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Abstract. Due to the star connection of the windings, the impact of the third harmonic which does not exist in three-phase permanent magnet 
synchronous motor (PMSM) cannot be ignored in five-phase PMSM. So the conventional sensorless control methods for three-phase PMSM 
cannot be applied for five-phase PMSM directly. To achieve the sensorless control for five-phase PMSM, an iterative sliding mode observer 
(ISMO) is proposed with the consideration of the third harmonic impact. First, a sliding mode observer (SMO) is designed based on the five-
phase PMSM model with the third harmonic to reduce the chattering and obtain the equivalent signal of the back electromotive force (EMF). 
Then, an adaptive back EMF observer is built to estimate the motor speed and rotor position, which eliminates the low-pass filter and phase 
compensation module and improves the estimation accuracy. Meanwhile, by iteratively using the SMO in one current sampling period to adjust 
the sliding mode gains, the sliding mode chattering and estimation errors of motor speed and rotor position are further reduced. Besides, the 
stability of the SMO and the adaptive back EMF observer are demonstrated in detail by Lyapunov stability criteria. Experiment results verify 
the effectiveness of the proposed observer for sensorless control of five-phase PMSM.
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system to decoupled equations in rotating coordinate system 
and controlling the five-phase PMSM as DC motor [10]. For 
the electric drive system of five-phase PMSM, the conven-
tional control strategy usually needs the information of rotor 
position and speed for closed-loop control by position sensor 
such as an optical encoder fixed on the motor shaft [11]. Unfor-
tunately, the position sensor, which is sensitive to the vibration 
and temperature, restricts the application of five-phase PMSM 
in electric drive system operated in harsh environmental con-
ditions, and reduces the reliability of the whole electric drive 
system [12, 13].

Nowadays, with the development of digital signal processor 
[14‒16], the sensorless control technology has gained more 
attention in drive control system of three-phase PMSM. The 
sensorless control techniques are generally divided into two cat-
egories which are the high-frequency signal injection method by 
utilizing the salient effect of PMSM [17‒19] and the observer 
estimation method based on all kinds of observers [20‒22]. 
Unfortunately, the high-frequency signal injection method 
depends on the saliency of the motor. So the application of 
this method is usually limited to interior PMSM. Besides, the 
high-frequency injection signal will bring high-frequency noise 
and cause the performance degradation in electric drive system. 
And the observer estimation methods such as model reference 
adaptive method [23, 24] and Kalman filtering method [25, 26] 
are dependent on an accurate model of the PMSM to a certain 
extent. However, for the good robustness, simple algorithm im-
plementation and relative independence of the motor model, the 
sliding mode observer (SMO) [27‒29] method is an effective 
rotor position estimation method used for sensorless control of 
three-phase PMSM widely.

1.	 Introduction

Owing to high torque-to-current ratio, large power-to-weight 
ratio, high efficiency, high power factor, high fault tolerance 
capability and robustness, five-phase permanent magnet syn-
chronous motors (PMSMs) have gained more attention in high 
reliability and high fault tolerant applications such as electric 
vehicles, wind power generation, machine tools, robotics and 
aerospace [1‒4]. Compared with the conventional three-phase 
PMSM, under the same rated power, since the phase number 
is increased in five-phase PMSM, the current of each phase 
is reduced without increasing the stator voltage, so the rating 
current of IGBT or other semiconductors in motor drive system 
can be lower. Meanwhile, with the increasing number of phase, 
the torque ripples are also reduced [5‒7]. Besides, five-phase 
PMSM can be operated under the loss of one or two phases con-
tinuously; thus, the fault tolerance capability and the reliability 
are higher than the conventional three-phase PMSM. Based on 
these advantages, five-phase PMSMs are applied increasingly 
widely in drive control systems operated in harsh environment 
[8, 9].

In electric drive system of five-phase PMSM, the field ori-
ented control method is a common used control technique with 
good performance in both steady and transient states [10]. The 
core concept of the field oriented control strategy is trans-
forming the model of five-phase PMSM in natural coordinate 
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The SMO in sensorless control of three-phase PMSM is 
often designed by the errors between the estimated values of 
the stator phase currents estimated by the SMO in the stationary 
reference frame and the actual values of the stator phase cur-
rents obtained by the current sensor sampling to estimate the 
back EMF for the further estimation of the rotor velocity and 
position. In the conventional SMO, the sign function is utilized 
as the control function to build the current observer and obtain 
the equivalent signals of the back EMF. Unfortunately, due to 
the discreteness of the sign function, the conventional SMO 
always brings with serious chattering and the equivalent signal 
of the back EMF usually contains high frequency oscillation 
component seriously. So the low pass filters are usually needed 
to extract the required back EMF signals. However, the inser-
tion of low pass filters causes the phase delay which is usually 
compensated by the additional phase compensation module. In 
order to solve the problem, an adaptive filter with an adaptive 
gain is proposed in [30] for sensorless control of three-phase 
PMSM, but it still unable to implement the phase compensation 
completely. In [31], to reduce the chattering of the SMO, the 
switching function of the SMO is designed by replacing the 
conventional sign function with the saturation function for the 
sensorless control in three-phase PMSM drive control system. 
Nevertheless, the reduction of the chattering in the SMO is not 
very obvious because the saturation function is still a discrete 
function. In [27], without using the sign function or the satura-
tion function, the SMO is realized by employing the sigmoid 
function which is a continuous function as the control function 
and the chattering phenomenon in this SMO is reduced. In [28], 
a SMO with adaptive back EMF observer is discussed, which 
eliminates the low-pass filter and phase compensation module, 
and the estimation accuracy of the motor speed and angle are 
also enhanced in the sensorless control system. Unfortunately, 
both the SMOs in [27] and [28] are about sensorless control 
of three-phase PMSM. For sensorless control of five-phase 
PMSM, since unable to ignore the impact of the third harmonic, 
the items of the third harmonic current in the SMO must be 
considered, and the stability conditions analyzed by Lyapunov 
function are different from the SMOs in sensorless control of 
three-phase PMSM. So the SMO design for sensorless control 
of five-phase PMSM is more complex and the references about 
SMO for sensorless control of five-phase PMSM are fewer.

In this paper, an iterative sliding mode observer (ISMO) is 
proposed for sensorless control of five-phase PMSM in electric 
drive system with the consideration of the third harmonic im-
pact. A SMO is designed firstly based on the five-phase PMSM 
model with the third harmonic to reduce the chattering and 
obtain the equivalent signal of the back EMF. Then, an adap-
tive back EMF observer is built to estimate the rotor speed and 
position of five-phase PMSM, which eliminates the low-pass 
filter and phase compensation module and improves the esti-
mation accuracy. Meanwhile, by iteratively using the SMO in 
one current sampling period to adjust the sliding mode gains, 
the sliding mode chattering and estimation errors of rotor speed 
and position are further reduced. Besides, the stability of the 
designed SMO and the adaptive back EMF observer are proved 
in detail by Lyapunov stability criteria.

2.	 Mathematical model of five-phase PMSM

To achieve the sensorless control of five-phase PMSM in 
electric drive system, the five-phase PMSM model is estab-
lished firstly. Without loss of generality, the assumptions are 
as follows. Firstly, the magnetic circuit is linear. It means that 
the magnetic circuit is not saturable. Secondly, the five-phase 
PMSM is surface mounted non-salient pole structure. Thirdly, 
the slot effect of stator and rotor surface is neglected. Fourthly, 
the motor inductance change caused by uneven air gap is ig-
nored. Fifthly, the eddy currents and the hysteresis losses are 
negligible. Sixthly, the stator winding is symmetrical. It means 
the even harmonics can be canceled mutually. Lastly, just con-
sider the impact of third harmonic and ignore the effects of 
other high-order harmonics. By the assumptions above, the 
five-phase PMSM model in the natural coordinate system is 
shown as [32]:

	 Us = Rs Is + 
dψs

dt
� (1)

	 ψs = Ls Is + ψm� (2)

	 Te =  ∂W
∂θ

 = P 1
2

Is
T ∂Ls

∂θ
Is +  Is

∂ψm

∂θ
� (3)

	 Te ¡ TL = J dω
dt

 + Bω� (4)

where (1) is the voltage balance equation, (2) is the flux 
equation, (3) is the torque equation and (4) is the mechan-
ical motion equation. And the stator phase voltage vector 
Us = [Ua Ub Uc Ud Ue]

T; the stator phase current vector 
Is = [ia ib ic id ie]

T; the stator winding resistance Rs = Rs£I5£5, 
the stator flux vector Ψs = [Ψa Ψb Ψc Ψd Ψe]

T; Ψm is the rotor 
flux vector; Ls is the stator inductance matrix; P is the number 
of pole pairs; and Te is the electromagnetic torque; TL is the 
load torque; J is the rotational inertia; B is the viscous friction 
coefficient; ω is the mechanical angular velocity.

Compared to conventional three-phase PMSM, due to the 
addition of two phase windings, the stator inductance matrix 
Ls of five-phase PMSM is relatively complex and can be ex-
pressed as:

	

Ls = Lls£ I5£5 +

Ls + Lm1

	 1	 cosα	 cos2α	 cos3α	 cos4α
	cosα	 1	 cosα	 cos2α	 cos3α
	cos2α	 cosα	 1	 cosα	 cos2α
	cos3α	 cos2α	 cosα	 1	 cosα
	cos4α	 cos3α	 cos2α	 cosα	 1

 +

Ls + Lm3

	 1	 cos3α	 cos6α	 cos9α	 cos12α
	cos3α	 1	 cos3α	 cos6α	 cos9α
	cos6α	 cos3α	 1	 cos3α	 cos6α
	cos9α	 cos6α	 cos3α	 1	 cos3α
	cos12α	 cos9α	 cos6α	 cos3α	 1

� (5)
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where Lls is the leakage inductance of each phase winding; 
Lm1 is the self-inductance of fundamental wave phase winding 
A (B, C, D, E); Lm3 is the self-inductance of third harmonic 
phase winding A (B, C, D, E) and α = 72°.

And the rotor flux vector of five-phase PMSM Ψm is also 
more complex than the three-phase PMSM. The rotor flux 
vector of five-phase PMSM is shown as

	 ψm = ψm1

cosθ
cos(θ ¡ α)

cos(θ ¡ 2α)
cos(θ ¡ 3α)
cos(θ ¡ 4α)

 + ψm3

cos3θ
cos3(θ ¡ α)

cos3(θ ¡ 2α)
cos3(θ ¡ 3α)
cos3(θ ¡ 4α)

� (6)

where Ψm1 is the flux amplitude of fundamental wave; Ψm3 is the flux  
amplitude of third harmonic and θ is the rotor electrical angle.

For controlling the five-phase PMSM as DC motor, the five-
phase PMSM model in the natural coordinates system should be 
transformed to the model in the rotating coordinate system. The 
five-phase PMSM model with the third harmonic in the rotating 
coordinate system d1-q1-d3-q3 is shown as below:

	

ud1

uq1

ud3

uq3

 = Rs

id1

iq1

id3

iq3

 + p

	Ld1	 0	 0	 0
	 0	 Lq1	 0	 0
	 0	 0	 Ld3	 0
	 0	 0	 0	 Lq3

 

id1

iq1

id3

iq3

 +

+ ωe

–Lq1iq1

Ld1id1

–3Lq3iq3

3Ld3id1

 + ωe

0
ψm1, q1

0
ψm3, q3

� (7)

	 Te =  5
2

P[ψm1, q1iq1 + 3ψm3, q1iq3]� (8)

where (7) is the voltage balance equation; (8) is the torque equation; 
[ud1 uq1 ud3 uq3]

T is the stator phase voltage vector; [id1 iq1 id3 iq3]
T  

is the stator phase current vector; diag(Ld1 Lq1 Ld3 Lq3) is the stator 
inductance matrix; [0 Ψm1, q1 0 Ψm1, q3]

T is the rotor flux vector; ωe 
is the electrical angular velocity; p = d/dt is the differential op-
erator. And since the motor is surface mounted non-salient pole 
structure, Ld1 = Lq1 = Lls + 2.5Lm1, Ld3 = Lq3 = Lls + 2.5Lm3. 
The coordinate transformation matrix is shown as follow:

T(θ) = 

= 2
5

	cosθ	 cos(θ ¡ 2π5 )	 cos(θ ¡ 4π5 )	 cos(θ + 4π5 )	 cos(θ + 2π5 )

	–sinθ	 –sin(θ ¡ 2π5 )	 –sin(θ ¡ 4π5 )	 –sin(θ + 4π5 )	 –sin(θ + 2π5 )

	cosθ	 cos(θ + 4π5 )	 cos(θ ¡ 2π5 )	 cos(θ + 2π5 )	 cos(θ ¡ 4π5 )

	–sinθ	 –sin(θ + 4π5 )	 –sin(θ ¡ 2π5 )	 –sin(θ + 2π5 )	 –sin(θ ¡ 4π5 )

	 1
2	 1

2	 1
2	 1

2	 1
2

. �(9)

For sensorless control of five-phase PMSM, the five-phase 
PMSM model in the stationary reference frame is also needed. 
The five-phase PMSM model in the stationary reference frame 
α1-β1-α3-β3 is shown as

	

uα1

uβ1

uα3

uβ3

 = Rs

iα1

iβ1

iα3

iβ3

 + p

	Lα1	 0	 0	 0
	 0	 Lβ1	 0	 0
	 0	 0	 Lα3	 0
	 0	 0	 0	 Lβ3

 

iα1

iβ1

iα3

iβ3

 + 

eα1

eβ1

eα3

eβ3

� (10)

where [uα1 uβ1 uα3 uβ3]
T is the stator phase voltage vector; 

[iα1 iβ1 iα3 iβ3]
T is the stator phase current vector; diag(Lα1 Lβ1 

Lα3 Lβ3) is the equivalent stator inductance matrix; [eα1 eβ1 eα3 eβ3]
T 

is the back EMF vector. And since the motor is surface 
mounted non-salient pole structure, Ld1 = Lq1 = Lα1 = Lβ1, 
Ld3 = Lq3 = Lα3 = Lβ3. The coordinate transformation matrix 
is shown as follows:

	 Cs/r = 

	 cosθ	 sinθ	 0	 0	 0
	–sinθ	 cosθ	 0	 0	 0
	 0	 0	 cos3θ	 sin3θ	 0
	 0	 0	 –sin3θ	 cos3θ	 0
	 0	 0	 0	 0	 1

.� (11)

3.	 Iterative sliding mode observer design

The overall block diagram of sensorless control system for 
five-phase PMSM based on SMO method is shown in Fig. 1. 

Fig. 1. Block diagram of SMO sensorless control system for five-phase 
PMSM
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It is noticed that the sensorless control system of five-phase 
PMSM based on SMO method has the similarities with the 
one of three-phase PMSM. Both of the sensorless control sys-
tems for two kinds of PMSM are often adopted the PI control 
strategy [33, 34]. And the coordinate transform and inverse 
coordinate transform are commonly used for the decoupling 
control in the two of different PMSM control systems. Besides, 
the SMO which is used for observing the motor speed and the 
rotor position is the core to achieve the sensorless control for 
both of three-phase PMSM and five-phase PMSM. Of course, 
there are differences between the sensorless control systems of 
three-phase PMSM and five-phase PMSM. Because the impact 
of the third harmonic is unable to ignore, the third harmonic 
voltage and current should also be considered in the SMO for 
sensorless control of five-phase PMSM. So the SMO in the 
sensorless control system of five-phase PMSM is more complex 
relatively than the one of three-phase PMSM.

The SMO for five-phase PMSM sensorless control is de-
signed as Fig. 3. It is different from the SMO in sensorless con-
trol system of three-phase PMSM. The SMO is considered with 
third harmonic voltage and current and the switching function 
in the SMO is the sigmoid function. As the sigmoid function is 
a continuous function, the chattering phenomenon in the SMO 
is reduced. And by use of the adaptive back EMF observer after 
the SMO, the low-pass filter and phase compensation module 
which are indispensable in the conventional SMO are elimi-
nated. So the structure of the SMO for sensorless control of 
five-phase PMSM is relatively simple.

3.1. Sliding mode observer design. Based on the five-phase 
PMSM model (10) in the stationary reference frame α1-β1-
α3-β3 described before, the current state equation of five-phase 
PMSM in the stationary reference frame α1-β1-α3-β3 can be 
rewritten as:

	

diα1

dt
 =  –

Rs

Lα1
iα1 + 

1
Lα1

uα1 ¡ 
1

Lα1
eα1

diβ1

dt
 =  –
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1

Lβ3
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4 

sensorless control system of five-phase PMSM is more 
complex relatively than the one of three-phase PMSM. 
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Fig. 1. Block diagram of SMO sensorless control system for five-phase 
PMSM 

The Block diagram of conventional SMO for 
sensorless control of three-phase PMSM is shown as Fig. 
2. It can be seen that the conventional SMO usually 
contains the SMO, low-pass filter, phase compensation 
module and rotor speed and position estimation unit. 
Besides, the conventional SMO is only considered with 
the fundamental wave. And as the sign function in the 
SMO is a discrete function, the low-pass filter is 
indispensable in the sensorless control system to reduce 
the serious chattering and filter out the high frequency 
signal. The phase compensation module is also essential 
to reduce the phase delay caused by the low-pass filter. 
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after the SMO, the low-pass filter and phase compensation 
module which are indispensable in the conventional SMO 
are eliminated. So the structure of the SMO for sensorless 
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3.1. Sliding Mode Observer Design 
Based on the five-phase PMSM model (10) in the 
stationary reference frame α1-β1-α3-β3 described before, 
the current state equation of five-phase PMSM in the 
stationary reference frame α1-β1-α3-β3 can be rewritten 
as, 
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 And based on the current state equation (12) and the 
sliding mode variable structure theory, the SMO can be 
preliminarily designed as, 
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where, 1 1 3 3
ˆ ˆ ˆ ˆ T
i i i i       is the estimated current value of 

the SMO; [uα1 uβ1 uα3 uβ3]T is the actual value of the 
voltage; [iα1 iβ1 iα3 iβ3]T is the actual value of current 
measured by current sensor and transformed by coordinate 
transformation matrix; k1 and k2 are the gains of the SMO; 
sgn(x) represents the sign function which is the switching 
function in the SMO. 
 Equation (13) is the conventional SMO for sensorless 
control of five-phase PMSM. However, due to the 
discreteness of the sign function, the performance of the 
SMO above-mentioned is not very good. The new SMO 
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The Block diagram of conventional SMO for 
sensorless control of three-phase PMSM is shown as Fig. 
2. It can be seen that the conventional SMO usually 
contains the SMO, low-pass filter, phase compensation 
module and rotor speed and position estimation unit. 
Besides, the conventional SMO is only considered with 
the fundamental wave. And as the sign function in the 
SMO is a discrete function, the low-pass filter is 
indispensable in the sensorless control system to reduce 
the serious chattering and filter out the high frequency 
signal. The phase compensation module is also essential 
to reduce the phase delay caused by the low-pass filter. 
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current and the switching function in the SMO is the 
sigmoid function. As the sigmoid function is a continuous 
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sgn(x) represents the sign function which is the switching 
function in the SMO. 
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is only considered with the fundamental wave. And as the sign 
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3.1. Sliding Mode Observer Design 
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voltage; [iα1 iβ1 iα3 iβ3]T is the actual value of current 
measured by current sensor and transformed by coordinate 
transformation matrix; k1 and k2 are the gains of the SMO; 
sgn(x) represents the sign function which is the switching 
function in the SMO. 
 Equation (13) is the conventional SMO for sensorless 
control of five-phase PMSM. However, due to the 
discreteness of the sign function, the performance of the 
SMO above-mentioned is not very good. The new SMO 
for five-phase PMSM SMO sensorless control system is 
further designed as, 
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where the sign function in the conventional SMO is replaced 
by the sigmoid function sig(x) to reduce the chattering phe-
nomenon. The sigmoid function is a continuous function and 
defined as:

	 sig(x) =  2
1 + exp(–ax)

 ¡  1 � (15)

where a is positive adjustable parameter for the slope of the 
sigmoid function.

Define the sliding surface as:
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where [sα1 sβ1 sα3 sβ3]
T is vector of the sliding surface; [ĩα1  ĩβ1 

ĩα3  ĩβ3]
T represents the estimation error of the stator current in 

five-phase PMSM.
It can be demonstrated that the SMO is stable and converge 

to the sliding surface S(X ). In order to prove the stability of the 
SMO, the Lyapunov stability criteria is utilized. The Lyapunov 
function used to set up the existence condition of the sliding 
mode is considered as:
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β3).

� (17)

If the designed SMO is stable and converge to the sliding 
surface S(X ), the Lyapunov function (17) should be satisfied 
the following conditions. First, the Lyapunov function (17) is 
positive definite. Second, the derivative of the Lyapunov func-
tion should be negative. As the Lyapunov function (17) is with 
the form of the sum of the square of the stator current error in 
the stationary reference frame α1-β1-α3-β3, it is obvious the 
Lyapunov function V1 is positive definite. So it is only needed 

to prove that the derivative of the Lyapunov function is neg-
ative, i.e.
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where V ̇1 is the derivative of the Lyapunov function; S ̇ (X ) =  
= [s ̇α1 s ̇β1 s ̇α3 s ̇β3]

T is derivative of the sliding surface; [ĩ α̇1 ĩ β̇1  ĩ α̇3 ĩ β̇3]
T  

represents the derivative of the stator current estimation error.
To prove that the derivative of the Lyapunov function is 

negative, the error equation of the stator current is established 
from (12) and (14). By subtracting (12) from (14), the error 
equation of the stator current is shown as:
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sigmoid function. As the sigmoid function is a continuous 
function, the chattering phenomenon in the SMO is 
reduced. And by use of the adaptive back EMF observer 
after the SMO, the low-pass filter and phase compensation 
module which are indispensable in the conventional SMO 
are eliminated. So the structure of the SMO for sensorless 
control of five-phase PMSM is relatively simple. 
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Fig. 3. Block diagram of SMO for sensorless control of five-phase 
PMSM 
3.1. Sliding Mode Observer Design 
Based on the five-phase PMSM model (10) in the 
stationary reference frame α1-β1-α3-β3 described before, 
the current state equation of five-phase PMSM in the 
stationary reference frame α1-β1-α3-β3 can be rewritten 
as, 
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         (12) 

 And based on the current state equation (12) and the 
sliding mode variable structure theory, the SMO can be 
preliminarily designed as, 
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  (13) 

where, 1 1 3 3
ˆ ˆ ˆ ˆ T
i i i i       is the estimated current value of 

the SMO; [uα1 uβ1 uα3 uβ3]T is the actual value of the 
voltage; [iα1 iβ1 iα3 iβ3]T is the actual value of current 
measured by current sensor and transformed by coordinate 
transformation matrix; k1 and k2 are the gains of the SMO; 
sgn(x) represents the sign function which is the switching 
function in the SMO. 
 Equation (13) is the conventional SMO for sensorless 
control of five-phase PMSM. However, due to the 
discreteness of the sign function, the performance of the 
SMO above-mentioned is not very good. The new SMO 
for five-phase PMSM SMO sensorless control system is 
further designed as, 

� (19)

Based on the error equation of the stator current (19), the de-
rivative of the Lyapunov function can be represented as follows:

	

V ̇1 = S(X )TS ̇ (X ) = 

V ̇1 = 
1

Lα1
[ ĩα1eα1 ¡ k1ĩα1sig(ĩα1)] +

V ̇1 + 
1

Lβ1
[ĩβ1eβ1 ¡ k1ĩβ1sig(ĩβ1)] +

V ̇1 = 
1

Lα3
[ ĩα3eα3 ¡ k2ĩα3sig(ĩα3)] +

V ̇1 + 
1

Lβ3
[ ĩβ3eβ3 ¡ k2ĩβ3sig(ĩβ3)] ¡

V ̇1 ¡ 
Rs

Lα1
ĩ 2
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Lβ1
ĩ 2
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Lα3
ĩ 2
α1 ¡ 

Rs

Lβ3
ĩ 2
β3 < 0 .

� (20)

From the (20) and considered that all states and parameters 
of five-phase PMSM are bounded, the convergence condition of 
the SMO designed for sensorless control of five-phase PMSM 
is deduced as:

	
k1 > max(jeα1j, jeβ1j)
k2 > max(jeα3j, jeβ3j).

5 

1 1
1 1 1 1

1 1 1

1 1
1 1 1 1

1 1 1

3 2
3 3 3 3

3 3 3

3 2
3 3 3 3

3 3 3

ˆ 1ˆ ˆ( )

ˆ 1ˆ ˆ( )

ˆ 1ˆ ˆ( )

ˆ 1ˆ ˆ( )

s

s

s

s

di R ki u sig i i
dt L L L

di R ki u sig i i
dt L L L

di R ki u sig i i
dt L L L

di R ki u sig i i
dt L L L


   

  


   

  


   

  


   

  


    



     


     



    


 (14) 

where, the sign function in the conventional SMO is 
replaced by the sigmoid function sig(x) to reduce the 
chattering phenomenon. The sigmoid function is a 
continuous function and defined as, 

2( ) 1
1 exp( )

sig x
ax

 
 

                        (15) 

where, a is positive adjustable parameter for the slope of 
the sigmoid function. 
 Define the sliding surface as, 
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             (16) 

where, [sα1 sβ1 sα3 sβ3]T is vector of the sliding surface; 
1 1 3 3

T
i i i i      represents the estimation error of the 

stator current in five-phase PMSM. 
 It can be demonstrated that the SMO is stable and 
converge to the sliding surface S(X). In order to prove the 
stability of the SMO, the Lyapunov stability criteria is 
utilized. The Lyapunov function used to set up the 
existence condition of the sliding mode is considered as, 
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                        (17) 

 If the designed SMO is stable and converge to the 
sliding surface S(X), the Lyapunov function (17) should 
be satisfied the following conditions. First, the Lyapunov 
function (17) is positive definite. Second, the derivative of 
the Lyapunov function should be negative. As the 
Lyapunov function (17) is with the form of the sum of the 
square of the stator current error in the stationary 
reference frame α1-β1-α3-β3, it is obvious the Lyapunov 
function V1 is positive definite. So it is only needed to 
prove that the derivative of the Lyapunov function is 
negative, i.e. 
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          (18) 

where, 1V  is the derivative of the Lyapunov function; 
  1 1 3 3

T
S X s s s s        is derivative of the sliding 

surface; 1 1 3 3

T
i i i i   
 
   represents the derivative of 

the stator current estimation error. 
 To prove that the derivative of the Lyapunov function 
is negative, the error equation of the stator current is 
established from (12) and (14). By subtracting (12) from 
(14), the error equation of the stator current is shown as, 
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 Based on the error equation of the stator current (19), 
the derivative of the Lyapunov function can be 
represented as follow, 
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 From the (20) and considered that all states and 
parameters of five-phase PMSM are bounded, the 
convergence condition of the SMO designed for 
sensorless control of five-phase PMSM is deduced as, 
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              (21) 

 It means that the SMO will be stable if the gains of the 
SMO meet the conditions as (21) shown. In other words, 
by choosing the appropriate parameters k1 and k2, the 
stability of the SMO will be guaranteed. And the state 
feed-back and SMO design can be separated when the 
gains k1 and k2 are chosen properly because the SMO is 
with a large gain correction and the fast dynamics could 
be neglected. Besides, these characteristics ensure the 
separation principle and the global stabilization of the 

� (21)

It means that the SMO will be stable if the gains of the SMO 
meet the conditions as (21) shown. In other words, by choosing 
the appropriate parameters k1 and k2, the stability of the SMO 
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will be guaranteed. And the state feed-back and SMO design 
can be separated when the gains k1 and k2 are chosen properly 
because the SMO is with a large gain correction and the fast 
dynamics could be neglected. Besides, these characteristics 
ensure the separation principle and the global stabilization of 
the subsequent closed-loop control via output feedback control.

Once the system reaches the sliding surface, then

	 S(X ) = S ̇ (X ) = 0 � (22)

By substituting (22) into (19), the following conditions are 
obtained:

	

6 

subsequent closed-loop control via output feedback 
control. 
 Once the system reaches the sliding surface, then 

    0S X S X                          (22) 
 By substituting (22) into (19), the following conditions 
are obtained, 
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 Besides, based on the error equation of the stator 
current (19), the convergence equation of stator current 
error before the system reaching sliding surface can be 
calculated as the following form, 

1

1

3

1 1 1 1 1
1 1

1 1 1 1 1
1 1

2 3 2 3 3
3 3

2 3
3 3

( ) ( )(0)

( ) ( )
(0)

( ) ( )(0)

( )
(0)

s

s

s

R t
L

s s

R t
L

s s

R t
L

s s

s

k sig i k sig i ei i e
R R

k sig i k sig i e
i i e

R R

k sig i k sig i ei i e
R R

k sig i
i i

R







  
 

  
 

  
 


 







  
   
 

  
   
 

  
   
 

  3 2 3 3( )sR t
L

s

k sig i e
e

R
  














       

 (24) 

where, 1 1 3 3(0) (0) (0) (0)
T

i i i i      represents the initial 
state of the stator current estimation error in five-phase 
PMSM. It can be seen from (24) that the stator current 
estimation error is converged exponentially. And the 
convergence time can be calculated by ordering the 
estimation error of the stator current 1 1 3 3

T
i i i i     

equal to zero. The convergence time of the stator current 
estimation error is shown as, 
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              (25) 

3.2. Adaptive Back EMF Observer Design 
After the establishment of SMO, in order to achieve the 
sensorless control of five-phase PMSM, the rotor position 
and speed are needed to be estimated. So the equivalent 
signal of the back EMF should be obtained through the 

SMO. However, the equivalent signal of the back EMF 
from the SMO still contain high-frequency component 
and cannot be used for the estimation of the rotor position 
and speed directly. So in the conventional SMO, one or 
two low-pass filter is often used to the extract the required 
back EMF signal. Nevertheless, the insertion of low pass 
filters causes the phase delay which is usually 
compensated by the additional phase compensation 
module. And the introduction of low pass filters and phase 
compensation module makes the structure of the SMO 
more complex and the actual effect is not satisfactory in 
the PMSM sensorless control. In order to eliminate the 
low-pass filter and phase compensation module, an 
adaptive back EMF observer is designed to extract the 
back EMF signal for the better filtering and the estimation 
of the rotor speed and position. 
 In one estimation cycle of the rotor speed and position, 
the change rate of motor angular speed is far less than that 
of stator current. Thus the derivative of the rotor electrical 
angular velocity e  can be considered equal to zero 
approximately. So the back EMF model of five-phase 
PMSM can be written as, 
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           (26) 

 Then based on the (26) and the design theory of the 
adaptive observer, the adaptive back EMF observer for 
sensorless control of five-phase PMSM is built as, 
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where, 1 1 3 3ˆ ˆ ˆ ˆ
T

e e e e       is the estimation value of the 

back EMF of five-phase PMSM; 1 1 3 3

T
e e e e       is the 

estimation error of the back EMF; ˆe  is the estimation 
value of the rotor electrical angular velocity; l1 and l2 are 
the gains of the adaptive back EMF observer which are 
constants determined by the stability conditions according 
to the Lyapunov stability criteria. 
 By subtracting (26) from (27), the back EMF error 
equation of the five-phase PMSM is, 

eα1 = k1sig(ĩα1)
eβ1 = k1sig(ĩβ1)
eα3 = k2sig(ĩα3)
eβ2 = k2sig(ĩβ3)

� (23)

Besides, based on the error equation of the stator current 
(19), the convergence equation of stator current error before 
the system reaching sliding surface can be calculated in the 
following form:
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subsequent closed-loop control via output feedback 
control. 
 Once the system reaches the sliding surface, then 
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 Besides, based on the error equation of the stator 
current (19), the convergence equation of stator current 
error before the system reaching sliding surface can be 
calculated as the following form, 
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where, 1 1 3 3(0) (0) (0) (0)
T

i i i i      represents the initial 
state of the stator current estimation error in five-phase 
PMSM. It can be seen from (24) that the stator current 
estimation error is converged exponentially. And the 
convergence time can be calculated by ordering the 
estimation error of the stator current 1 1 3 3

T
i i i i     

equal to zero. The convergence time of the stator current 
estimation error is shown as, 
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3.2. Adaptive Back EMF Observer Design 
After the establishment of SMO, in order to achieve the 
sensorless control of five-phase PMSM, the rotor position 
and speed are needed to be estimated. So the equivalent 
signal of the back EMF should be obtained through the 

SMO. However, the equivalent signal of the back EMF 
from the SMO still contain high-frequency component 
and cannot be used for the estimation of the rotor position 
and speed directly. So in the conventional SMO, one or 
two low-pass filter is often used to the extract the required 
back EMF signal. Nevertheless, the insertion of low pass 
filters causes the phase delay which is usually 
compensated by the additional phase compensation 
module. And the introduction of low pass filters and phase 
compensation module makes the structure of the SMO 
more complex and the actual effect is not satisfactory in 
the PMSM sensorless control. In order to eliminate the 
low-pass filter and phase compensation module, an 
adaptive back EMF observer is designed to extract the 
back EMF signal for the better filtering and the estimation 
of the rotor speed and position. 
 In one estimation cycle of the rotor speed and position, 
the change rate of motor angular speed is far less than that 
of stator current. Thus the derivative of the rotor electrical 
angular velocity e  can be considered equal to zero 
approximately. So the back EMF model of five-phase 
PMSM can be written as, 
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 Then based on the (26) and the design theory of the 
adaptive observer, the adaptive back EMF observer for 
sensorless control of five-phase PMSM is built as, 

 

 

 

 

1
1 1 1 1 1 1 1

1
1 1 1 1 1 1 1

3
2 3 3 2 3

3
2 3 3 2 3

ˆ ˆ ˆˆ ˆ ˆ

ˆ
ˆ ˆˆ ˆ ˆ

ˆ ˆ

ˆ
ˆ

e e

e e

de e l e e e l e
dt

de
e l e e e l e

dt
de l e e l e
dt

de
l e e l e

dt


    


    


  


  

 

 

       

       

     


     


 (27) 

where, 1 1 3 3ˆ ˆ ˆ ˆ
T

e e e e       is the estimation value of the 

back EMF of five-phase PMSM; 1 1 3 3

T
e e e e       is the 

estimation error of the back EMF; ˆe  is the estimation 
value of the rotor electrical angular velocity; l1 and l2 are 
the gains of the adaptive back EMF observer which are 
constants determined by the stability conditions according 
to the Lyapunov stability criteria. 
 By subtracting (26) from (27), the back EMF error 
equation of the five-phase PMSM is, 

� (24)

where [ĩα1(0)  ĩβ1(0)  ĩα3(0)  ĩβ3(0)]
T represents the initial state of 

the stator current estimation error in five-phase PMSM. It can 
be seen from (24) that the stator current estimation error is 
converged exponentially. And the convergence time can be cal-
culated by ordering the estimation error of the stator current 
[ĩα1  ĩβ1  ĩα3  ĩβ3]

T equal to zero. The convergence time of the stator 
current estimation error is shown as:
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subsequent closed-loop control via output feedback 
control. 
 Once the system reaches the sliding surface, then 

    0S X S X                          (22) 
 By substituting (22) into (19), the following conditions 
are obtained, 
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 Besides, based on the error equation of the stator 
current (19), the convergence equation of stator current 
error before the system reaching sliding surface can be 
calculated as the following form, 
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where, 1 1 3 3(0) (0) (0) (0)
T

i i i i      represents the initial 
state of the stator current estimation error in five-phase 
PMSM. It can be seen from (24) that the stator current 
estimation error is converged exponentially. And the 
convergence time can be calculated by ordering the 
estimation error of the stator current 1 1 3 3

T
i i i i     

equal to zero. The convergence time of the stator current 
estimation error is shown as, 
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3.2. Adaptive Back EMF Observer Design 
After the establishment of SMO, in order to achieve the 
sensorless control of five-phase PMSM, the rotor position 
and speed are needed to be estimated. So the equivalent 
signal of the back EMF should be obtained through the 

SMO. However, the equivalent signal of the back EMF 
from the SMO still contain high-frequency component 
and cannot be used for the estimation of the rotor position 
and speed directly. So in the conventional SMO, one or 
two low-pass filter is often used to the extract the required 
back EMF signal. Nevertheless, the insertion of low pass 
filters causes the phase delay which is usually 
compensated by the additional phase compensation 
module. And the introduction of low pass filters and phase 
compensation module makes the structure of the SMO 
more complex and the actual effect is not satisfactory in 
the PMSM sensorless control. In order to eliminate the 
low-pass filter and phase compensation module, an 
adaptive back EMF observer is designed to extract the 
back EMF signal for the better filtering and the estimation 
of the rotor speed and position. 
 In one estimation cycle of the rotor speed and position, 
the change rate of motor angular speed is far less than that 
of stator current. Thus the derivative of the rotor electrical 
angular velocity e  can be considered equal to zero 
approximately. So the back EMF model of five-phase 
PMSM can be written as, 
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 Then based on the (26) and the design theory of the 
adaptive observer, the adaptive back EMF observer for 
sensorless control of five-phase PMSM is built as, 
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where, 1 1 3 3ˆ ˆ ˆ ˆ
T

e e e e       is the estimation value of the 

back EMF of five-phase PMSM; 1 1 3 3

T
e e e e       is the 

estimation error of the back EMF; ˆe  is the estimation 
value of the rotor electrical angular velocity; l1 and l2 are 
the gains of the adaptive back EMF observer which are 
constants determined by the stability conditions according 
to the Lyapunov stability criteria. 
 By subtracting (26) from (27), the back EMF error 
equation of the five-phase PMSM is, 

� (25)

3.2. Adaptive back EMF observer design. After the estab-
lishment of SMO, in order to achieve the sensorless control of 
five-phase PMSM, the rotor position and speed are needed to 
be estimated. So the equivalent signal of the back EMF should 
be obtained through the SMO. However, the equivalent signal 
of the back EMF from the SMO still contain high-frequency 
component and cannot be used for the estimation of the rotor 
position and speed directly. So in the conventional SMO, one 
or two low-pass filter is often used to the extract the required 
back EMF signal. Nevertheless, the insertion of low pass filters 
causes the phase delay which is usually compensated by the 
additional phase compensation module. And the introduction 
of low pass filters and phase compensation module makes the 
structure of the SMO more complex and the actual effect is 
not satisfactory in the PMSM sensorless control. In order to 
eliminate the low-pass filter and phase compensation module, 
an adaptive back EMF observer is designed to extract the back 
EMF signal for the better filtering and the estimation of the 
rotor speed and position.

In one estimation cycle of the rotor speed and position, the 
change rate of motor angular speed is far less than that of stator 
current. Thus the derivative of the rotor electrical angular ve-
locity ω ̇ e can be considered equal to zero approximately. So 
the back EMF model of five-phase PMSM can be written as:
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subsequent closed-loop control via output feedback 
control. 
 Once the system reaches the sliding surface, then 

    0S X S X                          (22) 
 By substituting (22) into (19), the following conditions 
are obtained, 
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 Besides, based on the error equation of the stator 
current (19), the convergence equation of stator current 
error before the system reaching sliding surface can be 
calculated as the following form, 
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where, 1 1 3 3(0) (0) (0) (0)
T

i i i i      represents the initial 
state of the stator current estimation error in five-phase 
PMSM. It can be seen from (24) that the stator current 
estimation error is converged exponentially. And the 
convergence time can be calculated by ordering the 
estimation error of the stator current 1 1 3 3

T
i i i i     

equal to zero. The convergence time of the stator current 
estimation error is shown as, 
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3.2. Adaptive Back EMF Observer Design 
After the establishment of SMO, in order to achieve the 
sensorless control of five-phase PMSM, the rotor position 
and speed are needed to be estimated. So the equivalent 
signal of the back EMF should be obtained through the 

SMO. However, the equivalent signal of the back EMF 
from the SMO still contain high-frequency component 
and cannot be used for the estimation of the rotor position 
and speed directly. So in the conventional SMO, one or 
two low-pass filter is often used to the extract the required 
back EMF signal. Nevertheless, the insertion of low pass 
filters causes the phase delay which is usually 
compensated by the additional phase compensation 
module. And the introduction of low pass filters and phase 
compensation module makes the structure of the SMO 
more complex and the actual effect is not satisfactory in 
the PMSM sensorless control. In order to eliminate the 
low-pass filter and phase compensation module, an 
adaptive back EMF observer is designed to extract the 
back EMF signal for the better filtering and the estimation 
of the rotor speed and position. 
 In one estimation cycle of the rotor speed and position, 
the change rate of motor angular speed is far less than that 
of stator current. Thus the derivative of the rotor electrical 
angular velocity e  can be considered equal to zero 
approximately. So the back EMF model of five-phase 
PMSM can be written as, 
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 Then based on the (26) and the design theory of the 
adaptive observer, the adaptive back EMF observer for 
sensorless control of five-phase PMSM is built as, 

 

 

 

 

1
1 1 1 1 1 1 1

1
1 1 1 1 1 1 1

3
2 3 3 2 3

3
2 3 3 2 3

ˆ ˆ ˆˆ ˆ ˆ

ˆ
ˆ ˆˆ ˆ ˆ

ˆ ˆ

ˆ
ˆ

e e

e e

de e l e e e l e
dt

de
e l e e e l e

dt
de l e e l e
dt

de
l e e l e

dt


    


    


  


  

 

 

       

       

     


     


 (27) 

where, 1 1 3 3ˆ ˆ ˆ ˆ
T

e e e e       is the estimation value of the 

back EMF of five-phase PMSM; 1 1 3 3

T
e e e e       is the 

estimation error of the back EMF; ˆe  is the estimation 
value of the rotor electrical angular velocity; l1 and l2 are 
the gains of the adaptive back EMF observer which are 
constants determined by the stability conditions according 
to the Lyapunov stability criteria. 
 By subtracting (26) from (27), the back EMF error 
equation of the five-phase PMSM is, 

� (26)

Then based on the (26) and the design theory of the adaptive 
observer, the adaptive back EMF observer for sensorless control 
of five-phase PMSM is built as:

	

de ̂ α1

dt
 = –ω ̂ ee ̂ β1 ¡ l1(e ̂ α1 ¡ eα1) = –ω ̂ ee ̂ β1 ¡ l1ẽα1

de ̂ β1

dt
 = –ω ̂ ee ̂ α1 ¡ l1(e ̂ β1 ¡ eβ1) = –ω ̂ ee ̂ α1 ¡ l1ẽβ1

de ̂ α3

dt
 = – l2(e ̂ α3 ¡ eα3) = – l2ẽα3

de ̂ β3

dt
 = – l2(e ̂ β3 ¡ eβ3) = – l2ẽβ3

6 

subsequent closed-loop control via output feedback 
control. 
 Once the system reaches the sliding surface, then 

    0S X S X                          (22) 
 By substituting (22) into (19), the following conditions 
are obtained, 
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 Besides, based on the error equation of the stator 
current (19), the convergence equation of stator current 
error before the system reaching sliding surface can be 
calculated as the following form, 
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where, 1 1 3 3(0) (0) (0) (0)
T

i i i i      represents the initial 
state of the stator current estimation error in five-phase 
PMSM. It can be seen from (24) that the stator current 
estimation error is converged exponentially. And the 
convergence time can be calculated by ordering the 
estimation error of the stator current 1 1 3 3

T
i i i i     

equal to zero. The convergence time of the stator current 
estimation error is shown as, 
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3.2. Adaptive Back EMF Observer Design 
After the establishment of SMO, in order to achieve the 
sensorless control of five-phase PMSM, the rotor position 
and speed are needed to be estimated. So the equivalent 
signal of the back EMF should be obtained through the 

SMO. However, the equivalent signal of the back EMF 
from the SMO still contain high-frequency component 
and cannot be used for the estimation of the rotor position 
and speed directly. So in the conventional SMO, one or 
two low-pass filter is often used to the extract the required 
back EMF signal. Nevertheless, the insertion of low pass 
filters causes the phase delay which is usually 
compensated by the additional phase compensation 
module. And the introduction of low pass filters and phase 
compensation module makes the structure of the SMO 
more complex and the actual effect is not satisfactory in 
the PMSM sensorless control. In order to eliminate the 
low-pass filter and phase compensation module, an 
adaptive back EMF observer is designed to extract the 
back EMF signal for the better filtering and the estimation 
of the rotor speed and position. 
 In one estimation cycle of the rotor speed and position, 
the change rate of motor angular speed is far less than that 
of stator current. Thus the derivative of the rotor electrical 
angular velocity e  can be considered equal to zero 
approximately. So the back EMF model of five-phase 
PMSM can be written as, 
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 Then based on the (26) and the design theory of the 
adaptive observer, the adaptive back EMF observer for 
sensorless control of five-phase PMSM is built as, 
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where, 1 1 3 3ˆ ˆ ˆ ˆ
T

e e e e       is the estimation value of the 

back EMF of five-phase PMSM; 1 1 3 3

T
e e e e       is the 

estimation error of the back EMF; ˆe  is the estimation 
value of the rotor electrical angular velocity; l1 and l2 are 
the gains of the adaptive back EMF observer which are 
constants determined by the stability conditions according 
to the Lyapunov stability criteria. 
 By subtracting (26) from (27), the back EMF error 
equation of the five-phase PMSM is, 

� (27)

where [e ̂ α1 e ̂ β1 e ̂ α3 e ̂ β3]
T is the estimation value of the back EMF 

of five-phase PMSM; [ẽα1  ẽβ1  ẽα3  ẽβ3]
T is the estimation error of 

the back EMF; ω ̂ e is the estimation value of the rotor electrical 
angular velocity; l1 and l2 are the gains of the adaptive back 
EMF observer which are constants determined by the stability 
conditions according to the Lyapunov stability criteria.
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By subtracting (26) from (27), the back EMF error equation 
of the five-phase PMSM is

	

dẽα1

dt
 = – ω̃ee ̂ β1 ¡ ωeẽβ1 ¡ l1ẽα1

dẽβ1

dt
 = – ω̃ee ̂ α1 ¡ ωeẽα1 ¡ l1ẽβ1

dẽα3

dt
 = – l2ẽα3

dẽβ3

dt
 = – l2ẽβ3
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subsequent closed-loop control via output feedback 
control. 
 Once the system reaches the sliding surface, then 

    0S X S X                          (22) 
 By substituting (22) into (19), the following conditions 
are obtained, 
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 Besides, based on the error equation of the stator 
current (19), the convergence equation of stator current 
error before the system reaching sliding surface can be 
calculated as the following form, 
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where, 1 1 3 3(0) (0) (0) (0)
T

i i i i      represents the initial 
state of the stator current estimation error in five-phase 
PMSM. It can be seen from (24) that the stator current 
estimation error is converged exponentially. And the 
convergence time can be calculated by ordering the 
estimation error of the stator current 1 1 3 3

T
i i i i     

equal to zero. The convergence time of the stator current 
estimation error is shown as, 
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              (25) 

3.2. Adaptive Back EMF Observer Design 
After the establishment of SMO, in order to achieve the 
sensorless control of five-phase PMSM, the rotor position 
and speed are needed to be estimated. So the equivalent 
signal of the back EMF should be obtained through the 

SMO. However, the equivalent signal of the back EMF 
from the SMO still contain high-frequency component 
and cannot be used for the estimation of the rotor position 
and speed directly. So in the conventional SMO, one or 
two low-pass filter is often used to the extract the required 
back EMF signal. Nevertheless, the insertion of low pass 
filters causes the phase delay which is usually 
compensated by the additional phase compensation 
module. And the introduction of low pass filters and phase 
compensation module makes the structure of the SMO 
more complex and the actual effect is not satisfactory in 
the PMSM sensorless control. In order to eliminate the 
low-pass filter and phase compensation module, an 
adaptive back EMF observer is designed to extract the 
back EMF signal for the better filtering and the estimation 
of the rotor speed and position. 
 In one estimation cycle of the rotor speed and position, 
the change rate of motor angular speed is far less than that 
of stator current. Thus the derivative of the rotor electrical 
angular velocity e  can be considered equal to zero 
approximately. So the back EMF model of five-phase 
PMSM can be written as, 
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           (26) 

 Then based on the (26) and the design theory of the 
adaptive observer, the adaptive back EMF observer for 
sensorless control of five-phase PMSM is built as, 
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where, 1 1 3 3ˆ ˆ ˆ ˆ
T

e e e e       is the estimation value of the 

back EMF of five-phase PMSM; 1 1 3 3

T
e e e e       is the 

estimation error of the back EMF; ˆe  is the estimation 
value of the rotor electrical angular velocity; l1 and l2 are 
the gains of the adaptive back EMF observer which are 
constants determined by the stability conditions according 
to the Lyapunov stability criteria. 
 By subtracting (26) from (27), the back EMF error 
equation of the five-phase PMSM is, 

� (28)

where ω̃e is the estimation error of the rotor electrical angular 
velocity and ω̃e = ω ̂ e ¡ ωe.

To prove the stability of the adaptive back EMF observer, 
the Lyapunov stability criteria is utilized. The Lyapunov func-
tion is constructed as:

	
V2 =  1

2
E(X )T E(X ) +  1

2γ
ω̃e

2 =

V2 =  1
2

(ẽ2
α1 +  ẽ2

β1 +  ẽ2
α3 +  ẽ2

β3) +  1
2γ
ω̃e

2
� (29)

where E(X ) = [ẽα1  ẽβ1  ẽα3  ẽβ3]
T, and theγ is a constant and the 

parameter γ > 0. So the derivative of the Lyapunov function 
can be represented as:

	
V ̇2 = E(X )T E ̇ (X ) +  1

γ
ω̃eω̃ ̇ e = (ẽα1ẽ ̇α1 +  ẽβ1ẽ ̇β1 +

V2 +  ẽα3ẽ ̇α3 +  ẽβ3ẽ ̇β3) +  1
γ
ω̃eω̃ ̇ e .

� (30)

Since ωe  is a constant and ω̃e  = ω ̂ e ¡ ωe , it is deduced that 
ω̃ ̇ e = ω  ̂̇ e. So the derivative of the Lyapunov function can be 
rewritten as:

	
V ̇2 = E(X )T E ̇ (X ) +  1

γ
ω̃eω ̂ ̇ e = (ẽα1ẽ ̇α1 +  ẽβ1ẽ ̇β1 +

V2 +  ẽα3ẽ ̇α3 +  ẽβ3ẽ ̇β3) +  1
γ
ω̃eω ̂ ̇ e.

� (31)

Substituting (28) into the (31), it can be deduced that,

	
V ̇2 = – l1(ẽ2

α1 +  ẽ2
β1) ¡ l2(ẽ2

α3 +  ẽ2
β3) +

V2 + ω̃e(e ̂ α1ẽβ1 ¡ e ̂ β1ẽα1 +  1γ ω ̂
 ̇ e).

� (32)

It is obvious that the Lyapunov function of the adaptive 
back EMF observer is positive definite. In order to enable the 
designed adaptive back EMF observer stable, the derivative of 
the Lyapunov function of needed to be negative definite, i.e. 

the derivative of the Lyapunov function V ̇2 less than zero. So 
the adaptive update law can be designed as:

	
– l1(ẽ2

α1 +  ẽ2
β1) ¡ l2(ẽ2

α3 +  ẽ2
β3) < 0

ω̃e(e ̂ α1ẽβ1 ¡ e ̂ β1ẽα1 +  1γ ω ̂
 ̇ e) = 0 .
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where, the sign function in the conventional SMO is 
replaced by the sigmoid function sig(x) to reduce the 
chattering phenomenon. The sigmoid function is a 
continuous function and defined as, 
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                        (15) 

where, a is positive adjustable parameter for the slope of 
the sigmoid function. 
 Define the sliding surface as, 
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where, [sα1 sβ1 sα3 sβ3]T is vector of the sliding surface; 
1 1 3 3

T
i i i i      represents the estimation error of the 

stator current in five-phase PMSM. 
 It can be demonstrated that the SMO is stable and 
converge to the sliding surface S(X). In order to prove the 
stability of the SMO, the Lyapunov stability criteria is 
utilized. The Lyapunov function used to set up the 
existence condition of the sliding mode is considered as, 
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 If the designed SMO is stable and converge to the 
sliding surface S(X), the Lyapunov function (17) should 
be satisfied the following conditions. First, the Lyapunov 
function (17) is positive definite. Second, the derivative of 
the Lyapunov function should be negative. As the 
Lyapunov function (17) is with the form of the sum of the 
square of the stator current error in the stationary 
reference frame α1-β1-α3-β3, it is obvious the Lyapunov 
function V1 is positive definite. So it is only needed to 
prove that the derivative of the Lyapunov function is 
negative, i.e. 
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where, 1V  is the derivative of the Lyapunov function; 
  1 1 3 3

T
S X s s s s        is derivative of the sliding 

surface; 1 1 3 3

T
i i i i   
 
   represents the derivative of 

the stator current estimation error. 
 To prove that the derivative of the Lyapunov function 
is negative, the error equation of the stator current is 
established from (12) and (14). By subtracting (12) from 
(14), the error equation of the stator current is shown as, 
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 Based on the error equation of the stator current (19), 
the derivative of the Lyapunov function can be 
represented as follow, 
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 From the (20) and considered that all states and 
parameters of five-phase PMSM are bounded, the 
convergence condition of the SMO designed for 
sensorless control of five-phase PMSM is deduced as, 
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 It means that the SMO will be stable if the gains of the 
SMO meet the conditions as (21) shown. In other words, 
by choosing the appropriate parameters k1 and k2, the 
stability of the SMO will be guaranteed. And the state 
feed-back and SMO design can be separated when the 
gains k1 and k2 are chosen properly because the SMO is 
with a large gain correction and the fast dynamics could 
be neglected. Besides, these characteristics ensure the 
separation principle and the global stabilization of the 

� (33)

From (33), the adaptive update law can be easily deduced as:
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where, the sign function in the conventional SMO is 
replaced by the sigmoid function sig(x) to reduce the 
chattering phenomenon. The sigmoid function is a 
continuous function and defined as, 
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where, a is positive adjustable parameter for the slope of 
the sigmoid function. 
 Define the sliding surface as, 
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where, [sα1 sβ1 sα3 sβ3]T is vector of the sliding surface; 
1 1 3 3

T
i i i i      represents the estimation error of the 

stator current in five-phase PMSM. 
 It can be demonstrated that the SMO is stable and 
converge to the sliding surface S(X). In order to prove the 
stability of the SMO, the Lyapunov stability criteria is 
utilized. The Lyapunov function used to set up the 
existence condition of the sliding mode is considered as, 

   

 

 

1

2 2 2 2
1 1 3 3

2 2 2 2
1 1 3 3

1
2
1
2
1=
2

TV S X S X

s s s s

i i i i

   

   



   

  

                        (17) 

 If the designed SMO is stable and converge to the 
sliding surface S(X), the Lyapunov function (17) should 
be satisfied the following conditions. First, the Lyapunov 
function (17) is positive definite. Second, the derivative of 
the Lyapunov function should be negative. As the 
Lyapunov function (17) is with the form of the sum of the 
square of the stator current error in the stationary 
reference frame α1-β1-α3-β3, it is obvious the Lyapunov 
function V1 is positive definite. So it is only needed to 
prove that the derivative of the Lyapunov function is 
negative, i.e. 
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where, 1V  is the derivative of the Lyapunov function; 
  1 1 3 3

T
S X s s s s        is derivative of the sliding 
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 
   represents the derivative of 

the stator current estimation error. 
 To prove that the derivative of the Lyapunov function 
is negative, the error equation of the stator current is 
established from (12) and (14). By subtracting (12) from 
(14), the error equation of the stator current is shown as, 
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 Based on the error equation of the stator current (19), 
the derivative of the Lyapunov function can be 
represented as follow, 
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 From the (20) and considered that all states and 
parameters of five-phase PMSM are bounded, the 
convergence condition of the SMO designed for 
sensorless control of five-phase PMSM is deduced as, 
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 It means that the SMO will be stable if the gains of the 
SMO meet the conditions as (21) shown. In other words, 
by choosing the appropriate parameters k1 and k2, the 
stability of the SMO will be guaranteed. And the state 
feed-back and SMO design can be separated when the 
gains k1 and k2 are chosen properly because the SMO is 
with a large gain correction and the fast dynamics could 
be neglected. Besides, these characteristics ensure the 
separation principle and the global stabilization of the 

� (34)

So the rotor electrical angular velocity can be estimated as (34).
And the estimation value of rotor position can be expressed as:

	 θ ̂  =  –arctan( e ̂ α1

e ̂ β1 )� (35)

3.3. Iterative sliding mode observer design. As the adaptive 
back EMF observer eliminates the low-pass filter and phase 
compensation module, the total computational cost of the new 
SMO is lower than the conventional SMO. However, for the 
high speed sensorless control of five-phase PMSM, the large 
gains are needed for the SMO to reduce the response time. 
Nevertheless, the large gains of the SMO will aggravate the 
chattering phenomenon in the whole speed regulation pro-
cess and the estimation process of the rotor position and the 
rotor electrical angular velocity. Therefore, it is necessary 
to adjust the gains of the SMO within a certain range in low 
and high speed stages to further reduce the chattering during 
the estimation process. So the ISMO is designed to reduce 
the chattering by iterative adjustment of the sliding mode 
gains during the speed regulation process and the estimation 
process.

Figure 4 is the schematic of the proposed ISMO. The ISMO 
proposed for sensorless control of five-phase PMSM divides 
one control period of the stator current into three parts between 
two times of the actual current sampling and adds two times 
of virtual current sampling for the iterative calculation of the 
sliding mode gains.

Fig. 4. Schematic of the ISMO for five-phase PMSM sensorless control
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The block diagram of ISMO for sensorless control of five-
phase PMSM is shown as Fig. 5. The sliding mode gains are 
adjusted appropriately in each virtual current sampling to re-
duce chattering and ensure the adjusted sliding mode gains 
are satisfied the stability condition. The number of the itera-
tive calculation for the sliding mode gains is only three times 
because the new SMO is with two sliding mode gains, and 
with the each addition of iterative calculation for sliding mode 
gains, the amount of calculations in the whole sensorless con-
trol system of five-phase PMSM will increase sharply. So in 
one current control cycle, three times iterative calculations with 
different sliding mode gains in sensorless control system of 
five-phase PMSM is maximally allowed by the actual applied 
microprocessor. And the sliding mode gains are adjusted from 
a relatively higher value to a relatively lower value in each cur-
rent control cycle to reduce the ripples in the speed regulation 
process and the estimation process.

Table 1 
Parameters of five-phase PMSM in electric drive system

Parameter Symbol Value

Stator winding resistance Rs 0.12 Ω

Fundamental component of stator 
inductance in stationary reference frame Lα1, Lβ1 1.35 mH

Third harmonic component of stator 
inductance in stationary reference frame Lα3, Lβ3 0.034 mH

Flux amplitude of fundamental wave Ψm1 0.05 Wb

Moment of inertia J 0.002 kgm2

Friction constant B 0.02 Nms

Number of pole pairs P 4

Rated load torque TL 11 Nm

Rated power Pw 4.4 kW

Rated speed ω 900 r/min

Table 2 
Parameters of ISMO for sensorless control

Parameter Symbol Value

Initial sliding mode current observer gain 
of fundamental component k1 100

Initial sliding mode current observer gain 
of third harmonic component k2 40

Adaptive back EMF observer gain 
of fundamental component l1 500

Adaptive back EMF observer gain of third 
harmonic component l2 200

Slope of the sigmoid function a 1

Adjustment coefficient of Lyapunov 
function for adaptive back EMF observer γ 1

Figure 6 shows the waveforms of conventional SMO under 
rated speed and rated load torque. Figure 7 is the waveforms 
of ISMO under rated speed and rated load torque. Both the 
conventional SMO and the proposed ISMO are tested under 
the same condition. The reference speed is 900 r/min and the 
speed ramps of acceleration and deceleration are ±16.7 r/s2. At 
1.2 s, the load torque is stepped to 11 Nm. Compared the speed 
wave in Fig. 6(a) with the one in Fig. 7(a), it can be seen that the 
chattering in the rotor speed estimation of conventional SMO 
with sign function is larger the one of proposed ISMO with sig-
moid function. And compared the other waves in Fig. 6 with the 
ones in Fig. 7, the chattering in the estimations of rotor position, 
fundamental of back EMF and third harmonic of back EMF are 
as the same cases. And by calculation, the maximum error of 
the rotor speed estimation in proposed ISMO is approximately 
0.1% in transients and it converges to zero in the steady state, 
while the maximum error of the rotor speed estimation in con-
ventional SMO is approximately 0.5%. Besides, the maximum 

Fig. 5. Black diagram of ISMO for sensorless control of five-phase 
PMSM
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4.	 Experiment verification

In order to verify the effectiveness of the proposed ISMO for 
sensorless control of five-phase PMSM in electric drive system, 
the simulation experiment platform is built as Fig. 1 shown. The 
five-phase PMSM is coupled with load generation unit which is 
used to measure torque and give a load torque. The controller 
is with the digital SVPWM generator to realize the sensorless 
control strategy. The simulation experiment data is recorded and 
saved by LabVIEW-based data acquisition system and trans-
formed by Matlab. To compare the performance of proposed 
ISMO with conventional SMO, the experiments are done under 
the conditions of rated speed and rated load torque based on 
proposed ISMO and conventional SMO with third harmonic 
firstly. In addition, to test the performance of proposed ISMO 
for sensorless control of five-phase PMSM in electric drive 
system even further, the experiments are done under different 
operating conditions, such as low speed, high speed, speed 
inversion, step and inversion load torque. The parameters of 
five-phase PMSM in electric drive system are shown in Table 1 
and the related parameters of ISMO for sensorless control are 
shown in Table 2.
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Fig. 6. Waveforms of conventional SMO under rated speed and rated 
load torque condition: a) Actual and estimated rotor speeds; b) Actual 
and estimated rotor positions; c) Estimated fundamental of back EMF; 

d) Estimated third harmonic of back EMF
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Fig. 7. Waveforms of ISMO under rated speed and load torque con-
dition: a) Actual and estimated rotor speeds; b) Actual and estimated 
rotor positions; c) Estimated fundamental of back EMF; d) Estimated 

third harmonic of back EMF
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error of the rotor position estimation in proposed ISMO is ap-
proximately 0.05% owing to the continuous transformation of 
the position signal between each 2π radian, while the maximum 
error of the rotor position estimation in conventional ISMO is 
approximately 0.1%.

Figure 8 shows the waveforms of ISMO under low speed 
condition. The reference speed is 50 r/min and the speed ramps 
of acceleration and deceleration are also ±16.7 r/s2. At 0.1s, the 
load torque is stepped to 11 Nm. From Fig. 8, it is obvious that 
the proposed ISMO is with good performance on rotor speed 
and position tracking, and back EMF estimation at low speed 
condition. The load disturbance has no significant impact on 
the overall estimation process. And due to the calculation, the 
maximum error of the rotor speed estimation in proposed ISMO 
is approximately 0.15% in transients and the maximum error of 
the rotor position estimation is approximately 0.06%.

Figure 9 shows the waveforms of ISMO under high speed 
condition. The reference speed is 1200 r/min. At 1.5 s, the load 
torque is stepped to 11 Nm. From Fig. 9, it is clear that the 
proposed ISMO is also with good performance on rotor speed 
and position tracking, and back EMF estimation at high speed 
condition. The load disturbance also has no obvious impact 
on the overall estimation process. And from the calculation, 
the maximum error of the rotor speed estimation in proposed 
ISMO is approximately 0.3% in transients and the maximum 
error of the rotor position estimation is approximately 0.08%. 
From Fig. 7 to Fig. 9, it proves that the proposed ISMO for 
five-phase PMSM is with good speed control ability in sen-
sorless control.

Furthermore, in order to verify the robustness of the pro-
posed ISMO against the disturbance, the speed and load muta-
tion status are taken into account. Figure 10 is the waveforms 
of ISMO under speed inversion condition. The initial refer-
ence speed is 900 r/min. At 0.95 s, the load torque is stepped to 
11 Nm. At 1.05 s, the reference speed is stepped to –900 r/ min 
and the speed ramps of acceleration and deceleration are still 
±16.7 r/s2. From Fig. 10, it can be seen that the proposed ISMO 
is still with outstanding performance on the estimation of the 
rotor speed, position and back EMF under speed inversion 
condition. The sudden change of reference speed also has no 
significant effect in the overall tracking process. Based on the 
calculation, the maximum error of the rotor speed estimation in 
proposed ISMO is approximately 0.2% at 0.95 s when the load 
torque is stepped to 11 Nm, and the maximum error of the rotor 
position estimation is also approximately 0.05%.

Figure 11 shows the waveforms of ISMO under step and 
inversion load torque condition. The reference speed is still 
900 r/min. At 1.2 s, the load torque is stepped to 11 Nm. At 
1.5 s, the load torque is stepped to –11 Nm. From Fig. 11, it is 
illustrated that the proposed ISMO is still with excellent per-
formance on rotor speed, position and back EMF estimation 
under load torque inversion condition. The sudden reverse of 
load torque also has no obvious effect in the overall estimation 
process. From the calculation, the maximum error of the rotor 
speed estimation in proposed ISMO is approximately 0.3% 
at 1.5 s when the load torque is stepped to –11 Nm, and the 
maximum error of the rotor position estimation is also approx-

Fig. 8. Waveforms of ISMO under low speed condition: a) Actual and 
estimated rotor speeds; b) Actual and estimated rotor positions; c) 
Estimated fundamental of back EMF; d) Estimated third harmonic 

of back EMF
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Fig. 10. Waveforms of ISMO under speed inversion condition: a) Actual 
and estimated rotor speeds; b) Actual and estimated rotor positions; 
c) Estimated fundamental of back EMF; d) Estimated third harmonic 

of back EMF

Fig. 9. Waveforms of ISMO under high speed condition: a) Actual 
and estimated rotor speeds; b) Actual and estimated rotor positions; 
c) Estimated fundamental of back EMF; d) Estimated third harmonic 

of back EMF
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imately 0.06%. From Fig. 10 and Fig. 11, it verifies that the 
proposed ISMO for five-phase PMSM is with good robustness 
against the disturbances in sensorless control.

5.	 Conclusions

In this paper, a new ISMO is proposed for sensorless control 
of five-phase PMSM with the consideration of the impact of 
the third harmonic. A SMO is designed firstly based on the 
five-phase PMSM model with the third harmonic to reduce the 
chattering and obtain the equivalent signal of the back EMF. 
And then, the adaptive observer of back EMF is built to estimate 
the rotor speed and the rotor position of five-phase PMSM, 
which eliminates the low-pass filter and phase compensation 
module and improves the estimation accuracy. Simultaneously, 
by iteratively using the SMO in one current sampling period 
to adjust the sliding mode gains, the sliding mode chattering 
and estimation errors of motor speed and angle are further re-
duced. Besides, the stability of the SMO and the adaptive back 
EMF observer is demonstrated in detail by Lyapunov stability 
criteria. The experiment results show that the proposed ISMO 
is with smaller chattering than conventional SMO. Besides, the 
speed control ability and robustness against the disturbances are 
also excellent, which verifies the feasibility and effectiveness of 
the proposed observer for five-phase PMSM sensorless control.
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