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Abstract

Finite mixture and Markov-switching models generalize and, therefore, nest
specifications featuring only one component. While specifying priors in the
general (mixture) model and its special (single-component) case, it may be
desirable to ensure that the prior assumptions introduced into both structures
are compatible in the sense that the prior distribution in the nested model
amounts to the conditional prior in the mixture model under relevant parametric
restriction. The study provides the rudiments of setting compatible priors in
Bayesian univariate finite mixture and Markov-switching models. Once some
primary results are delivered, we derive specific conditions for compatibility
in the case of three types of continuous priors commonly engaged in Bayesian
modeling: the normal, inverse gamma, and gamma distributions. Further, we
study the consequences of introducing additional constraints into the mixture
model’s prior on the conditions. Finally, the methodology is illustrated through
a discussion of setting compatible priors for Markov-switching AR(2) models.
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1 Introduction

Consider two statistical models, say, Mg (the general one) and Mp (the restricted
one), such that the latter constitutes a special case of the former under some
parametric restriction, and let vectors 8(¢) and ) collect their parameters,
respectively. Note that 0(%) includes ), which thereby is the vector of common
parameters (as opposed to the vector ofMg’s specific coefficients, say, ~, so that
6@ = (B ~')  with A’ symbolizing the transpose of any matrix A). Let 7o
be the value of v under which Mg collapses to Mpg. In what follows, we adopt
notational convention under which, generally, 7, (w|M) denotes the p.d.f. of some
random variable w at w = w under model M. Analogously, 7, (w|y, M) stands for
the p.d.f. of w’s conditional distribution at w = w given v = ~. Finally, to avoid
measure-theoretic intricacies, though with some abuse of notation, we use the above
symbols of density functions to refer to the underlying distributions as well.

Within a non-Bayesian statistical framework, that Mg nests Mpr amounts to the
equality of corresponding sample distributions under the nesting constraint, i.e.,
wy|w(y|9(R),MR) = Wy‘w’,y(yw(m,v = 70, Mg) for any y € Y C RT. However,
should the models in question be regarded Bayesian, then nesting Mp in Mg would
also require that the prior information introduced in the former be “nested” in the one
incorporated into the general structure. It follows then that mycr) (09| Mpz) should
be induced from e (0(%)|Mg) via conditioning upon the reducing restriction. The
definition below formalizes the concept of such prior compatibility.

Definition 1 (Prior compatibility). If the prior distributions: mym (6()|Mz) and
w@(e(GHMg), satisfy the condition:

Tg(r) (Q(R)\MR) = To(R) |y (Q(R)W = ’VOaMG) ; (1)

then they are called compatible, and the models Mg and Mg are said to feature
compatible prior structures.

Note that if %) and ~ in the Mg model are a priori independent, then it is required
for the prior compatibility that the prior of 6%) be the same in both models, i.e.,
o (010 | Mp) = mom (001 | Mc).

The idea of specifying compatible (or, coherent) prior distributions has been
originated by Dickey (1974) and Poirier (1985) in the context of hypothesis testing
within linear models. We refer the reader to Consonni and Veronese (2008) for a
recent study and literature review on various forms of prior compatibility across linear
models.

Obviously, the idea of establishing compatible prior structures over various models
does not pertain to the class of the linear specifications solely, but applies whenever
the nesting comes into play. In particular, the mixture (and Markov-switching)
models nest their single-component counterparts, the latter being derived from
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the former via relevant equality restrictions. Perversely, one may argue, however,
that there is no compelling reason within the subjective framework to relate priors
across models, since they express subjective opinions conditionally on a different
state of information. Nevertheless, ensuring prior compatibility across various
model specifications appears crucial to the model comparison (usually performed via
recognizably prior-sensitive Bayes factors), for reconciling the models’ prior structures
sheds some layer of arbitrariness (Dawid and Lauritzen 2001, Consonni and Veronese
2008). In particular, within the finite mixture and Markov-switching class of models,
specifying compatible priors may be desirable for testing the relevance of incorporating
the mixture (switching) structure into the otherwise single-component specification.
To the author’s best knowledge, the issue of prior compatibility within the mixture
models has not been raised in the literature so far. Therefore, in the present research,
we take an interest in settling compatible prior structures for the mixture models (and
the Markov-switching structures alike) and their single-component counterparts.

In Section [2| we lay the basic foundations of establishing compatible prior structures
within the finite mixture and the Markov-switching model frameworks, and arrive
at the basic lemma. The results incline us to focus next on exponential families of
prior distributions, for three representatives of which, namely the normal, inverse
gamma, and gamma distributions, we derive in [3| explicit conditions relating the
hyperparameters of the general and the nested model. Section [ is devoted to the
cases in which the priors are subject to certain restrictions, such as the ones enforcing
identifiability of the mixture components (via an inequality constraint imposed on
a group of mixture parameters) or some sort of regularity (e.g., the second-order
stationarity). In Section [5| the methodology is illustrated with a discussion of setting
compatible priors for a class of Markov-switching AR(2) models. Finally, we conclude
with several remarks indicating a need and clear directions for further research on
compatible priors for mixture and switching models.

2 Prior compatibility in the mixture and Markov-
switching models
Consider a single-component model, M, with parameters collected in
0D = (8 M1 Aig ... M) €0 peN,

and the general, K-component mixture model, My, K € N, with parameters
li
0 = (5 A ALY A ) e 01,

The following remarks clarify our notational convetion:

1. The vector ¢ is comprised of the parameters that are non-mixture and common
to both models.
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2. The parameters A\; ; (j = 1,2,...,n) in the model M; are scalar, with the first
subscript indicating that the model features a single component.

3. Each vector )\gK) (j = 1,2,...,n) in the model Mg collects K
parameters that arise as a result of introducing the K-component mixture
structure into the corresponding (scalar) parameter X\;; in M;, so that
)\SK) = (A1, A2j ... Ak,;). Note that the first coordinate in /\E-K), denoted
by A1, coincides with the corresponding parameter in the single-component

model.
4. The vector n = (1 12 ... nk)’ in the model My contains the probability
parameters:

(a) If Mg is a finite mixture model, then n; (i = 1,2,..., K) are the mixture
probabilities, and n € AK~D where AKX denotes the unit (K-1)-
simplex.

(b) If Mg is a Markov-switching model, with {S; ¢t = 0,1,...}
forming the underlying K-state (homogenous) Markov chain, then
(i=1,2,...,K) are the rows of transition matrix P = [1;;]ij=1,2,. K,
Nij = Pr(Stzj\Stﬂ:i), i.e.7 ni = (7711 N2 .. mK) S A(K_1)7

and therefore € (AK-D)K For simplicity, though without loss
of generality, we assume that the chain’s initial state distribution:
E=(&1& ... €)', & =Pr(So=1),i=1,2,..., K, is either known (e.g.,
a uniform distribution) or equal to the chain’s ergodic distribution (which
introduces into the probabilities &;’s conditioning upon the transition
matrix, & = Pr (Sy = i|P)).

Notice that the two: M; and Mg, represent the extremes, i.e, at one end, there is the

single-component model M7, whereas at the other — the specification Mg, in which
all )\;K)’s constitute the mixture counterparts of A; ;’s in M;. Obviously, there are

2™ — 2 specifications in between, such that only some of A;K) 's are actually the vectors
of mixture parameters, whereas the other ones remain equivalent to the corresponding
coefficients in the single-component model. These "intermediate” model structures
encompass M; on the one hand, and, on the other, are nested within the most general
one, i.e., Mg. Nevertheless, we limit most of our further considerations only to
the two extreme cases, for the reason that, under the assumptions of our analysis,
establishing compatible priors for the two: the single-component model and any of
the ”intermediate” constructions, comes down to the same framework by means of
relegating those A; ;’s that are non-mixture in both specifications to the vector of the
common parameters, §. In a similar fashion, compatibility of the ”intermediate” and
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the general model can be settled, which would require including also the probabilities
7 in the common parameters vector. We revisit the issue in the final paragraph of
Section [Bl

In what follows, for both models in question, prior independence is assumed between
the parameter vector’s components:

o (01| My) = 75 (3| M) [ [ s, (M s1M1) (2)
j=1
moue (009 Mic) = w5 (81Mxc) | [ [my00 5" 1Mic) | (0] M), (3)
j=1 ——
Moreover, for each j = 1,2, ..., n, also the individual coordinates of /\E.K) are presumed

a priori independent:

K
WA;K>()‘§'K)|MK) = [[ma, il M) . (4)
i=1

Finally, all the priors under consideration are assumed proper, for it may be shown
that setting improper priors in mixture models yields improper posteriors (see Roeder
and Wasserman 1997, Frithwirth-Schnatter 2006).

Resting upon and , the priors: W&(9(1)|M1) and Wm(a(K”MK), are
compatible if the two conditions are met simultaneously:

75 (8] My) = 75 (0| M) (5)

and, for all j =1,2,...,n,

7T)\177 ()\17]‘ Ml) X ﬂ-)\;K) (/\E-K)P\Lj = )\27]' = )\37j =...= )\ij,MK> . (6)

Note that the postulated conditions do not explicitly concern the mixture probabilities
(1), as these are either entirely absent from the reduced model (M) or contained in
the vector § (in the case of establishing compatible prior structures for the general
and some "intermediate” model specification; then, (b)) applies).
In order to rewrite @ in terms of Definition (1 the general model needs to be suitably
reparametrized. Let M, x be the reparametrized model, with the parameters grouped
in

~ ~ ~ ~ I

00 = (5 MO X ) e 8,
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Each X§K) (j = 1,2,...,n) is obtained from the corresponding A;K) via a
transformation ¢ : RX — RE:

91(A15) AL
92(A2,5) A2j = Arj \
T(K K ‘ N b
)\g. )=g(>\§ )) = 93().\3,3) = | A3 ' A | = ( lej>,
9x (Ak ;) Akj = ALj

with T = (7'27]' 73,5 . TKJ)/ collecting the contrasts Ti,j — )‘Lj — )\173‘
(i=2,3,...,K). The inverse transformation follows as

91 (M) AL AL

95 (2,) T+ AL A2,

g Y = | g5 (a) | = | st | = | Asy | = a9,

95 (7K 5) 7§+ AL AK,j

o9 (X)) N
Owing to the fact that W =1, the p.d.f. of A\;""’s prior can be easily

AL
J
derived:
T(K) (7T —15(K
o (1M =m0 (97! ()10 ) =
K
=, (01 Ou)IMe) [Tmn, (907 (1) M) = (7)
i=2
K
= Ty, g 1M [ [ma, (i + Al M)
=2

Now, recall that M; results from Mg under the equality constraint of all coordinates

within each vector >\§-K)

, 1.e.,
)\1,3‘:/\27]':"':/\](71', j:1,2,...7’l. (8)
In the model M, K, @i is equivalent to setting all the corresponding contrasts to zero:

Al,j = )‘Q,j R AK,] <:>T2,j :7'37]' e :TK,j = O<:>7'J :O[(K—l)xl]-

Conditions and @ can now be restated in terms of the reparametrized model,
which leads us to formulate Lemma [2] summarising the above analysis.
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Lemma 2. Assume that:
1. In the single-component model, My, parameters in § are a priori independent of
all the others:
To A ALz ALn (00 AL ALz, s Arp M) =

= mg(6]M1)Tas 1 Az Ann (AL1, A2, -5 Arp | M)

2. In the reparametrized mixture model, MK, parameters in § are a priori
independent of all the others:

T80 1,71, 257250 M roTa (5, AL1,T1,A1,2, T2, - )\1,n,Tn|MK) =

8. All prior distributions under consideration are proper.

Then, distributions Ty, (0V|M:) and o) (09| M) - likewise, T30 (5(K)|MK)

- are compatible, i.e.

T A1 20 A (0 AT AL2s ooy AL [ M) =

= T5,01,1,00,2, AL, n 71,72, ,Tn (67 AL A2 )‘17n|7-1 = =Tn = O[(Kfl)xl]vMK) )
(9)

iff the following conditions are satisfied:

ms(8]M1) = s (8| Mic), (10)

and, for each j =1,2,...,n,
T, (Al M) = Ta iy (Aum = 0[(K—1)x1]7MK) : (11)
Proof: See Appendix [A] []

Note that the prior distribution of § in M K, appearing on the right-hand side of ,
is actually equal to m5(d| M), for the transformation g does not affect the parameters
collected in 4.

We end this section by formulating our basic result in Lemma [3] with Corollary [4]
following immediately.

Lemma 3. For a given j € {1,2,...,n}, the prior distribution of )\;K) under My,
and the one of the corresponding parameter A\ ; under My are compatible iff

K

71')\173 (/\17j|M1) X Hﬂ-/\liJ (/\1,j|MK) . (12)
i=1
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Proof:
Employing and , we proceed as follows:

T, (A1 M) = T iy (/\1,j|7j = 0[(K71)x1]7z‘7f<)

X Th,ms (>\1,j,7j = 0[(K—1)x1]\MK>

K
X WM(/\l’j MK) [HWM(A17j|MK)] =

=2
K

= [Tm, O Mx).
i=1

O

Corollary 4. For a given j € {1,2,...,n}, if all densities wy, (-|Mk),
i=1,2,...,K, are the same, i.e., 7y, ;(z|Mg) = 7, ;(2[Mk), © € R, then
reduces to o

K
T, (A1 g1 M1) o [WQ(ALJ-\MK)] . (13)

3 Specific results

The relations presented in and may prompt one, quite instinctively, to
consider some exponential family for specyfing the prior densities of A;;’s under
My, since such an approach would yield the same type of the prior distribution
for A1 ; under M;. What remains then is to determine the relationships between
the hyperparameters of all the relevant densities (belonging to a given exponential
family).

In the subsections below we focus our attention on three exponential families: the
normal, inverse gamma, and gamma distributions, which, for their property of
(conditional) conjugacy, are commonly entertained in Bayesian statistical modeling.
In each case, we apply Lemma [2] and Corollary [4] to derive explicit formulae relating
the hyperparameters of the general and the nested model. Throughout the section
we fix the index j € {1,2,...,n}, and, for the sake of transparency, drop it from the
notation (e.g., writing A; instead of A; ;).

3.1 Normal priors
The following proposition establishes the compatibility conditions upon the normality

of \;’s in the mixture model.
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Proposition 5. Suppose that each A\; (1 =1,2,..., K) under Mg follows a univariate
(K)

. . . K
normal distribution with mean m;”’ and variance 112( )

T (Nl MK) = fn (Ai|m§K)»U§K)> :
Then, the compatible prior for \y under M is the normal distribution with mean m®)

and variance vV :
T (A1[My) = fn (/\1|m(1),v(1)) :

where
o B
Z,m
and

Alternatively, under precision-parametrized normal densities, if

ma, (ilMi) = fv (b, @) 1), = @)

for eachi=1,2,..., K, then

() = g (Afm®, 507,

where
$0 () g (5O
m) = = (16)
>
="
and
K
oW =35 (17)
i=1
Proof. See Appendix O

Following immediately from Proposition [5] the corollary below provides expressions

for m®, v and ) upon the component-wise equality of hyperparameters under
My
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Corollary 6. i) If mgK) = m(QK) =...= m%() =m5) | then
m) =m0, (18)
i) If v%K) = UéK) =...= ’U%K) = v or, equivalently, 17§K) =...= ég{) = (&),
then
L, )
M= = K
o — Lo (20)
K
and
o = Kpo, (21)

According to and , the mean of the compatible (normal) prior of A\; under the
nested model constitutes a weighted sum of the corresponding means in the mixture
model:

=1
with the weights given by
(K)y—1 - (K)
w; = K(Ui ) = i=12..K
K (K
SO S
k=1 k=1

The result collapses either to a simple average of the means (under equal variances
vl(K); see ), or, eventually, to the very mean m ), should the means coincide in
all the priors 7y, (M| Mk), i =1,2,...,K; see 1'

As regards the relationship between the dispersion of the priors, from it follows
that the variance v1) in the compatible prior of A\; under M; amounts to a K-th
of the harmonic mean of the individual variances ng), i =1,2,..., K. The result
immediately translates to the relation between the corresponding precisions, in terms
of which ") in the reduced model should be the sum of the precisions specified in the
general construction; see . Under the special case of equal prior variances of all
Ai’s in Mg, the resulting variance of A\; in M; reduces to a K-th of the one assumed
within the mixture model; see 1' Equivalently, the precision ¥(!) is K times the one
predetermined for \;’s, thereby growing proportionally to the number of the mixture

components; see .
We end this subsection by noticing that under the assumptions of Proposition
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[] it is only possible to determine the hyperparameters in the single-component
specification, based on the ones prespecified in the mixture model, and not the
reverse. However, adopting an additional assumption of the equal prior means
and, simultaneously, variances of \;’s under My, allows one to predetermine the
hyperparameters for A; in the nested model first (i.e., m(®) and »™)), and then
the ones in the general specification (i.e., mE) and ’U(K)), employing and
(20) (or, equivalently, (21)). The latter idea appears to gain particular importance
while considering models with various number of the mixture components: My with
K € {Kpmin, Kmin + 1,..., Kz} = K, Kpnin > 2, along the single-component
structure, M;. Since the latter constitutes a special case of all the mixture models
under consideration, one may naturally be prompted to set the hyperparameters under
M, first, and then invoke and (or, ) to calculate compatible values of
m5) and v¥) (or, T)(K)) for each K € K. Intuitively, though not in the sense of
Definition [} such an approach would endow the priors of all the models with some
sort of compatibility, by means of ensuring prior compatibility of the single-component
model with each of the mixture specifications individually.

3.2 Inverse gamma priors

We move on to deriving the compatibility conditions under setting inverse gamma
priors for A;’s in the mixture model.

Proposition 7. Suppose that each A; (i = 1,2,...,K) under My follows an inverse

gamma distribution with shape parameter aEK) > 0 and scale parameter bEK) > 0:

™ (NilMKk) = fic (Ai|a§K)vb§K)>

I )y {1
oy ey )

Then, the compatible prior for A1 under My is the inverse gamma distribution with
shape parameter V) and scale parameter b :

T () = fra (Aala®,60)

where «
a® =3l + K -1 (22)
i=1
and
. -1
b = ( ) : (23)
o
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Proof. See Appendix [C] O

The formulae for a® and b in the special cases of component-wise equal
hyperparameters under the general model follow directly from Proposition [7] and are
stated in the corollary below.

Corollary 8. i) If agK) = a(QK) == a%{) =a®) | then
oM = Ko™ + K — 1. (24)
i) IF ) = o) = =l =5 then
p) — Ly 9

The relationship between the shape parameters, given by , suggests that a(!) is
an increasing function of the number of the mixture components (partly on account
of its formula involving the sum of az(-K)’s), whereas the scale parameters, bz(-K)’s and
b1 are interrelated in the same fashion as the variances in the case of the normal
priors, examined in the previous subsection (see and )

Similarly to the previous one, Proposition [7] enables one to derive compatible values
of the hyperparameters under M7, based on the ones prespecified under the mixture

model, unless these are held equal across the mixture components (see Corollar
24)

Turning to the special case of agK) = agK) =...= a(;() = a®) | let us transform (
into
M- K+1
oK) — % (26)

which would be of use once we were to establish the compatible prior in My, based
on the predetermined value of the relevant hyperparameter in M;. Interestingly,
to guarantee the positivity of a(*) (as a shape parameter of an inverse gamma
distribution) it requires that

aM > K -1, (27)

which explicitly takes the number of mixture components into account. Now, evoke
the context of handling models My with various K € K, as outlined at the end of the
previous subsection. In order to ascertain the prior under each of them coherently
with the one prespecified for the single-component model, the condition

aM > Kpae — 1 (28)

must be satisfied. As long as holds, the hyperparameters a'5) calculated through
are positive for all K € K. Taking these remarks into account, it emerges that
once models with a different number of the components are under consideration, it
is crucial to fix a priori its maximum, K,,.,. With that provided, one proceeds to
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setting a(!) in compliance with , and then to determining a(*) via for each
K € K. Incidentally, note that the issue pertains only to the shape parameters, while
reconciling the scale parameters: b)) and b) (under bgK) = bgK) =...= b%{) =
= b)) for each K € K, does not give rise to similar concerns.

3.3 Gamma priors

Generally speaking, in some applications it is preferred to employ the gamma
distribution (rather than its inverse alternative) to specify the prior. Therefore, we
devote the present subsection to provide the compatibility conditions also in the case
gamma priors are assumed for all A;’s in the mixture model.

Proposition 9. Suppose that each A; (i = 1,2,...,K) under My follows a gamma

distribution with shape parameter ZLEK) > 0 and scale parameter IUJEK) > 0:

ﬂﬁ()\ﬂMK) = fa (Ai‘dEK)’BEK))
RN
=2 (a)E lexp {—BEK))\i} :

r (aE’“) (

Then, the compatible prior for A\ under My is the gamma distribution with shape
parameter @V and scale parameter b1 :

™ (M[My) = fa (A1|é(1),5(1)) :

where
K
aW =3"a" — K +1 (29)
i=1
and
K
B =3 b (30)
i1
Proof. See Appendix O

Similarly as in the previous subsections, and following directly from Proposition 9]
the corollary below delivers expressions for @) and b under the special cases of

component-wise equal hyperparameters in the mixture model.

Corollary 10. i) If dgK) = ZLEK) =...= ZL(]?) = a) | then
aM = Ka'™ — K + 1. (31)
231 L. Kwiatkowski
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it) Iflu)gK) = I;gK) =...= B%{) = 0K) | then
b = Kb, (32)

With regard to the relationship between the shape parameters, in general, (29)
reveals no evident monotonic dependency of d(!) upon the number of mixture
components.

In the special case of the component-wise equal dEK)7S, it is easily gathered from
that ) = K (a) —1)+1, which implies @) may be constant in K (under a%) = 1),
or increasing (a5) > 1), or decreasing (a'*) < 1)K.

As far as the scale parameters are concerned, they follow the pattern of the precisions
entertained under the precision-parametrized normal priors in Subsection (see (30))
and ), rather than the variances, which was the case under the inverse gamma
priors. Contrary to the inverse gamma priors analyzed previously, working under the
gamma distributions provides an easy route to establishing compatible values of the
shape parameters once, again, models Mg with various K € K are at hand, and,

given the number of components, all the hyperparameters dl(-K)’s are held equal. To

this end, transform and , respectively, into

a)+ K —1
g e =1

= (33)

and 1
B = 5O, (34)

Setting any @) > 0 in yields a positive value of @) for any K € {2,3,...}.
Hence, the approach disposes of a priori fixing the maximum number of components,
otherwise necessitated under the inverse gamma framework.

4 Compatibility of constrained prior distributions

In the foregoing, only unconstrained priors, given by and , under all the models
have been considered. However, in practice, it may be that some restrictions are to
be imposed on the parameters of the mixture model, usually aiming at ensuring the
identifiability of the mixture components or, possibly in addition to that, some sort
of regularity, such as the second-order stationarity (in the time series framework).
Therefore, in the present section, we study the way in which introducing such
parametric constraints into the mixture model’s prior affects the general results stated
in Lemma [3] and Corollary [4]
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4.1 Priors with identifiability constraints

There has already been a large variety of techniques advanced in the literature to
exert identifiability of the mixture model’s components, each procedure designed to
tackle the widely-recognized label switching issue, an inherent ailment of the mixture
modeling. For a review and more recent studies in the field we refer the reader to,
e.g., Jasra et al. (2005), Marin et al. (2005), Frithwirth- Schnatter (2006), Yao
(2012a), Yao (2012b), and the references therein. The most straightforward method
(though not universally recommended, according to the cited authors) consists in

imposing an inequality constraint upon the coordinates of the vector /\§»K) for a given
j€{1,2,...,n}, such as
A <o << Ak (35)

(Notice that the subscript j is henceforth reintroduced in the notation). We stress
that it is the strict-inequalities variant of that is usually engaged in the literature,
thereby actually prohibiting the single-component structure from nesting itself within
the mixture model. Admittedly, such an approach is entirely valid within the
subjective setting, which, obviously, does not necessitate establishing any relation
between the models under consideration, their priors included, even if such a one is
conceivable. However, aiming at ensuring the prior compatibility between the single-
component model and the mixture model, with the latter’s prior constrained, does
require allowing for the weak inequalities in , for otherwise the former could
not be obtained from the latter via conditioning upon A ; = Aa; = ... = Ak,
j = 1,2,...,n. Finally, note that the distinction between the weak and the strict
inequalities within a continuous random variables framework is hardly a matter of
concern.

With no loss of generality we assume that the identifiability restriction is imposed
on the prior of /\gK), i.e., for j = 1, whereas the priors of the remaining )\gK)’s

j = 2,3,...,n) are unconstrained and coincide with (4)). The prior for A can be
(J p 1
written as

K
myo0 (MO1Mi ) o lﬂmm ()\i71|MK)] e, (M), (36)
- i=1

where

Cx={(crca ... cx) eRE 1) <ep <... < ek}
and I¢, () represents the indicator function of the set Ck. Incidentally, note a slight
abuse of notation in l| for my, , (Ai,1|MK) is actually no longer the marginal prior
of A; 1, which is due to the inequality constraint introducing stochastic dependency

between the coordinates of )\gK).
Proceeding along the same lines of reasoning as presented in Section [2 we rewrite
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under the reparametrized model, M, K:

7T’X§K) (XgK)ﬁ\ZfK) = 7T>\§K) (971 (X%K)) |MK)

K
o< x,, (A Mk) [Hﬂl (7i1 + /\1,1|MK)] Iey (m),  (37)
i=2
where
Cht ={lcica ... cx—1) € RE-1:0<e; <ep <. <cxoq}
and T = (7'271 73,1 - -- TK,l)/7 Til = /\i,l — )\171 (Z = 2,3, ...,K), so that the presence

of Io+ (71) in 1} is equivalent to restricting the contrasts with the inequality
K—1
0 <7y <71 < ... < 7K1 Now, recognizing that I+ (Ojx—1)x1)) = 1, and
K-—1
following the proof of Lemma [3| we obtain:

Tana Ol M) = ma,m Ol = 0k 1)), M)

X May,m (AL, 1 = Or(x—1yx1)| MK)
K

o My (A1 |Mk) l[[zﬂi,l(kl,ﬂMK)] Ior  Oux-1yx)) =

K
= [Imr. QualMx),
i=1

which coincides with the result displayed in the lemma. Hence, we conclude that
constraining the mixture model’s prior with an identifiability restriction does not
affect the compatibility conditions stated in Lemma [3]and Corollary [

4.2 Priors with regularity constraints

Another common type of parametric restrictions introduced into statistical models
are the ones enforcing some sort of regularity, arising from the theory underlying
the phenomenon at hand or being of a rather technical nature (e.g., ensuring the
second-order stationarity in the time series framework). Therefore, we move on to
establishing the way in which a regularity restriction imposed upon the mixture
model’s prior translates into the form of the compatible prior under the single-
component specification.

Let (x(-) : ©) — R be such a function of %) that the regularity constraint
under My is satisfied if and only if (x(0%)) € Rx C R (or, equivalently,
I, {Ck (0¥} =1), and (x(0)) becomes invariant with respect to n under the
reducing restrictions given by .

!
Rewriting 00 — (5' AN\ n') as 00 = (& AE)V /Y with
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!
AE) = (A(lK)/ )\gK)' A%K)'> , and assuming prior independence (though only up

to the regularity restriction), the constrained prior under the mixture model presents
itself as

o) (07| Mic) oc (6] Mic s (N M)y (n Mo T {Coe (00) ) =

78] Mic) HW) ASOIM) | g (Mo T {Cae (00
j=1 —
with each 7r/\<K>()\§-K)|MK) (j =1,2,...,n) being given by 1] As regards deriving
i

from the above expression the compatible prior under the single-component model,
one conjectures that it is also to be constrained with some restriction, say ¢; (")) €
R; C R. Although a precise relation between ¢;(-) : ©) — R and (x(-) is yet to be
specified, we shall write a prototypical form, so to say, of the prior under Mj:

w0 (OVIM) o s (3101) | [T man, OuglM) | T, {GOOD ) (39)
j=1

Further, let us recast Mg into Mg (with the transform g affecting only )\ s7 as in
Section ' so that
g(K) (G(K) |MK) X 775(5|MK) )\(K) ()‘(K ‘MK)WW(U‘MK>

%Iy {Gie (6,97 O, g7 08 g ), ) |

where _ _ _ _
A = (N RS Ery

s (8| M) = m (8| M),

(1| M) = 7y (m| M)
and

W;\'(K) |MK H7l'~(1() K)lj\\j[()
j=1 —
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Employing the end result of (7)) into 7, (g(K)U\/ZK), one obtains

n K
Tstiey (05| M) oc (8] Mc) | ] <7TM(AM|MK) [Im, i+ Al,j|MK)>

j=1 i=2

x 0 (11 M e {Coc (8,97 ), g7 O, g ) m) |-

Now, notice that under 7; = Oyx_1)x1, Wwe get gfl(Xg-K)) = Ak, with
g =(11...1) €RE and j =1,2,...,n. Finally, the compatible prior distribution
under M is derived:

T (0W | My) o 75 (8| M)

» (X(K)|7-2:7-3:...:TnZO[(Kq)xl]vMK)

W,&lz’l’”“”ﬁ
X HRK {CK (6) A1,1LK'7 >\1,2[/Ka ey )\l,nLKy 77)} =
n K
= w5 (0Mx) [ [T ]man, MaslMK)
j=li=1
X Igu {Cr (0, A1tk M2ty - - Ainti, M) } -

To reconcile the above expression with , the following conditions must hold
simultaneously:

5 (6| M1) = m5(0| M), (39)
K

T, g M) oc [ [, (sl Mi) (40)
=1

Ig, {C1(9(1))} =1 Ir, {Cr (0, A\ 1Lk, Aotk s Ak, 1)} = 1. (41)

Note that and coincide with and (12), respectively. Hence, from (39)-
it follows that in order to design a compatible prior under the single-component
model one needs to:

1. Comply with the rules formulated for the case of unconstrained priors; see
and Lemma [3l

2. Restrain the single-component model’s prior with a restriction equivalent to the
one restraining the mixture model’s prior under the nesting restrictions, given

by .
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5 Example: A compatible prior structure for a class
of stationary Markov-switching AR(2) models

Consider the following K-state Markov-switching AR(2) model:

Yo = as, + 05,1Yi—1 + @3, ,2Y1—2 + 05,4, (42)

where e ~ N(0,1) and the sequence {S;} forms a homogeneous and
ergodic Markov chain with finite state-space S = {1,2,...,K} and
transition probabilities 7;; = Pr (S, = j|Si—1 =), arrayed in transition matrix
P = [mijlij=12.. K- Adopting the convention introduced by Krolzig (1997),
we refer to as the MSIAH(K)-AR(2) model (or, Mg, in short), which
indicates allowing all the parameters to feature Markovian breaks, i.e., the

intercept, the autoregresswe coefficients and the error term’s variance.  Let
a®) = (aj ay ... ag), = (1,1 21 ... Pr1), ¢2 = (¢12 P22 --- PK2),
) = (072 05% ... 0P, and 71 be Structured as described in Sectlonl so that

I
9K — (a(m/ ¢§K>/ ¢§K)’ Ry n’) .

The model under consideration generalizes the following AR(2) specification
(hereafter denoted by My):

Yo = 0+ Prys—1 + Gayi—2 + 0y (43)

in that Mg introduces discrete changes into each of the four parameters of M;
(grouped in 0 = (a ¢1 ¢ 072)’). Based on the results provided by Francq and
Zakoian (2001), for the MSIAH(K)-AR(2) process to be nonanticipative (i.e., causal)
and second-order stationary it suffices that

p(Py) < 1, (44)

where p(P,) signifies the spectral radius of matrix P» defined as

Mm1(P1 ® 1) N1 (1@ ®1) -+ Nr1(P1 @ Py)
M2(P2 @ ®2) N2 (P2 @ B2) -+ Nr2(P2 @ P2)
P2 = . . . ) (45)
Mr(Px @Pk) Mmr(Px @Pk) - Nrr(Px @ Pk)

with

Pr1 Pr2
P = ’ ’ k=1,2,....K
k (1 0 ) ) 4y s L3y
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and ® denoting the matrix tensor product. Assuming the mutual independence of
0%)’s individual components, the prior under My can be written as

w1 (0| M) = m(a | M) m (¢ | M (05| M)
X ﬂ(g(K)lMK)ﬂ-(mMK)HRK {p(P2)}>

where Rx = [0,1). Note that we simplified the notation by dropping the subscripts
indexing densities, and write, generally, 7(w) instead of m,(w). Similarly, the prior
under M is given by

m(0W|My) = (| My)m(¢1| M) (da| M)
x (o2 My)Ig, {1 (6M)}.

Notice that, for the sake of exposition, we do not impose any identifiability
restriction upon (8| Mg ), though we stress that it would not alter the following
considerations (see Subsection .

To derive the specific forms of ¢; (™)) and R, complying with the compatibility
condition given by 7 one needs to ponder under the equality restrictions:
G110 = ¢21 = ... = ¢x1 = ¢1 and @10 = P22 = ... = ¢r2 = ¢2. (Notice that
the switching intercepts, %), and the error term’s precisions, <), do not need to
be restricted with the nesting equalities, in the process). With that provided, the

matrices ®;’s collapse into
¢ P2
(I) =
(& %)

which coincides with the companion matrix for the AR(2) process defined in (43).
Supplanting ®;’s with ® in we obtain

mi(Pee) nu(@e®) - nxi(Pe )
M2(PRP) N(PRP) -+ nNr2APRP

~—

P, = =P dxd.

Mr(PRP) mr(PP) -+ nrr(PeP)

Then p(P) = p(P' @ ® @ ®) = p(P')[p(®)]? = [p(®)]?, for P is a stochastic matrix.
Finally,

Tre{p(P2)} = 1 Ip, {[p(®)°} =1
< I {p(®)} =1.

The latter expression requires that the maximum absolute eigenvalue of ® be less
than one, which is equivalent to the well-known condition for the AR(2) process to
be nonanticipative and second-order stationary, necessitating all eigenvalues of the
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companion matrix to fall within the interval (—1,1). Therefore, we assume that
¢1(0W) := p(®) and Ry = Rg = [0,1).

As regards particular choice for the individual densities comprising 7(8%)| M), while
keeping to the assumptions stated in Section |2, we follow a typical framework by
setting

normal distributions for the coordinates of (%), d)(lK) and qSéK):

()| My) = HfN (oulm{ {9 ). (46)
(64| Mx) = HfN (@m0 ), (47)
(98" |M HfN (#12lmf, 55 7) (48)

gamma distributions for the coordinates of ¢(*) (or, alternatively, the inverse
gamma distributions for the variances o2, i =1,2,...,K):

(5| M) = HfG( Z\d(K),B(K)); (49)

Dirichlet distributions for the (a priori independent) rows of the transition
matrix:

K
(i, m2, - -k |MK) = HfDir (ﬁi|d£K)) ) (50)
i=1

with d(K) (diq dia ... d; k)’ standing for the vector of the hyperparameters.

Note that, quite customarily, equal hyperparameters over the regimes are assumed in
—. Following the results presented in Propositions |5[ and @ compatible priors
under M; can be written as

m(alMy) = f (alm®, (50) 1), (51)
m(@nlM) = fx (onmll), (@) 1)), (52)
w(g2M1) = fv (62lmll), (65) "), (53)
m(o2IM) = fo (o 2a®, 50 (54)
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with the hyperparameters related with the ones displayed in — via Formulae
and (in the case of the normals), and and (in the case of the gamma
distributions).

Since the hyperparameters for each group of the switching parameters under My
are held equal across the regimes, there are actually two routes available to
establish ceherent prior structures. Within the first one, one sets the values of the
hyperparameters under the general model first, and then the ones under the single-
component model. Within the second approach, one proceeds the other way round.
However, should different vaules of the hyperparameters for a given group of the
switching parameters under Mg be allowed, then only the first of the two strategies
can be followed, with the relevant formulae provided in Propositions [f| and [9}
Eventually, notice that the two: the AR(2) and the MSIAH(K)-AR(2) model,
represent the extremes, with the former featuring no switches at all, and the latter,
on the other hand, introducting Markovian breaks into all the four coefficients
at once: the intercept, the two autoregressive parameters, and the error term’s
variance. Therefore, the two specifications do not share any common parameters.
Naturally, one may be prompted to limit the set of the parameters enabled to
switch to include only one, two, or three out of the four, in each case obtaining
some “intermediate” specification. Should that be the case, our methodology for
establishing compatible priors applies straightforwardly. To deliver some illustrative
example, consider an AR(2) model with switches introduced only into the intercept,
hereafter denoted as MSI(K)-AR(2) or M}, in short. Obviously, it forms one of
all the conceivable ”intermediate” specifications, nesting the single-component AR(2)
model on the one hand, and being nested within the MSTAH(K)-AR(2) model, on

the other. Write 819 = (@) ¢y pg 072 1) for the vector of Mj,’s parameters,
with a®) = (a; ag ... ak)’. The prior is structured as

70 |M) = m (@ | M )m( | M ) (2| M)
x (02| M )w (] M) {Cie (081,

where, according to the argumentation presented above, the regularity restriction
assumes the form of the one derived for the single-component model: C}‘((9£K)) = p(®)
and R} = Ry = [0,1). Assuming equal hyperparameters for a(*)’s prior, in order
to establish such a prior structure under M, that is compatible with that of M; we
set ([46) for m(aU|Mp), and (52)-(54) for 7(¢1| M), m(do|Mj) and w(o— 2| M),
respectively. Notice that if, in addition to that, the density m(n|M};) coincides with
, then the prior structure of M}, is also compatible with the one specified under
the general model, M.
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6 Concluding remarks

In this paper we developed the (or rather some) concept of compatible prior
distributions in univariate mixture and Markov-switching models, including the case
where the priors are restrained with some additional restrictions. However, it must
be clearly stressed that the problem of priors’ compatibility within the considered
class of models is yet to be studied in depth, and in that sense the present study’s
role is much (and, perhaps, merely) of a trigger rather than delivery of conclusive
resolution. Conceivably, there are at least several issues that ought to be addressed in
that line of research, some of them quite naturally arising from possible allegations one
may readily formulate against the approach developed in the current paper. Firstly,
suppose, for instance, that the equality constraint on all elements of )\;K) takes form

/\17]‘ = )\27j =...= )\K,j =4 ?27]‘ = %373‘ =...= ;K,j =1 ?j = 1[(K_1)><1],

where 7; ; = X; j/A1,;. The obvious question is whether the results derived in the
current paper would still hold if one were to switch to the above setting (in which
the contrasts are defined as ratios rather than differences between the component’s
individual coordinates), and arguably the correct answer would be "no” (with the
phenomenon often referred to as the Borel-Kolmogorov paradoz; see Dawid and
Lauritzen 2001). Deferring any further analysis of the problem, let us note, however,
that defining contrasts as simple differences, just as it has been done in our study, is
not only natural (specifically, with respect to location parameters and logarithms of
scale parameters, as well), but also mathematically favorable, since, firstly, it allows
all \;;’s to be fully real-valued (i.e. there is no need to exclude A;; = 0), and,
secondly, the Jacobian determinant of the inverse transformation equals 1 (which no
longer holds for contrasts defined as ratios).

Secondly, it can be argued that the approach proposed in this study only establishes
compatibility between the mixture (or switching) models featuring either K or a
single component, whereas it remains unresolved whether it also induces compatibility
(in the sense of [I) between a K-component structure and a one with, say, K — 1
components (K > 3). Again, it appears that the most plausible answer would
read “no”, but then another issue arises, of how - and if it is possible, at all - to
generalize the idea employed in the present article (hinging upon conditioning relevant
distributions) to incorporate such cases. On the other hand, there seem to exist in the
literature some theoretical results which one could invoke in this context to dispute
such a need, at least in practical terms (however theoretically justifiable that need
would appear). Namely, Rousseau and Mengersen (2011) prove that - under certain
conditions pertaining to the hyperparameters of the Dirichlet prior for the weights of
the mixture - the posterior distribution exhibits quite a peculiar feature of emptying
the extra (i.e. superfluous) components (once their number set a priori turns out
to exceed the "correct” number of components so that the mixture model overfits
the data). If so, then, conceivably, in practical terms it could do to, first, estimate
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a mixture model with a large enough number of components (so as to allow the
resulting posterior to reveal the "adequate” number of theirs), and then - if one is still
interested in a formal, coherent comparison of the single-component specification and
the emerged mixture model - apply the approach presented in the current article to
establish compatible priors for both structures. Nevertheless, even if such an approach
would seem valid (at least to some extent, though perhaps not entirely elegant, per
se), the results obtained in the cited paper only pertain to the class of non-dynamic,
simple mixture models, therefore excluding Markov-switching specifications (though
similar results were attempted to obtain by Gassiat and Rousseau 2014 for hidden
Markov models). Hence, it would still seem worth the effort to establish compatibility
conditions between mixture (Markov-switching) models featuring different number of
components (states, respectively).

Thirdly, in fact, there do exist several strategies of formulating compatible prior
distributions, including approaches based upon conditioning (the one adopted in our
work), marginalization and the Kullback-Leibler projection (see Dawid and Lauritzen
2001 and Consonni and Veronese 2008 for more details). Obvious lines of further
research ensue, including attempts to apply and compare these strategies within the
context of models regarded in this study.

Finally, there is still the issue of the impact different strategies of settling compatible
priors exert upon the posterior and, additionally, predictive distributions. Such an
analysis, of however crucial scientific importance, requires extensive both theoretical
and empirical studies, and as such it exceeds by far the scope of the current paper.
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A Appendix: Proof of Lemma

Firstly, let us briefly recall the assumtions of Lemma 2}

1. In the single-component model, M, parameters in § are a priori independent
of all the others.

2. In the reparametrized mixture model, M, K, parameters in § are a priori
independent of all the others.

3. All prior distributions under consideration are proper.

The thesis of Lemma [2| states that distributions W&(9(1)|M1) and WM(G(KHMK)

(likewise, 75, (01| My )) are compatible, i.e.

TS A1 AL 200, >\17,n(57 AL, AL2s - A | M) =
= T s A Az (5 AL L AT = =T = Ok —1)x1], MK), (55)
iff the following conditions are satisfied:
m5(81M1) = 75 (8| M), (56)
and, for each j =1,2,...,n,
T, M) = 73,1 175 = g1y <1 M) (57)

For simplicity, in what follows, let us consider the case when n = 1.

Necessary condition: if and , then .

o (6, A1 [My) =ms (6] My)ma, , (A |My) =

56157) ~ ~
= 7T§(5|MK)7T£\1()\1,1|7'1 = Oyx—1)x1), MK) =

A .2 - ey
Sgp 7T§|£7l(5|>\1,1,7'1 = OvMK)ﬂ—g\Q()‘L”Tl = O,MK) =

= ﬂ-é,)q,ﬂl(da /\1,1‘7'1 = O,MK).

Sufficient condition: if , then and .

Factorizing the joint distribution 7s x, , (d, A1,1|M1), we obtain:

(55) Tr
Wé’g((s,)\171|M1) 7T§7£‘1(5,)\1’1‘7'1 ES O,MK) ES

A .2 — -
svgp Wé(élMK)'Trg|g(/\1)1|T1 :O,MK). (58)
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On the other hand,

As@p. 1

To a1 (6, A1 M) =" ms (6] M1)ma, , (Ar,1[Mn). (59)

Based on and , the following equality is established:
7 (8| M1)ma,, (Mt [M) = ms(3[ M),y ry (Mt |71 = 0, M) (60)
Under Assumption 3, identity indicates the equality between densities of

corresponding distributions of §, once both sides of are integrated with respect
to )\171:

/7T§(5|M1)7T/\17,1()\1,1|M1)d/\1,1 = /Wé(é‘MK)WQIQ()‘Ll'Tl = O,MK)d/\l,l.
R R
Hence, 75(0| M) = ﬂ§(6|MK), which is precisely .

On the other hand, integrating with respect to 0, one obtains the equality between
densities of corresponding distributions of Aq ;:

T = O,MK)CZ(S.

/@(5|M1)7TA171(A1,1\M1)615 _ /ﬂ'é((ﬂMK)ﬂ'Mm(/\l,l
R R

Therefore, 7y, , (A11|M1) = 71')\111‘2(/\171|T1 =0, MK), which is exactly 1’
In conclusion, Equality holds iff conditions and are satisfied.
That Lemma[2]is also true for n > 1 follows immediately from the prior independence

of: A1, M2, - A in model My, and A ASO AT in model M.
(Additionally, Assumption 3 is needed, as well).

B Appendix: Proof of Proposition

Invoking Lemma [3land performing some simple manipulations, the proof proceeds as
follows:

K K
i, (] M1) oc [T M) = TTAS O™, o)
=1

i=1
K (K)y\2
1 Al —m;
xesn{ 33 )
i=1 U;
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i=1 Ui 2
K m(K)
1 1 >~y
xexp{ —= E A2 o)\ =L
P 2 U(K) ! VE 1
=1
B >~
1=1"
K (K)
1 > e
=1 "4
X exp T . 1 AL —
1 1
2( > - Zv”‘)
z—lvi 1=1 "%

o S am®, vy,

with m(®) and v given by and , respectively. The proof for the precision-
parametrized normal densities follows analogously.

C Appendix: Proof of Proposition [7]

The proof is analogous to the one presented for Proposition

K K
7'&')\71()\1|M1) X Hﬂ—ﬁ()‘ﬂMK) = HfIG(/\1|az('K)7 bgK))
i=1

i=1
s (K) 11
7(‘11‘ +1) - . —
x lH(Al) ] exp{ Ale( ) } —
i=1 1=1"%4
X 1
(ZaEK)+K1+1) Ko\~
= (A1) \= expq—1 /A ;W

X fIG()\1|a(1)7b(1))7

with a(®) and b(!) given by and , respectively.
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D Appendix: Proof of Proposition [9

We proceed analogously to the proofs of Propositions 5] and [7

K K
o MM o [, M) = [ fa (M lad™ 65
=1

i=1
K o K .
=1 =1
O —K+1-1

K
1 exp {—)\1251(-1()}
i=1

o fe(Aila®,5M),

M=

with @) and b given by and , respectively.

247
CEJEME T:

t.. Kwiatkowski
219-247 (2015)



	Introduction
	Prior compatibility in the mixture and Markov-switching models
	Specific results
	Normal priors
	Inverse gamma priors
	Gamma priors

	Compatibility of constrained prior distributions
	Priors with identifiability constraints
	Priors with regularity constraints

	Example: A compatible prior structure for a class of stationary Markov-switching AR(2) models
	Concluding remarks
	Appendix: Proof of Lemma 2
	Appendix: Proof of Proposition 5
	Appendix: Proof of Proposition 7
	Appendix: Proof of Proposition 9

