),
o PogtPeogs Peizg Ptz Peiza™ Pesza» Pera™Pesa — €lastic forces, each corresponding to the
force P, imposed by the rod in the diagram in Fig 5 and satisfying the following condi-
tion:
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Pcig = _Pcizg = kucig : (Ucig _Ucizg )’
Pcizd = _Pcid = kucid .(Ucizd _Ucid )’
i=1,2,3, 45,6, (16)

where:
Uciga Ucizga Ucizd7 Ucid —as given by formulas (8)_(1 1)9
Kycigs kuciqa— frontal stiffness of the upper and lower segment of the pull rod with the i-th
attachment to the skip’s major mass components, derived from Eq. (6) or Eq. (7).

5. Elastic passive moments applied to points C of geometric figures in the model in Fig. 6 are

defi-ned as:
EM,q, TM,,, My — sums of moments equivalent to the moment M, imposed on the rod
shown in diagram in Fig. 5 and satisfying the respective conditions:

i=6 i=6
z“Msg :(Fg_rz)'zk}/sgi’ z“jwsd :(Fd_rz)'zk}/sdiﬂ
i=1 i=1
i=6 i=6
M, = (T, =Tp) D ke + (. =T ) D ke (17)

i=1 i=1

where:

[y, I'., T'y—displacements in angular vibration of the skip head, hopper and the bottom
frame, as shown in the diagram in Fig. 6,
kysqi—torsional stiffness of the upper and lower segment of the pull rod with the i-th
attachment to the skip’s major mass components, derived from Eq. (6), or Eq. (7).

kysgi >

. In physical terms, underlying the equations of the skip’s transverse vibration are the balance

con-ditions of all imposed passive and active loads applied to geometric figures shown in

Fig. 6. These conditions are expressed by the formulas:

» for vibrations X,, X., X; of the major mass centre of the skip’s head, hopper and bottom
frame:

I
[=2)

l

Xy omg+ X, hy +Z(Pdg)—ch =0,
i=l1
i=6
Xz My, +Xz 'hxz +Z(Pcizg +Pcizd): 09
i=1
i=6
Xd'mxd+Xd'hxd+Z(Pcid)_Scd=0 (18)

i=1
» for vibrations Yy, Y., ¥, of the mass centre of the skip’s head, hopper and bottom frame:

i=6
Yo -my, + ¥, hy +Z(Pbig)_SbLg = Sppg =0,

i=1
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. . i=6
Yz'myz+Yz'hyz Z(Pbizg—i_l)bizd)zoﬂ
i=1
Yd yd+Yd hyd+z szd —Spra —Sppa =0 (19)
i=1
« for angular vibration B, of the skip hopper:
i=6 i=6
B, Jg 4B, hy,—c- D Pp,+d- Y Puy=0 (20)
i=1 i=1
 for angular vibration @, of the skip hopper:
i=6 i=6
B, Ty +D, by, =D By +d-Y Py =0 1)

+ for angular vibration I', of the skip head, I'; of the hopper and T'; of the bottom frame:

L S O s Zf}ng+s Zf;,,g +0,5-b- Z Py +
+ D M, +0,5-a-(Sy, —Sppe) =0,

. . i=2
1—‘z 'J}/z +rz 'hj/z _S'Z(Pbizg +Pbizd)
i=1

i=4

i=6 )
+S'Z(Bvizg+Pbizd)+0’5'b'2(_1)l ( cizg tlzd) ZM
i=1

i= =

Ty dya+Tg hyy sZPbd+s EPMWSbZ Py =

i=1 i=3 i=l1

+D My +0,5-a-(Syy = Sppg) =0, (22)

Substituting Eq. (8)+(17) into Eq. (18)+(22) yields three uncoupled system of equations
gover-ning the transverse vibration of the model shown in Fig. 6:

M, U +H, U+S, U =W./t),
M,.U,+H, U, +S, U, =W,/1),
My, -Uy,+H,-U,+S,-U, =W, (1) (23)

where:
U,, U,, U, — column matrices given as:

U ={X, X. X, B.},

z

U,={r, I.T,} (24)

U,={Y Y. 7 o}
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M,, M, M, — diagonal matrices of the skip’s lateral stiffness whose elements are defined as:
My = Mygy, Myny =My My3z =My, Mygq = Jﬂz d
myll :myg’ my22 :myz’ my33 :myd'»' my44 :Jgﬂz’

mMy11 :J}/g’ My 2o :J}/z’ My 33 :J;/d (25)

H,, H,, H,— diagonal matrices of transverse vibration damping whose elements are defined
as:
hxll = hxg > hx22 = hxz’ hx33 = hxd ’ hx44 = hﬂz >
hyll = hyg > hy22 = hyzﬂ hy33 = hyd > hy44 = h(ﬂz’
hyn = hyg> hyzz = h}/z’ hy33 = h;/d (26)

S, — 4x4 matrix of the skip’s frontal stiffness, matrix elements s; are first derived by sub-
stituting Eq. (16) and next relevant terms from Eq. (8)+(11) into Eq. (27), yielding:

i=6
Sel1 'Xg + 52 'Xz + 013 .Xd 514 'Bz :kpcg 'ng(t)"—zpcig ’
i=l1

i=6
Sczl'Xg+sc22'Xz+scz3'Xd+sc24'Bz:Z(P +Pizd)a

cizg ci
i=1

i=6
Se3l 'Xg +5Sc32 .Xz +8¢33 .Xd + 834 'Bz = Kped 'Xpd(t)+z})c’id ’
i=1

i=6 i=6
Sear  Xg +Scar X 48043 Xg+Seuy B, =—c- chizg +d- zpcizd (27)
i=1 i=1
S, —4x4 matrix of the skip’s stiffness in lateral motion, matrix elements s;,; are derived from
Eq. (28) by substituting formulas from Eq. (15) and relevant terms from Eq. (8)+(11):

i=6
Spit Yo +8p10 Yo A 8p13 - Yy +8pay @ =24k 0 'Yg(f)+zf7;ig >
i=1

i=6
Spo1 Y +8p0p Yo +8p03 Yy +8p04 - P = Z(Pbizg +Pbizd)s
i=1

i=6
Spar Yy +Sp30 Yo+ Sp33 Yy 5554 P =2k 'Yd(t)""zpbid ,
i1

i=6 i=6
Spar Yo +Span - Yo+ Spaz - Yg + 844 - D, =_C'Zpbizg +d'zpbizd
i=1 i=1 (28)
S, — 3x3 matrix of skip stiffness in torsional motion, matrix elements s, are derived
from Eq. (29) by substituting first formulas from Eq. (15) and next relevant terms from Eq.

@®):(11):
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5 i=2
Sy Tg+5y10 T 453 Ty =050 -k T, —s-ZPbig
i=4 i=6
+5° 3 B+ 0,50 (<1) Py +Y M,
i=3 i=1
i=2
Sysr Lg +8y0 L4555 Ty = _S’Z<Pbizg +Pbizd)+
i=1
i=4
(Pbtzg +Pbtzd)+0 5:b- Z <Pcizg ctzg) ZM
i=3
B , i=2
S7/31 rg +S}/32 -FZ +S7/33 'rd - 0,5'a kpbd rd _S'ZB)id +
i=1
i=4 i=6 .
5D Pig + 0,503 (1) - Pyg + 3 M. (29)
i=3 i=1

W(0), W,(9), W,(1) — diagonal matrix of excitations inducing the skip’s transverse vibration,
matrix elements are given as:
 for matrix W,(¢):

Wit (t) = kpcg 'ng (t)’ Wi22 (t) =0,
W33 (t):kpcd 'Xpd (t)’ Wyaq (t)EO (30)

+ for matrix W,(?):

wyll(t) 2k, pg(t) wyzz(t)EO,
0

W33 (t)=2'kpbd Y (t), Wy (t)E 31
+ for matrix W, (2):

W;/ll(t) (t) Wy22 (t)=0,

w},33( )=a- kpbd (t) (32)

where: a, k,pe, kppas Kpegs Kpeas Xpg (1), Xpa(), Yog(t), Yu(t) — as expressed in formula (12).

Itresults from the system of equations (23) show that {X, X X; B.} — skip vibration in frontal
motion, its vibrations {Y, Y, Y4, @} in lateral motion and {I',, I', I';} — skip torsional vibrations

are mutually independent, which is indicative of different frequency patterns. This sugges-
tion, however, is not corroborated by diagrams in Fig. 4 showing the spectra of relative displace-
ments of the skip head and hopper and the hopper and the skip’s bottom frame. Accordingly,
thus formula-ted equations of the skip’s transverse vibrations were verified against the vibration
measurement data compiled in Fig. 4.
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4. Verification of modified equations governing the skip’s
transverse vibrations

1. The key aspect of the verification procedure was to compare the frequencies correspond-
ing to the local peaks in plots in Fig. 4 showing the spectra of relative displacements during
transverse skip vibrations, measured on a real 33 Mg skip, resonance frequencies of the skip’s
transverse vibra-tions derived from Eq. (23). Research work carried out to date (Ptachno et al.,
2007-2015) re-vealed only minor damping of skips’ transverse vibrations, therefore an assumption
was made that resonance frequencies to be calculated will be sufficiently well approximated by
natural frequencies of the skip’s transverse vibrations, obtained from Eq. (23).

2. The natural frequency analysis recalls the systems of equations (23) expressed as:

» for skip vibration in forward motion U, = {X, X, X, B.}:

where:

M1y 0 0 0 Seil | Sc12 | Sc13 | Sc14
m 0 0 s K K s
. x22 c21 c22 c23 c24
M, U ~+S,-U =0,M = = (33)
0 0 |mgs 0 Sc31 | Se32 | Se33 | Se3a
0 0 0 | M4y Scal | Scaz | Sca3 | Scaa

M1, My, My33, Mgy — frontal inertia parameters of the investigated 33 Mg skip com-
piled in table 2 are derived from Eq. (25), basing on the design documentation of
the skip made available by the skip owner for the purpose of the present study;

Sells Sc12s wee

, Sc43, Sc4q — frontal stiffness parameters of the investigated 33 Mg skip

compiled in table 3, corresponding to the construction data of this skip are con-
tained in the Tab. 1, calcu-lated with the formulas (36) obtained from equations
(27) after substituting first the formulas (16) and then the corresponding expres-

sions from formulas (8)+(11);

» for lateral vibration U, = {Y, ¥, Y; ©.}:

m 0 0 0
s Spit | Se12 | Se13 | So1a
0 |m 0 0
. 22 Sp21 | Sp22 | Sb23 | Sh24
M, U,+S,-U,=0,M, = .S, = (34)
0 | my;3 0 Sp31 | Sb32 | Sb33 | Sh34
0 0 0 | myy Spa1 | Spaz | Sba3 | Spaa

where:

M1, Myo), My33, Mgy — lateral inertia parameters of the investigated 33 Mg skip, com-
piled in table 2 were derived from Eq. (25), basing on the design documentation
of the skip made available by the skip owner for the purpose of the present study;

Sh11> Sh12s +--e» Spa3s Spas — lateral stiffness parameters of the investigated 33Mg skip,
compiled in table 4, corresponding to the construction data of this skip are con-
tained in the Tab. 1, calcu-lated with the formulas (37) obtained from equations
(28) after substituting first the formulas (15) and then the corresponding expres-

sions from formulas (8)+(11);



www.czasopisma.pan.pl P@N www.journals.pan.pl
<D

» for torsional vibrations U, = {I', I', T'g}:

where:
M1, My, My33, Mgy — torsional inertia parameters of the investigated 33 Mg skip,
compiled in table 2 are derived from Eq. (25), basing on the design documentation
of the skip made available by the skip owner for the purpose of the present study;
Syl1s Sy125 +eees Sya3, Syag — torsional stiffness parameters of the investigated 33 Mg skip,
compiled in table 5, corresponding to the construction data of this skip are con-
tained in the Tab. 1, cal-culated with the formulas (38) obtained from equations
(29) after substituting first the formulas (15)+(17) and then the corresponding
expressions from formulas (8)+(11).

My 0 0
0 0 | mys;

>

Sy11 | Sy12

S —

y =Sya1 | Syx

Sy31 | Sy32

21
Sy13
Sy23 (35)
Sy32

TABLE 1

Design data of a real 33 Mg skip recalled in the procedure for calculating the natural frequencies o
f the skip transverse vibration

a b c d E Fq Fq Jbg N Jg
m m m m Pa m? m? m* m* m*
32 1,3 3,9 2,0 | 2,1-10" | 75-107* | 54-10* | 56107 | 41-10° | 39-107°
Jed Jsg Jsd kpbg kpbd kpcg kpcd Lg Ly S
m* m* m* N/m N/m N/m N/m m m m
15-10%] 2-10° | 1,4-10° | 1,5-10° | 1,5-10° | 2,5-10° 1,7 33 5,1 0,8
TABLE 2
Parameters expressing the skip inertia (for a real mining skip 33 Mg)
My11 My12 My13 My14 My1q My2y My33 Mygq Mg My Mg33
kg kg kg kgm2 kg kg kg kgm2 kgm2 kgm2 kgm2
4520 | 52300 | 3290 | 401900 | 4520 | 52300 | 3290 |263600 | 8170 | 32100 | 5390
TABLE 3
Parameters expressing the frontal stiffness of a real mining skip 33 Mg calculated using
the formulas (36) for data from Table 1
Sct Sc12 Sc13 Sci4 Sc21 Sc22 Sc23 Sc24
N/m N/m N/m N/m N/m N/m N/m N
13,510 | —11,1-10° 0 43-10° | -11,1-10° | 12,2:10° | —-12-10° | —41-10°
Se31 Sc32 Sc33 Sc34 Sca1 Sca2 Sca3 Scaq
N/m N/m N/m N N N N N-m
0 -1,2-10° 2,9-10° -2,3-10° 43-10° —41-10° -23-10° 173-10°
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TABLE 4
Parameters expressing the lateral stiffness of a real mining skip 33 Mg calculated using
the formulas (37) for data from Table 1
Shi1 Shi2 Sb13 Sp14 Sha1 Sh22 Sh23 Spa4
N/m N/m N/m N/m N/m N/m N/m N
3,310° | —0,27-10° 0 1,0-10° | -0,27-10° | 032:10° | —0,05-10° | —0,94-10°
Sh31 Sh32 Sb33 Sh34 Spa1 Sba2 Sb43 Spa4
N/m N/m N/m N N N N N-m
0 -0,05-10° | 3,1-10° | —0,11-10° | 1,0-10° | -094-10° | —0,11-10° | 43-10°
TABLE 5
Parameters expressing t the orsional stiffness of a real | mining skip 33 Mg calculated using
the formulas (38) for data from Table 1
Sg11 Sg12 Sg13 Sg21 Sg22 Sg23 Sg31 Sg32 Sg33
N-m N-m N-m N-m N-m N-m N-m N-m N-m
12,7-10° | =5,1-10° 0 -5,1-10° | 5,7-10° | -0,62-10° 0 —0,62:10°| 83
3. Formulas (36) have the form:
Se11 = kpcg +4- kucg > Sen = —4- kucg > Se13 = 0’ Sc14 = 4-c- kucg’
Sea1 = Sc12> Se2n = 4'(kucg +kucd)’ Sep3 =4 kyeqs Serq = _4'(C'kucg _d'kucd)
531 =0, S50 =S0035 Sz =kpeq A kyeqs Seza =—4-d kg,
2 2
Sca1 = Sc14> Scaz =S8c24 5 Sca3 = Sc34> Scaq = 4-(c hueg +d ’kucd) (36)

where:

¢, d — as in fig. 4, the dimensions of the skip hopper having the values given in Tab. 1,

kpeg> kpca— as in the formula (12), the frontal stiffness of the guide roller, respectively, of the
upper and lower guide, having a value for the skip analyzed in Tab. 1,

Kycg» Kucq — frontal stiffness of the upper and lower segment of the pull rod, calculated from
the appropriate formulas (6), (7) after substituting £, Fo, Fy, Jog, Joas Lg> Lg-

4. Formulas (37) have the form:

5b11:2'kpbg+4'kubg’ Sb12:_4'kubg7 Spi3 =0, Sb14:4'c'kubg’

Spa1 = Sp12s Sp22 =4'(kubg +kubd)7 Spo3 =4 Kupa > Spo4 = _4'(C‘kubg _d'kubd) >
Sp31 =0, Sp30 =Sp23, Sp3z = Z'kpbd t4-kypgs Spza =—4d kg,

_ _ _ a2 2
Spat = Spia s Spaz = Sp24 > Spa3 =Sp34 > Shas = 4'(C hupg +d 'kubd) (37

where:
¢, d — as in formulas (36),

kphgs kppq— as in the formula (12), the lateral stiffness of the guide roller, respectively, of the
upper and lower guide, having a value for the skip analyzed in Tab. 1,
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kypbg, kupqg — lateral stiffness of the upper and lower segment of the pull rod, calculated from
the appropriate formulas (6), (7) after substituting E, Fy, Fy, Jpg, Jpa> Lgs La.

5. Formulas (38) have the form:
5112 0,5-" Ky +4[ 5 Ky 40,255 ey + K |

Sp2 =4[ 5% g +0,25-57 -k +/%g], smzo,

ucg

s}/Zl = S}/IZ s S722 = 4.|:S2 '(kubg +kubd)+0725'b2 '(kucg +kucd )+ kysg + k}/sd:| >

Sy2 =4 87 iy +0,25-b7 Ky + Ky |

ui

S50 = S5 S5 = Sy030 S35 = 0,507 Ky #4587 hipy +0.25-57 ko ey | (38)

where:

a, b, s —as in fig. 4, the dimensions of the skip hopper having the values given in Tab. 1
kpbgs kpba — as in the formula (37),
Kubgs kubds Kucgs kucg — as in the formulas (36) i (37),

kgses kgsq— torsional stiffness of the upper and lower segment of the pull rod, calculated from
the approprlate formulas (6), (7) after substituting E, Fg, Fg, Jyg, Joa» Ly,

6. By zeroing the coefficients of natural vibration amplitudes (Bogusz et al., 1974), natural
frequen-cies of the skip’s transverse vibration can be derived accordingly:
« for frontal vibration

| |
c x ! Se13 ! Sc14
““““““““ T S
S, ' Sy — 41 -m | S | s
_______ ok S W 2 SN 2 St - Y W 2, S PR (39)
I I 2 2 I
Se31 ! Se32 U Sea3 =4[5 mysy Sc34
________________ I'_________________I_________________T___________2_____
] ] I —_ .
Scal | Sca2 | Sc43 [ Scas =47 S megy
 for lateral vibration
4 I I I
Sp11 —47" - f, My | Sp12 ! Sp13 | Sp14
________________ R
Sp21 | Spop —4T 'fy Moo Sp23 | Sb24
———————————————— e 20 (40)
Sp31 ! Sp32 Sz —4m" - T myas Sp34
———————————————— At et et i Sttty
| | |
Sp41 : Spa2 : Sp43 :32744_47r 'fy My 44
« for torsional vibration
2 2 |
Sy11 4n fy My Sy12 : Sy13
S A S g _
Syo1 i5722*4” fy myzz_i Sy33 =0 (41)
] ]
Sy31 i Sy32 ;5733—47[ 'f)/'m;/33

where f,, f,, f, — calculated natural frequencies.
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7. To evaluate the effectiveness of the applied verification procedure, frequencies being
compared are summarised in Table 6, where the frequencies corresponding to local peaks in the
power spectra density in Fig. 4 are expressed as lower frequency f;;, midpoint frequency f,, and
upper frequency f, for each peak — related interval, whilst natural frequencies f,, ;, f, are derived
from Eq. (39)+(41).

TABLE 6
Measured and predicted frequencies of transverse vibration of a 33 Mg skip
Frequencies associated with local peaks in the power spectra of transverse vibration,
measured for a 33 Mg skip, Hz
First peak interval Second peak interval Third peak interval Fourth peak interval

Jar St A Jo | Jm | Je Ja3 Jm3 Jo Ja | S | S
0,3 0,7 1,1 1,1 1,6 2,1 3,8 477 5,6 5,6 6,3 7,0
Natural frequencies of frontal vibration of a 33 Mg skip derived from Eq. (39), Hz
f£.=0,71 | f2,=1,58 | fa=473 | there is no
Natural frequencies of lateral vibration for a 33 Mg skip derived from Eq. (40), Hz
f2=0,69 | there is no | £3=429.£,,=485 | there is no
Natural frequencies of torsional vibration for a 33 Mg skip derived from Eq. (41), Hz

there is no ‘ Je1=1,66 ‘ there is no ‘ J2= 6,25, fi3= 6,42

8. Table 6 confirms the adequacy of the applied verification procedure because ten out of
eleven natural frequencies obtained from Eq. (33)+(35) for a real 33 Mg skip agree well with the
midpoint frequencies within the local peak intervals in the power spectrum pattern for the skip
transverse vibration. Specifically:

f:ﬂ;fml’ foEfmZ’ foEfmS’ fyZEfmI:
055'(fy3 +fy4)E fm3’ fyl = ifmZ’ 0’5'(fy2 +fy3); ifm4
whereas the two remaining frequencies: f,4 and f,; fall outside the interval [fyy, fo4] in which the

power spectra, as shown in Fig. 4, have significant values. Besides, frequency values derived
from mutually independent systems of equations (33)-(35) are in good agreement:

fxlzfyz’ fxzzfill’ fx3z075'(f;/2+fy3)

This is the explanation for the fact that all power spectra of the investigated vibrations of
real skip — shown in Fig 4 — reveal four local peaks involving the same frequencies.

4. Conclusions

1. Development of the mathematical model of transverse vibration of a high-capacity min-
ing skip due to misalignment of the guiding tracks in the shaft remains a major challenge for
researchers as well as the design engineers, whilst practitioners responsible for safety of hoisting
operations in mines await the solution that could be used to develop a reliable methodology for
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computing the fatigue endurance of skip installations being designed. So far fatigue endurance
calculations have not been performed and that is why a large number of high-capacity skips incur
fatigue damage having completed a smaller number of duty cycles than planned.

2. Mathematical models proposed to date were regarded unsatisfactory by the engineering
com-munity, and their stance can be further justified by transverse vibration measurement data
sum-marised in this study, the measurements being taken on eight high-capacity skips. Measure-
ment data clearly indicate that model versions presented so far are incomplete and require further
modifications, both in terms of their underlying assumptions and the involved equations, and such
modification is proposed in this study. As regards the underlying assumptions, a new algorithm is
proposed for calculating the transverse stiffness of particular segments of the pull rods, whilst in
terms of the model itself, the modified equations are derived that govern the skip frontal, lateral
and torsional vibrations. These equations were positively verified against the power spectrum
patterns of such vibrations measured for a mining skip with the load-bearing capacity 33 Mg,
operated in a colliery in Poland.
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