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Abstract. The Caputo-Fabrizio definition of the fractional derivative is applied to minimum energy control of fractional positive continu-
ous-time linear systems with bounded inputs. Conditions for the reachability of standard and positive fractional linear continuous-time systems
are established. The minimum energy control problem for the fractional positive linear systems with bounded inputs is formulated and solved.
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1. Introduction

A dynamical system is called positive if its trajectory starting
from any nonnegative initial state remains forever in the posi-
tive orthant for all nonnegative inputs. An overview of state of
the art in positive theory is given in the monographs [1, 2]. Va-
riety of models having positive behavior can be found in engi-
neering, economics, social sciences, biology and medicine, etc.

Mathematical fundamentals of the fractional calculus are
given in the monographs [3—5]. The positive fractional linear
systems have been investigated in [6-9]. Stability of frac-
tional linear continuous-time systems has been investigated in
[9, 10]. The notion of practical stability of positive fractional
discrete-time linear systems has been introduced in [11]. De-
scriptor fractional discrete-time linear systems with different or-
ders have been addressed in [12]. The positivity and stability of
fractional discrete-time nonlinear systems have been analyzed
in [13], the Drazin inverse matrix method for analysis descriptor
fractional discrete-time linear systems has been proposed [14].
Some recent interesting results in fractional systems theory and
its applications can be found in [5, 15-17].

The minimum energy control problem for standard linear
systems has been formulated and solved by J. Klamka in [18-20]
and for 2D linear systems with variable coefficients in [21].
The controllability and minimum energy control problem of
fractional discrete-time linear systems has been investigated by
Klamka in [22]. The minimum energy control of positive contin-
uous-time linear systems has been addressed in [23-25] and for
positive discrete-time linear systems in [26, 27]. The minimum
energy control problem for positive fractional electrical circuits
has been investigated in [24] and for positive fractional linear
systems with two different fractional orders in [28]. Robust sta-
bility and stabilization of the continuous-time fractional positive
systems has been considered in [29, 30] and continuous-time
fractional positive systems with bounded states in [31].

Recently a new definition of the fractional derivative
without singular kernel has been proposed in [32, 33].
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In this paper, the Caputo-Fabrizio definition of the frac-
tional derivative will be applied to the minimum energy control
problem for fractional positive continuous-time linear systems
with bounded inputs.

The paper is organized as follows. In Section 2 the condi-
tions for the reachability of the standard and positive fractional
linear continuous-time systems will be given. The minimum en-
ergy control problem for the fractional positive continuous-time
linear systems with bounded inputs is formulated and solved
in Section 3. Procedure for computation of the optimal input
that steers the state of the system from zero initial state to the
desired final state is given and illustrated by example of positive
fractional electrical circuit in Section 4. Concluding remarks
are given in Section 5.

The following notation will be used: R — the set of real
numbers, R — the set of nxm real matrices, R — the set
of nxm matrices with nonnegative entries and R” = R"!, M,
— the set of nxn Metzler matrices, I, — the nxn identity matrix.

2. Reachability of standard fractional systems

The Caputo-Fabrizio definition of fractional derivative of order
« of the function f(¢) for 0 < & < 1 has the form [32, 33]

F D& ()= Ljexp(—i(z —T)jf(r)dr ,
l—ao -«

df (1) v
: T
f(o)= , 120.
dt
Consider the fractional differential state equations
a
CF Dy (r) = d—’f) = Ax()+ Bu(t), 0<a <1 (2a)
t
y(t) = Cx(t) + Du(t), (2b)

where u(t) € R”", u(t) € R", y(t) € R? are the state, input and
output vectors and 4 € R™", B € R C € RP", D € RP*".
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Theorem 1. The solution x(¢) of the equation (2a) for a given
initial condition x(0) = x, and input «(¢) has the form

x(t) = eM (R, + Bug) + | MO Bl Bu(r) +i(D)ldr, (3a)
0
where

—a[I —-(1-a)A]” A
1, —a A" (1-a)B,

(3b)

xo =[1, —(1-a)A] ' x,,
du(f)

B
B =

“=ﬁuﬂ—m*hm>

u(0) =

Proof. The proof'is given in [13] under the assumption that the
matrix [I, — (I — @)4] is non-singular.

Definition 1. A state x, € R" of the standard system (2) is called
reachable in time ¢ € [0, ¢] if there exists an input u(z) € R”
for ¢ € [0, #/] which steers the state of the system from zero
initial condition xy = 0 to the final state x, € x(t/). If every state
xp€ R"is reachable in time 7 € [0, #,] then the system is called
reachable in time 7 € [0, #/]. The system (2) is called reachable
if for every x, € R" there exists ¢ and an input u(z) € R" for
t € [0, #/] which steers the state of the system from x = 0 to x,.

Theorem 2. The standard fractional system (2) is reachable in
time ¢ € [0, #/] if and only if the matrix
ly
S g
R, =R(,)= jeA’BBTeA 'dt &)
0

is invertible.
The input which steers the state of the system from xy = 0 to
xsis given by

t
JUY B
u(l,) :J-e—ﬂ(t—T)BTeA (ty T)lefle ,

) (5)
te [O,tf] and u, =u(0)=0.
Proof. Substituting
u(t) = Pu(t)+u(r) (6)
into (3a) for xy = 0, ug = 0 we obtain
t n A
x(t) = j A0 B (rydr. )

The solution of the differential equation (6) for uy = u(0) =0
has the form

t
u(t) = j e P (n)dr . )
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To show that the input
_ AT Aty —t) e
w(t)=B"e""""Rx, , 1€[0,1/] )

steers the state from xo = 0 to x,in time 7 € [0, #/] we substitute
(9) into (7) and we obtain

Iy
x(tf):J‘ A(tf r)BBT AT (ty— T)dTR xf _
. (10)

Substituting (9) into (8) we obtain (5). O
From Theorem 1 and its proof follows the corollary.

Corollary 1. The fractional system (2) is reachable in time
t € [0, ¢] if and only if the fractional system
d%x(t)

T Ax(t) + Bu(?)
t

(11)

is reachable in time 7 € [0, ].

The input u(¢) steers the state x(¢) from x, = 0 to x;in
time ¢ € [0, #,] of the system (11) if and only if the input (8)
steers the state from x, = 0 to x, in time ¢ € [0, #/] of the
system (2a).

Definition 2. The fractional system (11) is called (internally)
positive if x(r) € RY, t > 0 for every x, € R” and all u(z) € R”,
t>0.

Theorem 3. The fractional system (11) is positive if and only
if A€ M, and Be R
Proof is similar to the one given in [9].

Definition 3. A state x, € R of the positive system (2) is called
reachable in time ¢ € [0, ¢ if there exists an input u(¢) € R”
for ¢ € [0, ;] which steers the state of the system from zero
initial condition xy = 0 to the final state x,€ R. If every
state x, € R is reachable in time ¢ € [0, #] then the system is
called reachable in time ¢ € [0, #,]. The positive system (2) is
called reachable if for every x; € R there exists #, and an input
u(t) € R for ¢ € [0, t;] which steers the state of the system
from xo = 0 to x

Definition 4. A matrix 4 € R"™" is called monomial if in each
row and in each column only one entry is positive and the re-
maining entries are zero.

Theorem 4. The positive fractional system (2) is reachable in
time ¢ € [0, #/] if the matrix

Ly
A A AT

R, _R(rf)=J' ABBT oA gy (12)
0

is monomial.
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The input which steers the state of the system from x, =0
to xyis given by

AT
u(t) = j ~Bu-n) pT A Uy f)dz'Rf Xy
0

(13)

Proof. It is well-known [2] that RJII € R if and only if the
matrix R, € RY*" is monomial. In a similar way as in proof of
Theorem 1 it can be shown that the input (13) steers the state of
positive system from xy = 0 to xXpe R in time ¢ € [0, tf] From
(13) it follows that u(f) € R since e b >0 forf=:=->0,

0<a<l,BTe ) e R and R;'x;€ K2 O

3. Problem formulation and its solution

Consider the fractional positive system (2) with 4 € M,
and B € R7*" monomial. If the system is reachable in time
t € [0, /], then usually there are many different inputs u() € R
steering the state of the system from x, = 0 to x, € R}. Among
these inputs we are looking for input u(f) € R, 1 € [0, /] sat-
isfying the condition

u(t)<U e R, te[O,tf] (14)
that minimizes the performance index
7
1) = [u" (Qu(n)dz, (15)
0

where Q € R is a symmetric positive definite matrix and
Qfl c (’Rf_x".

The performance index (15) is a measure of the energy used
for steering the state of the systems from xy = 0 to xy.

The minimum energy control problem for the fractional
positive system (2) can be stated as follows.

Given the matrices 4 € M,, monomial, B € R, o, U € R}
and Q € R of the performance matrix (15), x,€ R} and
t > 0, find an input u(z) € R’ for ¢ € [0, ¢/] satisfying (14) that
steers the state vector of the system from x, = 0 to x, € R’ and
minimizes the performance index (15).

To solve the problem we define the matrix

t/-
W)= [e At oI BT A g .
0

(16)

From (16) and Theorem 4, it follows that the matrix (16)
is monomial if and only if the fractional positive system (2)
is reachable in time ¢ € [0, #/]. In this case we may define the
input

ﬁ(t):Q*léTeAT(’f‘”W*I(tf)xf for te[0,¢,1. (17)
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Note that the input (17) satisfies the condition u(r) € R
for t € [0, /] if

0 'e R and W_l(tf)e R, (18)

Theorem 5. Let ii(¢) € R’ for ¢ € [0, #;] be an input satisfying
(14) that steers the state of the fractional positive system (2)
from xy = 0 to x, € R. Then the input (17) satisfying (14) also
steers the state of the system from xo = 0 to x, € R’ and mini-
mizes the performance index (15), i.e. 1(1) < I(i1).

The minimal value of the performance index (15) is equal to

1G) = x;W ™ (t)x,. (19)

Proof. If the conditions (18) are met then the input (17) is
well defined and i(f) € R for ¢ € [0, #;]. We shall show that
the input steers the state of the system from xy = 0 to x, € R.
Substitution of (17) into (3a) for xo =0, ug=0 and 1 = ¢,
yields

l
x(tf):j A0 iy =
0

t

_J‘ Al T)BQ_I T, ATty r)dz“W_le = x;

(20)

since (16) holds.
To find ¢ € [0, #;] for which i(t) € RY reaches its maximal
value using (17) we compute the derivative

d‘;(;) =0 B"YOW  (t))x; . 1€(0.1f] 1)

where d A ¢« —z)
Y()= (22)

Knowing ¥(¢) and using the equality
POW ™ (t)x, =0 (23)

we can find 7 € [0, #/] for which i(t) reaches its maximal value
and we check if the condition (14) is satisfied. If not, we in-
crease the value of ¢ so that the condition is satisfied.

Note that if the system is asymptotically stable llme =0
then u(t) reaches its maximal value for 7 = #;and if i it is unstable
then for = 0.

By assumption the inputs i(z) and #(7), ¢ € [0, #/] steers the
state of the system from x, = 0 to x, € RY, i.e.

ty Iy
X = j eA(’f’”éﬁ(f)dr:j A pandT  (24a)
0 0
and
Iy,
J'eA(’f " Blii (7) - (7)dz = 0. (24b)
0
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By transposition of (24b) and postmultiplication by ¥ (¢/)x;
we obtain

tf o
j @) i) BTe" Va1 )x, =0, (29)
0

Substitution of (17) into (25) yields

I -
[la@-a@)" B Oy, =
0

, (26)
= j[ﬁ(r) —a(0)]" Qi(r)dT =0.
0
Using (26) it is easy to verify that
I -
[la@-a@1" B"e* O amw "y, =
° 27)

Iy
- I [i (7)— (o)) Qi(r)dr =0.
0

From (27) it follows that /(&) < I(&t) since the second term
in the right-hand side of the inequality is nonnegative. To find
the minimal value of the performance index (15) we substitute
(17) into (15) and we obtain

Iy
1(4) = j a7 (0)Qu(i)dt

0

Alty—1) (28)

lf o
=W VBB e T daw
0

_ Tyl
=x;W x,
since (26) holds. O

4. Procedure and example

From the considerations given in Section 3, we have the fol-
lowing procedure for computation of the optimal inputs satis-
fying the condition (14) that steers the state of the system from
xo = 0 to x,€ R and minimizes the performance index (15).

Procedure 1.

Step 1. Knowing 4 € M,,, B € R and using (3b) compute
A, B, e™. o

Step 2. Using (16) compute the matrix W, for given 4, B, O, a
and some /.
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Step 3. Using (17) and (23) find ¢, for which #(¢) satisfying
(14) reaches its maximal value and the desired #(¢) for
given U € R and x, € R

Using (19) compute the maximal value of the perfor-
mance index.

Step 4.

Example 1. Consider the fractional electrical circuit shown in
Fig. 1 with given resistances R, R,, R, fractional inductances
Ly, L, and source voltages ey, e,.

oD

Fig. 1. Electrical circuit

Using the Kirchhoft’s laws we can write the equations

d%i
dt
daiz
where 0 < o < 1, which can be written in the form
ol i e
d—a HEY. EY: (30a)
dat” |1, %) )
where
R+ Ry Ry i 0
oL L L
A= R, _R2+R3 , B= . L (30b)
L, L, L,

The fractional electrical circuit is positive since the matrix
A is Metzler matrix and the matrix B has nonnegative entries.

Note that the standard (full-order) electrical circuit is
reachable for all positive values of the resistances and induc-
tances since B = i

Using (3b) and (30b) we obtain

Bull. Pol. Ac.: Tech. 65(1) 2017
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1+(1—a)R1+R3 _f&s
R R, +R
-3 1+(1-a)—2—3
L, L, (31a)
R, +R, R,
L L
Ry RytRy |
L2 L2
B=[I,-(1-a)A '(1-a)B=
-1
Bt R
_ L
R R, +R
-3 1+(1-a)—2—2
L, L, (31b)
1
— 0
X(1-a) L 1
0 N
L2

From (31) it follows that the matrix 4 is asymptotically
stable Metzler matrix and the matrix B has positive entries for
all positive values of the resistances R;, R,, R3 and inductances
Ly, L,. Because of complicated calculations of (31a) and (31b)
we will show an example for Ry, Ry, R3 =1, Ly, L,, = 1 and
a = 0.5. In this case we obtain

R {— 05 0
(3lc)

_ b=
0 —0.5}

The standard fractional circuit is reachable since the matrix
(31b) is invertible. It is easy to check that the matrix (4) for the
standard fractional circuit is also invertible.

The positive fractional circuit is reachable only if R; = 0.
In this case the matrix 4 is diagonal of the form

A= L+(1-o)R, (32a)
L L, +(1-a2)R,
The matrix B is also diagonal with positive diagonal entries
[ 1-a
B= L +(1-a)R, (32b)
l-o
L, +(1-o)R,

for all positive values of Ry, R, and Ly, L,.
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Using (4) and (32), we obtain

ty Ly !

i A P Lo

R, = jeA’BBTeA”dzz j A BB dt = j{ (J)‘ }t,
0 0 0

2
— R
1— s S
L a)eXp(q FU-R, tj
F L +(-a)R, ’
(33)
] . )
_ _Tory
. (I-o) exp(L2 F(-)R, IJ
/ L,+(1-a)R, '

The matrix (33) is monomial and the positive fractional cir-
cuit for R; = 0 is reachable.

Now, we shall consider the minimum energy control problem
for the fractional positive reachable electrical circuit shown
in Fig. 1 for Ry, Ry, =1, R3 =0, Ly, L,,= 1 and &« = 0.5. To
compute the input u(7) satisfying the condition

R € 5
u(t)={ }S[ } for 1 [0,5]
e, 5

that steers the state of the electrical circuit from zero state to
final state x, = [1 1]7 (T denotes the transpose) and minimizes
the performance index (15) with

Q:B (2)}

(34

(35)

Fig. 2. Input signal and state vector for ¢, = 5[s]
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Procedure 1 will be used. Using (16, 17) and (33-35), we obtain

) . )
O.SCxp(_O'Sl(z_T)J
: 0
15
e ar 05 0] 7
W(tf)ZJ-EA(S_T)BQ_IBTeA (S—T)d,z.=|: 0 05:|XJ. 0505 ) ar =
0 0 0.5exp(‘(7)j (36)
1.5
0
1.5
_[0.0804 0
| 0 00804
and
- 05 0 Z o eXp(_O?(z_t)j 0
} 1 _ _
0 05]|, 1 0 exp[ 0.5(5 t)j
3 1.5 37)
1
124378 0 |[1]_|0.4985¢3
0 12.4378 (1] LT
0.4985¢3

Note that the electrical circuit is stable. Therefore, (z)
reaches its maximal value for ¢ = fr. From (23) we have the
minimal value of the performance index

1) = xpW™ (1t p)x, (38)

where W(t) is given by (36).

5. Concluding remarks

The Caputo-Fabrizio definition of the fractional derivative
has been applied to minimum energy control of the fractional
positive continuous-time linear systems with bounded inputs.
Conditions for the reachability of the standard and positive frac-
tional linear systems have been established (Theorems 2 and 3).
The conditions for the existence of solution of the minimum
energy control problem for the positive fractional systems with
bounded inputs have been derived (Theorem 5). A procedure
for computation of the optimal inputs has been proposed (Pro-
cedure 1) and illustrated by example of the positive fractional
electrical circuit. The considerations can be easily extended to
positive linear systems and electrical circuits with different frac-
tional orders. An open problem is an extension of this results to
the fractional nonlinear systems.
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