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Abstract: A new cross-saturated torque model of the synchronous reluctance machine
(SynRM) including a direct incorporation of cross-saturation effects is presented. Direct-
quadrature (d-q axes) flux linkages for both saturation and cross-saturation conditions, ob-
tained experimentally through current decay test using open winding fixed rotor method,
are accurately curve-fitted and linearization between the two extremes yielding analytical
functions for cross-coupled d-q axes flux linkages. These flux linkages are used to achieve
a cross-saturated flux linkage-based torque model for highly utilized SynRM. The accu-
racy of the developed torque model is evaluated by comparing with the experimentally
measured torque of a 5.5 kW SynRM in a dynamometer test bench which also measures
and account for the effect of iron losses. The close similarity of the experimental results
with the developed model proves the accuracy of the model and its suitability for direct
incorporation in control algorithms of advanced SynRM drives without the use of look-up
tables.

Key words: synchronous reluctance machine, cross-saturation, direct-quadrature axes, flux
linkage

1. Introduction

Recent rotor design enhancements have made the synchronous reluctance machine (SynRM)
competitive compared to traditional machines in medium and low power applications [1–3]. The
SynRM has theoretically no rotor losses resulting in higher efficiency, torque density and temper-
ature capability than the induction machine (IM). Absence of rotor permanent magnets immunes
the SynRM to demagnetization [4] while it maintains the advantage of reduced torque ripple,
noise and vibration over the switched reluctance machine (SRM) [5]. Its construction is also sim-
ple and rugged [1]. The above qualities make the SynRM a good alternative in a wide variety of
industrial applications, even in variable speed operations up to the field weakening region [6–9].

To achieve high torque density, extreme saturation of ferromagnetic parts occurs in highly
utilized SynRM resulting in the variation of inductances which determine the electromechanical
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torque characteristics [10–11]. Cross-saturation phenomenon arises because the d-q axes flux
linkages depend on the current in both axes thereby making the flux linkages extremely nonlinear
with increases in the axes currents [5, 12–13].

The use of look-up tables and the online parameter estimation methods for the incorpora-
tion of cross-saturation were dominate but not without the attendant limitations [14]. Though
simple, the look-up table requires large volume of data and memory capacity. Again, the results
are not continuous and are confined within a specified measured limit needing interpolation, the
accuracy of which depends on the experience of the researcher. The online parameter estimation
[15–18] is prone to error resulting in poor dynamic performance. Offline estimation of induc-
tance, using finite element method, is also possible if the exact knowledge of the geometry and
material composition of the machine is guaranteed [19–21]. The computational complexity of
finite element method makes it not suitable for use in real-time control algorithm.

To overcome the above challenges, this paper presents an accurate torque model of the
SynRM explicitly incorporating saturation and cross-saturation effects. The accuracy of the de-
veloped model is verified, experimentally, with the performance of a laboratory 5.5 kW SynRM
dynamometer test bench which takes account of the inevitable effects of iron losses.

2. A conceptual cross-saturated torque model of the SynRM

Compared to the torque model of the PMSM reported in [22–23], the torque model of the
SynRM, due to the absence of magnetic excitation, for an unsaturated machine is:

Te =
3
2

P
2
(Ld −Lq) id iq . (1)

With the d-axis and the q-axis flux linkages defined as:[
ψd
ψq

]
=

[
Ld 0
0 Lq

][
id
iq

]
. (2)

The torque model is modified as:

Te =
3
2

P
2

(
1
Lq

− 1
Ld

)
ψdψq . (3)

Both self and mutual inductances have been reported in [24] as functions of the currents
id and iq in a cross-saturated PMSM. Flux linkage relationship considering cross-saturation is,
therefore, shown in equation (4).[

ψd
ψq

]
=

[
Ld(id , iq) Mdq(id , iq)

Mqd(id , iq) Lq(id , iq)

][
id
iq

]
. (4)

Although Mdq(id , iq) and Mqd(id , iq) are equal, it is very complex to identify and separate the
self and mutual inductance terms experimentally. Therefore, a simplified approach is used which de-
fines the d and q-axis currents as quotients of flux linkages and inductances thus id =ψd/Ld(id , iq)
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and iq = ψq/Lq(id , iq). Using this assumption, the mutual inductances in equation (4) are mod-
elled within the self-inductances as shown in equation (5).[

ψd
ψq

]
=

[
Ld(id , iq) 0

0 Lq(id , iq)

][
id
iq

]
. (5)

From this modification, equation (3) is rewritten with the inductances as functions of the flux
linkages as:

Te =
3
2

P
2

(
1

Lq(ψd ,ψq)
− 1

Ld(ψd ,ψq)

)
ψdψq . (6)

Equation (6) clearly presents a conceptual cross-saturated torque model where inductances
depend on the flux linkages which in turn depend on the currents thereby making the torque
model entirely flux linkage-dependent.

3. Development of a new cross-saturated torque model of the SynRM

With reference to equation (6), a new approach is adopted to develop a flux linkage-based
torque model of the SynRM permitting a direct incorporation of cross-saturation effect with
reduced computational requirement. The merit of the developed model is that it eliminates the
need for look-up tables. To develop the model, a standstill test was conducted on a 5.5 kW
SynRM to obtain the flux linkage variation with current for both q and d-axis under saturation
and cross-saturation conditions as described in [25–26]. This is a current decay open winding
standstill approach that measures Ld(id , iq) and Lq(id , iq) from where ψd(id , iq) and ψq(id , iq) are
respectively calculated. The schematic is shown in Fig. 1.

Fig. 1. Schematic of current decay test using open winding fixed rotor method

The synchronous reluctance machine can be described, in the d−q reference frame, by the
following set of equations:

vq = Rsiq +Lq
d iq
d t

+ωrLd id , (7)

vd = Rsid +Ld
d id
d t

−ωrLqiq . (8)
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Incorporation of cross-saturation effects with the rotor firmly held at standstill (ωr = 0)
leads to:

vq = Rsiq +
(

Lq + iq
∂Lq

∂ iq

)
︸ ︷︷ ︸

Lqt

d iq
d t

+

(
∂Lq

∂ id
iq

)
︸ ︷︷ ︸

Mqd

d id
d t

, (9)

vd = Rsid +
(

Ld + id
∂Ld

∂ id

)
︸ ︷︷ ︸

Ldt

d id
d t

+

(
∂Ld

∂ iq
id

)
︸ ︷︷ ︸

Mdq

d iq
d t

, (10)

where: (Lq,Ld), (Lqt ,Ldt), and (Mqd ,Mdq) are the apparent, transient and mutual inductances
respectively.

The switch S can be switched off to obtain current decay through the diode D. Current Ia is
decayed from a high value of 36A to zero. The rotor is fixed in such a way that Ia represents iq
or id in the axis to be measured. The given instant depicted in schematic of Fig. 1 shows that Lq
is being measured and Ia is iq. Cross saturation is introduced by injecting a constant current Ib
(0A and 36A) orthogonal to Ia. In the given instant shown in Fig. 1, Ib is id . With the procedure
described above, Ld(id , iq) and Lq(id , iq) are obtained from where ψd(id , iq) and ψq(id , iq) are
calculated.

The d-q axes flux linkages ψd and ψq are represented as psid and psiq respectively. Curve-
fitting procedures were done to obtain the best analytical expressions from the experimentally
measured flux linkages (both for saturation and cross-saturation conditions) as shown in Figs. 2(a)
and 2(b) for the d-axis and q-axis, respectively.

(a) (b)

Fig. 2. Flux linkage against current (measured and curve-fitted): psid (a); psiq (b)

Fig. 2(a) shows good agreement between the analytical model and the experimentally mea-
sured d-axis flux linkage ψd for the saturated (iq = 0) and the cross-saturated (iq = 36A) cases.
While the Fig. 2(b) shows good agreement between the analytical model and experimentally
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measured q-axis flux linkage ψq for the saturated (id = 0) and the cross-saturated (id = 36A)
cases.

The measured d-axis flux linkage ψd is curve-fitted and approximated to an exponential func-
tion of the form:

ψd = ae−bid + c . (11)

Similarly, the measured q-axis flux linkage ψq is approximated to a linear function of the form:

ψq = diq + e . (12)

The curve-fitting parameters for ψd and ψq for both saturation and cross-saturation conditions
are shown in Table 1.

Table 1. Curve-fitting parameters for flux linkages

Parameters for ψd

iq = 0A (Saturation) iq = 36A (Cross-saturation)

a0A −0.8473 a36A −0.8471

b0A 0.1201 b36A 0.09559

c0A 0.8154 c36A 0.8153

Parameters for ψq

id = 0A (Saturation) id = 36A (Cross-saturation)

d0A 0.006714 d36A 0.00561

e0A 0.03496 e36A 0.01238

For the ψd , significant variation in the b parameter is linearized between the two points to
obtain the variation of b with iq as:

b = m1iq + k1 , (13)

where: m1 is the slope of Fig. 3(a) and k1 is the initial value of b at iq = 0.

(a) (b) (c)

Fig. 3. Parameter linearization plots

Substituting equation (13) into equation (11) gives:

ψd = ae−(m1iq+k1)id + c . (14)
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For ψq, the variations in the dand e with respect to id are linearized to obtain:

d = m2id + k2 , (15)

e = m3id + k3 , (16)

where: m2 and m3 are the slopes of Fig. 3(b) and Fig. 3(c) respectively while k2 and k3 are their
respective intersections (initial values) at id = 0.

Substituting equation (15) and equation (16) into equation (12) gives equation (17) as:

ψq = m2id iq + k2iq +m3id + k3 . (17)

Equation (14) and equation (17) are the cross-saturated flux linkages for the SynRM while
the parameters a, c, m1, m2, m3, k1, k2, k3 are curve fitting parameters that vary with the accuracy
of the curve-fitting.

Fig. 4 (a and b) and Fig. 5(a and b) show the agreement in 3D for the proposed analytical
stator flux linkage models of equation (14) and equation (17) respectively with the experimentally
measured flux linkages obtained using the test bench schematic and set-up of Fig. 6 and Fig. 7
as described in [27–28]. It consists of a 5.5 kW SynRM test machine controlled with a dSpace
MicroLabBox Kintex 7 at a switching frequency of 10 kHz. The parameters of the experimental
SynRM are shown in the Table 2. The flux linkages, ψd(id , iq) and ψq(id , iq) are recorded using
the oscilloscope function of the dSpace Control Desk 5.4. Current is measured with LEM current
sensors while torque is measured at the shaft with a Magtrol torque transducer.

(a) (b)

Fig. 4. Cross-saturated d-axis stator flux linkage psi d: analytical (a); measured (b)

The cross-saturated flux linkage-based torque model is obtained by reversing equations (14)
and (17) to obtain id(ψd ,ψq) and iq(ψd ,ψq) respectively. The procedure is as follows:

From equation (14),

iq =
ln
(

ψd − c
a

)
+ k1id

−m1id
. (18)
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(a) (b)

Fig. 5. Cross-saturated q-axis stator flux linkage psi q: analytical (a); measured (b)

Fig. 6. Test bench schematic

Fig. 7. Test bench set-up
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Table 2. Parameters of the experimental SynRM

1 Rated power, kW 5.5

2 Rated voltage, V 220

3 Rated torque, Nm 17.5

4 Rated speed, rpm 3000

5 Stator resistance (20◦C), Ω 0.357

6 Moment of inertia, Kgm2 0.019

7 No. of poles (P) 4

Substituting equation (18) into equation (17) and rearranging;[
m2k1

m1
−m3

]
i2d +

[
ψq +

m2

m1
ln
(

ψd − c
a

)
+

k2k1

m1
− k3

]
id +

k2

m1
ln
(

ψd − c
a

)
= 0. (19)

The following definitions are made from equation (19):

σ4 = ln
(

ψd − c
a

)
, (20)

σ3 =
m2k1

m1
−m3 , (21)

σ2 = ψq +
m2

m1
σ4 +

k2k1

m1
− k3 . (22)

Equation (19) modifies to

σ3i2d +σ2id +
k2

m1
σ4 = 0. (23)

Equation (23), being quadratic, is solved resulting in two expressions for id :

id+=
−σ2 +σ1

2σ3
(24)

and
id−=

−σ2 −σ1

2σ3
, (25)

where

σ1 =

√
σ2

2 −
4σ3σ4k2

m1
. (26)

id+ and id− are plotted against q-axis and d-axis flux linkages (ψq and ψd). The plot of
id+ is found to be out of range while the plot of id− is within and is shown in Fig. 8(a). id− is
adopted as the solution for id .
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(a) (b)

Fig. 8. Analytical stator current as a function of flux Linkages: d-axis stator current id (a); q-axis stator
current iq (b)

Substituting equation (25) into equation (18) and simplifying gives:

iq =
2σ3σ4 + k1(−σ2 −σ1)

−m1(−σ2 −σ1)
. (27)

Equation (27) is plotted and found to be within range as shown in Fig. 8(b).
The current functions are then divided by ψd and ψq to obtain the respective inductance

inverses as:

1
Ld

=
id
ψd

=
−σ2 −σ1

2ψdσ3
, (28)

1
Lq

=
iq
ψq

=
2σ3σ4 + k1(−σ2 −σ1)

−m1ψq(−σ2 −σ1)
. (29)

Introducing the cross-saturated inductance inverses into equation (6) results in the cross-
saturated torque model of equation (30).

T =
3
2

P
2

ψdψq

(
2σ3σ4 − k1(σ2 +σ1)

m1ψq(σ2 +σ1)
+

σ2 +σ1

2ψdσ3

)
. (30)

Equation (30) is a cross-saturated torque model of the SynRM with direct incorporation of
nonlinear cross-saturation effects. The developed model demonstrates reduced computational
effort since a =−0.8473, c = 0.8154, k1 = 0.1201, k2 = 0.0067, k3 = 0.0350, m1 =−6.7639×
10−4, m2 = −3.0467× 10−5 and m3 = −6.2313× 10−4 are parameters arising from the curve
fitting curve. Mainly, one additional logarithm and one square root function has to be considered
and this poses no computational challenge to modern processors.

Finally, equation (30) is plotted for comparison with the experimental torque data as shown
in Fig. 9 and very close conformity is observed thereby validating the developed model. The
observed torque difference, primarily due to the effect of iron and friction losses, is analysed in
the next section.
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Fig. 9. Torque against d-axis and q-axis currents

4. Comparison of the experimental results and the developed model

Since the cross-saturated torque model of equation (30) does not incorporate the effects of
friction and iron losses, the measured mechanical shaft torque is compared with the analytical
cross-saturated torque model by subtracting the effects of friction and iron losses. Iron losses
are identified by calculating copper losses considering measured temperature and subtracting
from total machine losses. The torque error between the measured mechanical shaft torque and
modelled analytical cross-saturated torque model is calculated with equation (31).

∆T = Tes −Tmeas −Tfriction −
Piron

ωmech
. (31)

The results of comparison of estimated and measured (experimental) torque, where a loss
optimal flux is calculated and commanded at each operating point, are shown in Fig. 10(a) and
Fig. 10(b). Loss optimal flux-linkage is determined using the Lagrange Function as described
in [26]. Since optimal flux-linkage minimizes losses, flux-linkage based machine losses (cop-
per losses, hysteresis losses and eddy current losses) and inverter losses (conduction losses and
switching losses) are formulated and minimized to obtain loss optimal flux linkage for the de-
manded torque considering voltage and current limits as inequality constraints. Torque error
indicates the deviation between estimated and measured (experimental) torque (in Nm and %)
which represents friction losses and torque difference caused by iron losses which have been
subtracted from estimated torque Tes.

As can be seen from the 3D plot of Fig. 10(a), a maximum torque error of 0.6 Nm is obtained
for the measured operating points but since the loss optimal flux for the commanded operating
points for different speeds of operation are not exactly the same, percentage (%) torque error is
most appropriate for graphical comparison.

As seen in Fig. 10(b), the percentage (%) torque error decreases with increase in commanded
loss optimal flux for each of the operating speeds. In other words, the higher the operating point
current and loss optimal flux command, the lower the percentage torque error. This confirms that
the iron losses are more at the lower current/flux regime.
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(a) (b)

Fig. 10. Torque error and % torque error: torque error (a); % torque error (b)

5. Conclusions

This paper has presented a new torque model of the synchronous reluctance machine (SynRM)
including a direct incorporation of cross-saturation effects without the use of look-up tables.
Experimentally measured flux linkages for both saturation and cross saturation conditions were
curve-fitted and linearized to obtain approximate expressions for both the d-axis and q-axis flux
linkages. These are subsequently employed in the conceptual torque equation to obtain the new
saturated torque model as a function of the flux linkages. The developed model demonstrates
reduced computational effort, essentially incorporating one additional logarithm and square root
function which do not pose computational challenge to modern microprocessors.

A comparison of the analytical torque and the experimental torque results show close con-
formity thereby validating the analytical model. Just like in the measured results, the percentage
torque error decreases with increase in loss optimal flux command and operating point current.
The torque error difference is primarily due to the effect of the unavoidable iron and friction
losses.

A typical application is in the deadbeat direct torque and flux control (DB-DTFC) which has
emerged as superior alternative to the current vector control (CVC) which, presently, is popularly
applied in advanced AC drives. This is the next phase of the research.
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