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FRACTIONAL SYSTEMS

Fractional-order discrete model of an independent wheel electrical
drive of the autonomous platform
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Abstract. In the paper the linear time-invariant fractional-order models of the separated wheel closed-loop electrical drive of the autonomous
platform are considered. As a reference model one considers the classical model described by the second-order linear difference equation.
Two discrete-time fractional-order models are considered: non-commensurate and commensurate. According to the sum of the squared
error criterion (SSE) one compares two-parameter integer-order model with the four-parameter non-commensurate and three-parameter
commensurate fractional-order ones. Three mathematical models are built and simulated. The computer simulation results are compared
with measured velocity of the real autonomous platform separate wheel closed-loop electrical drive.
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1. Introduction

The identification of real dynamical systems based on the
fractional calculus mathematical tools [1-4] leads to better
mathematical models [5-9] in the sense of a better match-
ing of the data measured. Allowing any real orders in dif-
ferential or difference equations provides a better fit due to
the assumed criterion. On the other hand there is an in-
creasing number of parameters to evaluate. In this paper
non-commensurate vs. commensurate fractional-orders (FO)
models are analyzed in terms of their effectiveness in model-
ing. The commensurate models are characterized by a smaller
number of parameters. This is due to FOs set v, v, _1,--- , 11
in the non-commensurate system and pv, (p — L)v,--- ,v in
the commensurate one. In both cases there is the same num-
ber of FODE coefficients. The paper contains a short intro-
duction to the non-commensurate and commensurate systems
described by linear FO difference equations and their state-
space forms [10]. Then the closed-loop DC motor electrical
drive of a separate wheel of an autonomous platform is de-
scribed. Two simple linear models based on the FODEs are
also proposed. The simulation results are compared with the
measured data. The main conclusion of the analysis is the
ability to achieve similar results in the identification with the
two considered models. However, commensurate models have
only one multiple order.

2. Non-commensurate and commensurate
difference equation

Real dynamical systems modeling leads to mathematical mo-
dels being differential equations
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dry(t) dP~'y(t) y(t)

dtp ) dtpil ) 9 dt )y(t)7 (1)
diu(t) ditu(t) u(t) w)t] =0
dta 7 odte=t T oar T

where y(t) and u(¢) denote the output and the input signals,
respectively. Function F' is in general non-linear. One can also
admit fractional-order derivatives

F [t(iLD:py(t)at(iL D:pily(t)v e at(iL Dtyly(t)a y(t)v

(2)
E)L‘ngu(t)v T agL Dé“u(t)vu(t)aﬂ = 0;

where - DYy (t) denotes the Griinwald-Letnikov fractional —
order derivative

GLA(V)f(kh)
EDYF(t) = lim Re—tote 3)

and all orders are arranged to satisfy inequalities v, > vp_1 >
> >y =0,pg > pg1 > > > pg =0,
vy # o and all are rational numbers

€

Vv = 7 for 1=1,2,---,p, and e;,d; €N
0 @
Mj:f_] for j:1;27"';Q7 and gjaijN
J
and a finite sum for v € R
k
CEAY f(k) = 3 a®) (i — ko) f(k + ko — i)
i=ko
(5)
k—ko

denotes the Griiwald-Letnikov fractional-order backward dif-
ference (GL-FOBD). Moreover,
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0 for k<0
o) (k)= 1 for k=0 (6)
(—1)k ookt for | =1,2,3, -

The GL-FOBD divided by a finite sampling time h (which
should be relatively small) in (2) approximates the derivatives

. GL A(V ) y(kh)
GEDy(t) ~ Rl o ,
) (N
GL ALy (kh)
1 koh
tC(:)LDi(fl J)u( ) = k];LHJ ’

Hence, forv =1,2,--- ,p, j =1,2,---
tains the FO difference equation (FODE)

,q from (2) one ob-

F kG()%LALV}Lp)y(kh)a e 7]%%7, A(Vl) (kh)a y(kh)7
(3)

ChAG u(kh), - G A u(kh), u(kh), kh| =0

Let d be the least common denominator of fractions (4). Then,
the orders take the forms

vi=nwv for i=1,2,---,p, and n;,deN (9)

w;j =myv for j=1,2,---,q, and mj,deN (10)
where
v=-.

] (1)

Then, introducing the notation given above, the considered
FOBDs can be expressed in a form

kohAz(cl;Z y(kh) =i A y(kh)
(12)
= |GRAERAL - BRAL | ()
T
and ( _—
i mz
CEAL u(kh) =Gk AL u(kh)
() (1) () (13
= kGoLhAki kGo%zAki kGO%LAM u(kh)
Under the above forms the FODE (8) takes the form
P[GHAG y(kh). - £ AL y(kh), o k)
(14)

kghAEcT}:qu) (kh) : 7k0h A(mly) (kh)v u(kh)a kh:| =0.

for p > ¢ € N and n, > m,.
Assuming that for an input signal having the property

EIJPOO u(kh) = us = const (15)
there exists a steady-state solution of (8) and (14)
kEToo y(kh) = ys = const. (16)
It means that the algebraic equation
F0,---,0,950,0,- - ,0,us,0] =0 a7
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is satisfied. The linearization procedure is described in details
in [10].

2.1. Non-commensurate and commensurate linear time-
invariant FODE. A special but very important class of
the FOBDs is a class of stable linear time-invariant FOBD
[11, 12]. For the non-linear FODEs one can apply the lin-
earization procedure around the steady-state conditions and
under the assumption of a relatively small change of the in-
put signal. This is the first approach in the system modeling.
To simplify a notation further on we transform a discrete-
time scale to assume h = 1. The linear time invariant non-
commensurate FODE is of the form

Z aiSEAYy(k) = Z b Gl ALY

1=0 7=0

u(k) =u(k), (18)

where the FOs are ordered in the same way as in (2). The
linear time-invariant commensurate FODE is as follows

Zat Lag) Zb SEAT (k) = k),

with a;, b; and a, = 1 are constant coefficients, p > ¢ and
u(k) is a known input signal. For d = 1 in (19) i.e. v = 1
the considered FOBD represents the classical integer — order
difference equations (IOBD).

19)

Proposition 1. Every rational-order non-commensurate sys-
tem can be transformed to the commensurate one.

The proof and transformation procedure is described in [10].

2.2. State-space equations of the non-commensurate and
commensurate systems. The FOBD has a concatenation

property

v v+
kGOLAEC) [EOLAECAL)y(k)} :gOL Al(c “)y(k), (20)
for v, > 0.

Now we present a splitting algorithm transforming given
real numbers set v;, ¢ = 1,2,--- ,pand p;, j =1,2,--- ,q
into a set of sums of lower numbers. Denote s = p 4+ ¢ and

S:{Vznyp—la"'71/1;/1/(])/1’(]—17"')/1/1}- (21)
The set’s (21) elements are inserted in Table 1.
Table 1
Step 0
{po,a}  {po3}  {ro2} {poa}

In the Step 1 all elements but the last one are represented
as a sum

poi=p1i+po1 for t1=p+qp+qg—1,---,2. (22)

Hence, every elementent is represented by two numbers
{p1.i{po1}} fori=p+q,p+q—1,---,2. These two com-
ponents represent an element in the same column and above
row. Both Steps are represented in Table 2.

Bull. Pol. Ac.: Tech. 66(4) 2018
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Table 2

Step 1
{po,a} {po,3} {po,2} {po,1}
{p1,4:{po,1}}  {p13.{poa}}  {p1,2,{po1}} {poa}

In the Step 2 all elements but the two last are represented as
a sum

poi = p2i+pr2+po1fori=pp—-1,---,3 (23)
After this operation we get a Table 3.
Table 3
Step 2
{ro,a} {ro,3} {ro,2} {ro,1}

{p1,4,{po,1}} {p1.3:{po,1}}  {p1,2:{po1}} {ro.1}
- {p2,a,{p2,2,001}} {p2.3,{p2.2,00,1}} {p2,2,{po1}} {po1}

The Algorithm will be illustrated in a numerical example.

2.2.1. Numerical example. For a set of orders

S ={0.8,0.5,0.3,0.1} (24)
we get the following Table 4.
Table 4
Table of numerical example
{0.8} {05} 0.3} 0.1}
{07, {01}} {04,401} {o02.{01}} {01}
{05, {020.1}} {02 {0201}}  {02f{0.1}} {01}
{03402020.1}} {02, {0201} {o02{01}} {01}

Remark 1. One should realize that elements representing the
sum of cells in a chosen column are equal

POk = Zpl,i +po1 for 1=1,2,---, (25)

=2

lmaxv

where [,,,.x denotes the last row when the elements cannot be
splitted further.

Remark 2. One should reassign elements pg ; to appropriate
orders v; and fu.

Then, in view of equality (25) appropriate FOBD are rep-
resented as products of FOBDs

k) _ H kGOLAI(fpl,],ax,m)kGOLALPO,l)y(k)'
j=2

Sray( (26)

Applying (26), FODE may be expressed in a form

Z a; H A(ledx z)GLA(PO 1) (k’)
1=0 Jj=2
(27)
q

_ Z ﬁ GLA(mmax z)GLA(PO 1) u(k).

=0 j=2
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Remark 3. To avoid too many indices in (27) an equivalent
notation is introduced

(28)
s=1 t=1
Then, equation (27) takes a form
Zal LA G ATy (k)
= (29)
Z GLA(W kGOL A](fi)u(k,).
i=0

Now, we define new variables called further state-variables
y(k) = z1(k)
CEAT (k) =GF A1 (k) = w2 (k)

kGOLAgcvz) kGOLA](CVl)y(k)) :kGOL Al(gw)m(k) = x3(k) (30)

AL w1 (k) = 2 (k)
A substitution of the elements of the above set of state-
variables into (30) gives
~ pil
CEA 2y (k) = = azi(k) + u(k). 31)
i=1

Equations (30) and (31) can be expressed in the matrix-vector
form

LAY x(k) = Ax(k) + bu(k), (32)
y(k) = cx(k) + bu(k), (33)
where ) R
kGoLAgcil)fﬂl(k)
CLAY 35 (k)
Gr Ay x(k) = : E )
CEAY My (k)
kGOLAI(cUP)xp(k?)
l//\l l‘l(k) T
Vo xa(k)
v= , x(k) = , (35)
Vp—1 zp—1(k)
Vp zp(k) |
0 1 0 0 0
0 0 1 0 0
A= : o b= GO
0 0 0-- 0 1 0
—Qp —a1 —Q2- -+ —Gp—2 —Ap_1 1
c:[bo by - by 0 - 0|, d=[1]. (37
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In the case of the commensurate system ; = iv for
i = 1,2,---,p. Hence, the left-hand side vector (35) sim-

plifies essentially

[ GEal (b ] i)
GLAW) .k w2 (k)
ko 2k 2 (k) 23(k)
CLAM x(k) = : —GLA) R &)
LA, 1 (k) ‘
p—1
” zp-1(k)
I EOLA,i’ zp(k) ] Y
L (k) ]

Classical ARX [13] models are described by linear differ-
ence equation

q
= dy_ju(kh — ih) +n(kh) (39)

=0

P
> cpiy(kh —ih)

=0

with ¢, = 1 and n(kh) denoting a white-noise signal. The fol-
lowing Proposition shows that the ARX model can be equiv-
alently described by a linear difference equation.

Proposition 2. The ARX model described by equation (41)
has an equivalent representation

GL A (1)
(GLA

q
y(kh)=>" D;g5 AP u(kh)+n(kh). (40)
=0

Zcp

Proof. Equation (41) can be equivalently described in a vector
form

y(k)
y(k—1)
Lep1cpz-ra Co} :
(k—p+1)
k
(k—p) @
u(k)
u(k —1)
= |dq dg1 dq2 -+ dy do] : +n(k)
(k—q+1)
(k—q)
Now we define a matrix
Ty
a®) (0) a(P>(1) a®) (p—1) a®) (p)
a@®=00) ¢=D(1) ... ¢le=D(p_-1 0
a0 ) -1 >
a(l)(O) a(l)(l) e 0 0
al9(0) 0o - 0 0
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Its inverse can be easily calculated

T,
0 0 e 0 al9(0)
0 0 aM(1)  aM(0
@ a0 |
0 a(p—l)(p —1) - a(z)—l)(l) a(p—l)(())
a®) (p) a®) (p—1) a(l’)(l) a®) (0)
Next we express equation (43) as
y(k)
y(k—1)
|:]. Cp,1 -+ C1Co Tp+1Tp+1
y(k—p+1)
k—
y(k —p) )
u(k)
u(k —1)
- [1 dy 1+ dydo| Tyl Ty (k).
(k—q+1)
(k—q)
Then, we get
GL APy (k)
—1
kG—Lp—lAgcp )y(k)
CpCp1--- C1Cy :
NS
y(k) |
GL A(Q) ( ) 7 (45)
1
£l I(A“) Ju(k ~ 1)
AV y(kyu(k - 2)
—28
= |:Dp < Dy Do} . +n(k),
LA y(k)u(1)
i u(k)
where
p—j _
:Zcia(piz)(j) for .720715 » Dy
i=0
(46)
q9—J 4
Djzzdia(q_l)(j) for ]:0,1,,(]
i=0
O

3. Separated-wheel closed-loop DC motor
electrical drive description
The 6-wheeled autonomous platform with 6 independent

closed-loop DC motor drives with 6 identical PI controllers is
considered. It is presented in Fig. 1. Figure 4 presents a new

Bull. Pol. Ac.: Tech. 66(4) 2018
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measuring stand, which was designed and manufactured. It
consists of the extortion plate (1), sensors of displacement (2)
and the holder of the aluminum frame (3). The measurement
is based on determining with certain frequency and ampli-
tude the movement of the swing arm excited by a force plate.
After obtaining a fixed plate movement, it was switched off.
The movement of the swing arm was measured by displace-
ment sensors. The results from the experiments carried out
for different settings were recorded in real time.

“%

Fig. 1. Photo of the 6-wheel autonomous platform

vy
¥

p

The block diagram of a closed-loop system [14, 15] of
one separated DC drive block diagram [16, 17] electrical
drive [18] is given in Fig. 2.

where the Z-Transforms [19] denote:

— R(z) - the Z-Transform of a reference signal,
— E(z) - the Z-Transform of an error signal,
— U(z) - the Z-Transform of an controlling signal,

— Y (z) — the Z-Transform of the angular velocity of a motor
wheel,

— My(z) — the Z-Transform of an external disturbance moment
representing resistive moment due to rolling resistance,

— Ry — the motor’s armature resistance,

- T = IL?f_i — a time constant, where L; denotes the armature’s
inductance,

— c® — the motor constant,

— Jo — combined mass moment of inertia of the flywheel and
shaft and armature,

— Kp — the PI controller proportional part gain,

— K7 — the PI controller integration part gain,

— K — the sensor gain,

— K4 — the amplifier gain.

Fig. 2. Block diagram of the closed-loop DC motor drive of the
separated platform wheel

Bull. Pol. Ac.: Tech. 66(4) 2018

The DC motor and the PI controller are described by dif-
ference equations

G AP u(kh) + a1 G4 ANV u(kh) + aou(kh)
= blu(kh - h), (47)
u(kh) = Kpe(kh) + K;§* A Ve(kh).

Combining equations presented above with an adder e(kh) =
r(kh) — Ksw(kh) we get the difference equation describing
the ARX model [13] transformed according to (40). The PI
controller parameters are tuned to get a quick start preserving
bounded signal values (maximal current and control voltage).
Two models are evaluated: an integer and a fractional one.
The model parameters are given in Table 5.

Table 5
6-wheel autonomous platform measured and simulated models responses

Model as a2 al bo b1 bo v o
(18) 0.9127 8.49e-2 2.1e-3 3e-4 1.21 -3.6317 3,2,1,0 2,1,0
(19) - - 1 24.28 24.28 - 1.16 0

The velocity of the platform on a flat and hard surface is pre-
sented in Fig. 3. The sum of squared errors (SSE) criteria are
equal. The integer model has 6 parameters whereas fractional
one only 3. This is an advantage of a fractional model.

1.4

12} k

g (kR)(BE L wro (kR) (rd), yio(kR) (b

] / 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5
kh

Fig. 3. Normalized step response of a 6-wheel autonomous platform
(black) and integer (blue) and fractional (red) models responses

3.1. DC motor-drive of a separated wheel. When the plat-
form corps is suspended, the main wheel rolling resistance is
almost zero. Then, the step response of the separated wheel is
characterized by a huge overshoot. The settings of regulator
parameters are the same. The separated wheel photo, its mod-
el and a measured angular velocity are presented in Figs. 4-6,
respectively.
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Fig. 4. Autonomous platform wheel photo

Fig. 5. Autonomous platform wheel model 2D view-3

1.4

121 1

08} 1

0B} 1

02F 1

e (RRIBE), w21 (RRIBL ), 2oy 20y (1), Boy 204 (172)

D 1 1 1 1 1
0 a0 100 150 200 250 300

kh

Fig. 6. Step response of a separated wheel with simulated responses

To simplify the identification of the electrical DC drive
notation we perform a time-scale transformation to get h = 1.
Further on, the numerical step h = 1 will be omitted. It is
a bijection transformation to original time scale.
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Table 6
Model parameters
Model al ao V1 %) SSE
(48) 0.1447  0.01447 1 2 0.1588
(50) 0.145 0.01460 1.1 1.9  0.070511
(52) 0.144 0.01456 0.8 1.6 0.071735

3.1.1. Measured transient characteristics. In the experi-
ment there was assumed a reference signal d(k) = 0 and an
external disturbance moment mq(k) = const < 0 in a shape
of the discrete-step function. Presented in Fig. 7 discrete step
response suggests the second order damped oscillation mod-
els. Evidently, in the “black box” measured data there are
hidden non-linear frictions and external disturbance moments
which the non-commensurate and commensurate FODE mod-
els should describe.

0.9

0.8 i

0.7F ]

0.6 ]

L L L

0 . . . . .
0 20 40 60 80 100 120 140 160 180
k

Fig. 7. Measured wheel-drive system step response

3.2. Classical two-parameter linear integer-orders differ-
ence equation model of the wheel-drive. As the mentioned
classical oscillation model one takes (18) with p = 2,q¢ = 0,
vy = 2,11 = 1. The assumption means that the stable mod-
el [20,21] is described by the IODE of the form
%LA;(CQ)?}LQ(/C) + a1§0LA,(€1)y1,2(k) + aoy1,2(k)
(48)
= agmq(k),
where y; o is an angle of classical integer model. Without
prejudice to the generality of considerations one can assume

bo = ag. Hence, one gets the two-parameter model ai, ao.
The integer orders are 2 and 1. The related state-space form

is as follows
i) (k?) —agn —al

k

o] @1 (k)
z2(k)

3.3. Non-commensurate three-parameter linear fractio-

nal-order difference equation model of the wheel-drive. As
a special case of (18) one assumes the four-parameter model

1
goLAl(c ) + md(k)a

1

(49)

y1,2(k) = + [ag] ma(k).

Bull. Pol. Ac.: Tech. 66(4) 2018
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kGoLAEcVZ)yVl,Vz (k) + alko A(Ul)yul Vo (k)

+ a0Yur s (k) = agma(k). (50)
Related state-space equations are
GL A (1) 1
GEO (ulgcfull;l(kj) = 0 + 0 md(k),
ko A 2 (k) —ap —ap 1
S1Y)
Zl(k)
v1,U2 k' =1 0 k
Yo (K) [ } L”?(k) + [ao] ma(k)

with unknown four parameters a1, ag, V2, V1.

3.4. Commensurate linear fractional-order state-space
model of the wheel-drive. The FODE has three parameters:
ai,ap and v € Ry

GLAP) g, 0, (k) + a1$ A Yy 0, () + aoyu 20 ()

(52)
= agmq(k),
) 1(k) 10 1 0
GLA 332(’“)] a lao —ay - 1 (k)
(53)
Yo (k) = {1 0} [ZEIZ + [ao) ma(k).

4. Comparison of models

An optimal choice of parameters related to three linear struc-
tures described by formulas (48), (50) and (52) is based on
the minimization of a performance index SSE. Denoting the
measured output signal as y,, (k) one defines three error func-
tions

6172(k) = ym(k> - y1,2(k)7 (54)
61/1,21/1 (k) = ym(k) - yV172V1 (k) (55)
Cuy,vz (k) = ym(k> — Yvi,vs (k) (56)
then the criteria are the functions as follows
SSE(ag, a1) Z e? 5 (57)
SSE(aO,al, Vl,l/g = Z V17V2 (58)
k=0

krnax
SSE(ag, a1,v1) = € o (k). (59)

k=0

Numerically found minimal values of coefficients and FOs are
collected in Table 7.

Table 7
Identification effects comparison
Model al ao V1 12 SSE
(48) 0.1447  0.01447 1 2 0.0360
(50) 0.145 0.01460  0.993 1.931 0.0175
(52) 0.144 0.01456  0.983 1.966  0.0249
Bull. Pol. Ac.: Tech. 66(4) 2018

The plots of measured output signal y,,(kh) and simulated
TESPONSES Y21, Yu1 10> Yy 20, are presented in Fig. 8. Figure 9
shows enlarged fragment of Fig. 8.

i} EID 1DID 15ID 200
k
Fig. 8. Plots of measured y.,(k) (black), simulated IO respon-
se y1,2(k) (blue) and FO models responses: non-commensurate
Yur v2(k) (red) and commensurate y,,,2, (k) (green)

nezr

[IR=

T R = T R G
k
Fig. 9. Enlarged fragment of Fig. 8

5. Conclusions

Numerical analysis shows that the application of the FO mod-
els leads to more than a 50% improvement of the SSE per-
formance index. The commensurate model is worse that the
non-commensurate one. This is caused by the evident relation

min[SSE(ag, a1)] > min[SSE(ag, a1,v1)] (60)
> min[SSE(ag, a1, v1,v2)].

The proposed lowering of the total order is of particular im-
portance in the closed-loop systems with multiple inputs and
multiple outputs with the same sub-plants.
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