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Ideal observability for bilinear discrete-time systems
with and without delays in observation

MUSTAPHA LHOUS, MOSTAFA RACHIK and EL MOSTAFA MAGRI

An ideal observability subspace expression is stated for bilinear abstract system with
bounded operator in Hilbert spaces. The case of finite dimentional space is also treated. How-
ever, it’s noticed that the state ideal observability can never be fulfilled within an infinite dimen-
sional phase space in the case of scalar output. The case of bilinear discrete-time system with
delays in observation is also described. To illustrate this work some examples are presented.
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1. Introduction

In control theory, observability is how well the states of a system can be
deduct from knowledge of its outputs. The concept of observability was intro-
duced by Kalman, R. E. in [10] for linear dynamic systems.

The ideal terminology was initially introduced by [15] who defined the finite
dimensional precess as an ideally observable system if and only if its initial state
x(0) can be determined only from the output y(.). This ideal concept was revis-
ited afterward by [12] and [9], in [12] the notion of relative ideal observability is
concerned with the determination of the whole trajectory x(.), the criterion giv-
ing the rebuilding of x(0) of an autonomous system is enough to largely recover
all the state trajectory x(.) of such a system.

The extension to Hilbert spaces of the finite dimensional approach is devel-
oped in [4]. In [1] the characterization of the Lack ideal observability is given
and the ideal observability subspace is described as the intersection of a family of
Kalman observability subspaces. A criteria of ideal observability and conditional
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ideal observability of linear stationary regular differential-algebraic systems are
proved in [14].

Bilinear systems was introduced into control theory in the 1960s. This type
of system is simpler and better understood than most other nonlinear systems.
Among the examples of bilinear systems found in the control of industrial pro-
cesses we cite a switched circuits, mechanical brakes, controlled suspension sys-
tems and in biology such as population growth, immunological systems, enzy-
matic kinetics, etc.

The observability of bilinear systems was tackled in many works among
which we can cite [19] and [8]. The necessary and sufficient conditions to achieve
the property of observability for bilinear systems have been established using es-
sentially geometric or algebraic tools. Many studies deal with the observability
of bilinear systems using generally either geometric tools or linear time-varying
system theory [6,7] and [17].

Discrete systems is one of the most important fields in the theory of systems.
However, it seems that the study of ideal observability for such systems was
neglected and hence their applicability is severely limited. We suggest in this
paper to develop the ideal observability concept for discrete-time bilinear system
described by

x,-+1:Ax,~+Boﬁ+fe{B,~x,~, 0<i<N-—I, "
X0 !
the corresponding output is
yi =Cx, 0<i<N, (2)

where x; € X is the state of system (1) and f; € U, e; = (e])1<j<p € R are
unknown perturbations which affect the system because of it’s connection with
his environment, y; € ¥ is the output variable (X, U and Y are Hilbert spaces).
Moreover we suppose that A, B; € Z(X), By € Z(U,X), and C € Z(X,Y)
where .Z(E, F) is the bounded linear operator spaces defined from E to F and
Z(E)=%(E,E).

The notation (S) will design the observed system (1), (2) and we write (So)
instead of (S) in the particular case where X = R"”, U = R™, and ¥ = Rk,

Ideal observability problem consists in collect the maximum of information
on the system trajectory in the state space X where the parameters A, By, By,...,
B, C and the output y;, i € {0,...,N} are knows while the perturbations f;, e;
and the initial state xq are unknowns.

Then we devote this paper to the construction of the maximal subspaces
Eo, Ei, ..., Ey of X such that we can identify the projection of the state x;
of system (S) on E; when i € {0,...,N}.
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The determination of the ideal observability spaces Eg, E1, ..., Ey is pro-
cessed in the section 3. In the section 4 we give the necessary and sufficient
conditions under which the systems S and Sy are ideally observable, the notion
of G-ideal observability is also treated. To illustrate this work some examples
are presented in section 5. In section 6 we described the case of bilinear discrete-
time system with delays in observation. Finally a conclusion is summarized in
section 7.

2. Preliminary

In this paragraph we define the ideal observability subspaces, the ideal ob-
servability and the G-ideal observability.

Definition 1 The ideal observability subspaces associated to system (S) and de-
noted by Ey, E\, ..., En are the maximal closed subspaces, in the senses of
the inclusion, such that the orthogonal projection of the state x; on E; can be
recognized for each i € {0,...,N} with the help of the observation (y;)o<i<n in
presence of the perturbation (fi,e;)1<i<n-

Definition 2 The system (S) will be told ideally observable if we can determine
the state x;, i € {0,...,N} from the observation (y;);. In the other term (S) is
ideally observable if E = E\ = ... = Exy = X where Ey, Ey, ..., EN are the
ideal observability subspaces.

Definition 3 If G € £ (X,Z) where Z is a Hilbert space, the system (S) is said
to be G-ideally observable if we can determine the vector Gx; € Z for each
i € {0,...,N} from the output (y;); and in the presence of the perturbation

(fi,ei)1<i<n-
Remark 1

i) If (S) is ideally observable, By =0 and By = ... = B, = 0 then it is obvious
that (S) is observable in the sense of Kalman;

ii) It is clear that if G = idy, we have the equivalence

(S) is G-ideally observable <= (S) is ideally observable.

3. Ideal observability subspace

Now we present a series of lemmas which will be used in the sequel

Lemma 1 Let V and W Hilbert spaces, v an element of Vand D € £ (V,W). The
two following propositions are equivalent
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a) we know the vector Dv;

b) we know the orthogonal projection of the vector v on the subspace ran D*,
where ran D* is the closure of range of D* and D* is the adjoint of D.

Proof. see [2]. O

Lemma 2 [fwedenote Z; € £ (X, Yzi),fori €{0,...,N} the family of operators
given by
Zy =C,

Z { Z
1 =

" Qi+1ZiA
where Q; is the orthogonal projection operator on the subspace (ran(Z;_1By) U
ran(Z;_1B1)U...Uran(Zi—1B,))* we have

], i€{0,....N—1},

Zj(i):iji7 i€{0717'~'7N_j}7 3)
where zj is the map defined from {0,1,... ,N—j} to y? by
20(i) = yi, Vie {0,1,...,N},

Zj+1(i) = {QjHZij((ig+ 1)} , j€{0,....N—1}.

Proof. It is clear that property (3), cited in lemma (2), is verified for j = 0. Let’s
suppose that

zj(i) = Z;x;, Vie{0,...,N—j} forevery j€{0,....N—1} 4)

and prove that z;, (i) = Zj1x;, i € {0,1,...,N—j— 1} where

N zj—1(7) : : |z
z;(i) = [QijJ;(i-i—l)} , Vie{0,1,....,N—j} and Z;= [QjZlelA]'

Using equations (4) and (1) we have

p .
Zj<i+ 1) :iji—H :Ziji+ZjBoﬁ+ Z e{Zijxi, Vie {0,...,N—j—1}
j=1

and by projecting on the subspace (ran(Z;Bo) Uran(Z;B1)U...Uran(Z;B,))*
we obtain

Qjr1zj(i+1) = Qj11ZjAxi, i€{0,...,N—j—1} (5)
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which implies that

o z; () | Zw |,
21l = [Qjﬂzj'(i-l—l)] B [Qj+leAXi = 2%
Then we deduce that

Zj+1:Zj+1xi, ViE{O,...,N—j—l},

consequently we have z; = Zx;, i € {0,...,N—j}. 0
It is easy to establish that the adjoint operator Z}f of Z;, defined from Y YtoX,

are given by

Z: = C*, |
Zi, = [2;, AZ:05,,): ¥Y — X, ¥je{0,... ,N-1},
Q — L +AZi05 30

The next result, gives a characterization of (ranZ})o j<n-
Lemma 3 Under the above assumption, we have
ranZji | =ranZy+A"(ranZ; NKerByNKer BiN...NKerB),).

Proof. Since the operator Q; is self-adjoint, we have

ranQjy =ranQ; | = (ran(Z;By) Uran(Z;By)U. ..Urcm(Zij))L

SO
ranZ; Q5 = Zj[ran Q3]
= Z[(ran(Z;Bo) Uran(Z;B1)U...U ran(Z;B,))*]
= ranZ}‘ NKerByNKerBiN...NKerB,
then
ran ;+1 = ranZ}f—l—mnA*ZjQ}fH

ranZ; +A*(ranZ; NKer ByNKerBiN...NKerB}).

Consequently, it is easy to see that

J
ranZ;, | =ranZy+ Y A*(ranZ O Ker ByNKerBiN...NKerBy). (6)
i=0
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On the other hand the equality ran Z* 1 =ranZj+ranA*Z; Q| implies that
ranZj C ranZ; . Consequently, for all i€{0,...,N}, we have the following
inclusion

A*(ranZ;_yNKerByNKerBiN...NKerB,)
CA*(ranZ; NKerByNKerBiN...NKerB,)  (7)

combining (6) and (7), we deduce that we have

ranZji, | =ranZy+A"(ranZ; NKerByN Ker BiN...NKerB),). 0

The results developed in lemma 2 and lemma 3 allow us to state the following
theorem.

Theorem 1 The ideal observability subspaces, Ey,E1,...,Ey, are given by
Ei=Xn_i, O0<i<N,

where

Xo=ranC",  X;=Xo+A"(X;-1NKerByNKerBiN...NKerB,), 0<i<N.

Proof. Since Xy = ranC* = ranZ;, we deduce from the equalities

ranZ; | =ranZy+A*(ranZj N Ker ByNKerBiN...N KerB})
and
X,-:X0+A*(X,~_1mKengmKerB’fm...mKerB;), 0<i<N

that
Xj=ranZ;, Vje{0,1,....,N}. (8)
On the other hand, according to lemma 1 and lemma 2 the equation (2)
allows to determine the projection Pjx; of x; on the subspace ranZ;f when
i€{0,...,N—j}and j€{0,...,N}.
Then the ideal observability subspace E; on which the orthogonal projection
of x; is completely determined, is given by

e *
E; = U raan
0<j<N—i

ie., E; = U ranZ}‘. As it is obvious to see that Xo C X; C ... C Xy we
0<j<N—i
deduce that

E, =Xy_; for iE{O,...,N}.
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On the other hand, the subspaces E; are maximal in the sense of definition 1.
Indeed, if we suppose that exist i € N such that E; is not maximal knowing that
the solution x; can be under the forme x; = x; (i) + x2(i), where x; (i) € E; and
x,(i) € Ei-, the fact that E; is not maximal implies exists a subspace G that con-
tains E;, such that x, (i) =y (i) +y2(i), y2(i) # 0 where x1 (i) +y; (i) is the orthog-
onal projection of x; on the subspace G and which is recognized with the help of
the observation (y;)o<i<y and in presence of the perturbation (fi,e;)1<i<n. Thus
x1(i) + y1(i) is known with the help of equation (3) and we deduce that it is
known with the help of system

an—i(i) = Zn—ix;.

Then, by lemma 1 we have

. . =—1
x1(8) +y1(i) = Zy_izn—i,

where Zy_; is the restriction of Zy_; on KerZy_; which is invertible on the left.
On the other hand, we have

iN—i(i) = Zn—ixi = Zn—ix1 (i)

because x, (i) € E;-, then

. . =—1 =—1 . .
x1(0) +y1(0) = Zy_jzn—i = Zy_iZn—ix1 (i) = x1 (i)

which implies that y; (i) = 0, that contradicted the hypothesis. -

Remark 2 For the case of linear systems with By = B and B; = 0 for all
i € {1,...,p}, the ideal observability spaces are given by E; = Xy_;
i€{0,...,N} where Xy =ranC* and X; = Xo+A*(X;_1NKerB*),i € {0,...,N}.

4. Ideal observability criteria

We obtain in this paragraph a criterion of ideal observability, and a result
concerning finite dimension spaces.

Corollary 1 The system (S) is ideally observable if and only if X = ranC*.

Proof. The system (S) is ideally observable if and only if Ey = E] = ... =
Ey =X, as Xo CX; C ... C Xy and E; = Xy_; for i € {0,...,N} then
Ey C Ey—1 C ... C E;. Consequently the system (S) is ideally observable if

and only if X = Ey = Xy = ranC*. -
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Remark 3 We see that the ideal observability depend only of the injection of the
operator C.

We can give a necessary and sufficient conditions to establish the G-ideally ob-
servable

Corollary 2 Let G € £ (X,Z), where Z is a Hilbert space. The system (S) is
G-ideally observable if and only if ran G* C ranC*.

Proof. If the system is G-ideally observable, the output (y;); allows to identify

Gx;, then by virtue of lemma 1, we know the projection of x; on ran G*, for all

i € {0,...,N}. Since E; are the maximal subspaces such that a projection of x;

on E; can be identified with the help of output (y;);, we has therefore ran G* C
N

E; for all i € {0,...,N} what implies that ranG* C ﬂE,- = Ey. Consequently
i=0
ranG* C ranC.

Conversely, if ran G* C ranC*, then the projection of x; on ran G* is known
forall i € {0,...,N} which implies that Gx; is known. 0
Remark 4 If the space X is infinite dimensional, separable and Y = R, the
system (S) will not be ideally observable because otherwise we will have
X = ranC* = lin(h), (where lin(h) is the linear envelope of h and h € X is the
vectorial representation of the function C : X — R deriving of the Riesz repre-
sentation theorem), and this contradicted the made hypothesis assumption. Thus,
if the output is scalar and the system is submitted to a non null perturbation, there
can be ideally observable.

In the finite case, we determine the ideal observability subspaces in the fol-
lowing corollary

Corollary 3 The ideal observability subspaces Ey,E,...,Ex associate to the
system (Sp) are given by
i) If N <n—1then, E;=Xn_;, Vi € {0,...,N},
where Xy = ranC*
and X; = Xo +A*(X;—1 N KerByNKerB{N...NKerB},), i € {0,...,N};

Xy_; Vie {N—n+2,...,N},

ii) If N >n—1 then, E; =
) ’ {Xn1 Vie{0,...,N—n+1}.

Proof. The space X being finished dimension, we has E; = Xy_;, 0 <i < N, on
the other hand, we see that if X; = X; | for some i, then X;, ; = X; for all integer j.
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Then seen that dimX = n and rangC > 1, we has necessarily X,, 14 = X;,_1,
J € N, otherwise X; = X,,_1, j > n— 1. Consequently we deduces that

If N<n—1wehave, E;=Xy_;, Vie{0,...,N}.
Xy_i Vie {N—n+2,...,N},
X1 Vie{0,...,N—n+1}. -
In the separable phase spaces case, the ideal propriety allows the reconstruc-

tion of the state x; in the form of Fourier series decomposition according to an
orthonormal base, as shown by the following example.

If N >n—1wehave, E; =

Examples

1) We consider the system

Xi+1 = Ax; + Bofi +eiB1x;, 0<i<N-1 )
X0
the corresponding output is
yi = Cx;, O0<i<N (10)

with the following parameter: X =1, =< x = (x;)i~, xi € R, lez < 00};
i=1

the operators A and B; are defined by: A : x — Ax = (x2,x3,...); B] 1 x —

Bix = (x1,0,0,...). C and By are given under the matrix form

1
0
0

Let (e;)72 the canonical basis of I, we have then Ae; =0 and Ae; = ¢;_1,
i =2,3,... a simple calculation allows to obtain from analogous ex-
pression for A* : A%e; = e;y1, for i = 1,2,..., and B] = B;. Otherwise,
ranBy = lin(e,) and Ker B} = Ker Bjj = lin(ey, e3,...). The calculate of
the H* allows to obtain ranC* = lin(ey, e3).

We deduce

Xo = ranC* = lin(ey,e;)
X1 = Xo+A*(XoNKer ByN KerBY) = lin(ey,e2,e3);
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and the same manner we have
Xi:lin(ej, Jj=1,2,...,i+2), i=0,...,N.
Consequently it is clear that

Ey = lin(€1,€2),
E; = lin(ej, j=1,....N—i+2), i=0,...,.N—1.

The system considered is not ideally observable, in this case we can give
the expression of the N—i+2 first component of x; in I, for i € {0,...,N}.

Let y; (i) and y, (i) the component of the vector y;, we have then
(e1,xi) = y1(i)
and
(ej,xi)y =y2(i+j—2) where i€{0,...,N—j+2} and je{2,...,N}.
2) If we consider now the operator C described by

C: L — b
x — Cx=((Cx)i)i»1

where (Cx); = x; and (Cx); = x; +x;_1.

In this case we deduce that ranC* = [, and consequently the system (S)
is ideally observable. We can in this case give the explicit expression of x;
according to y;

k
(erxi) =Y (D)7 <ejyi> O0<i<N, k>1
j=1
consequently the vector x; allows in the form

(—D*V <ej,yi>er, 0<i<N.

1

X =
k

N

o)

k
1j=

5. Discrete system with delays in observation

We suggest to develop the concept of ideal observability for a system defined
by equation

{x,-ﬂ = Ax;+Bofi+ X! e/Bxi,  0<i<N-I, (an

X0,
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where A, B; € Z(X) for je{1,...,q},Bo € L(U,X), e; = (e{)lgqu € R? and
fi € U are the unknown perturbations, X and U are the Hilbert spaces. The output
is defined by

p
=Y Cix;i_i, 0<Ii<N,
Yi E) JjXi—js l (12)
xr=e,=0, pour r<0.

yi€Y, Cie Z(X,Y), Vje{0,...,p} and Y is a Hilbert space. We consider
operators (Q; j)o<i<n for 0 < j < p defined by

fori =0,
{ Qoo is the identity function on Y,

Qo,; is the projection on (ranCoU...UranC;_1)*

o I<j<p;
for 1 <i<N—p,

( Qio the orthogonal projection operator on (ranCU...Uran Gt

Qi x projection on (ranCoU...UranCy_1 UranCyy1U...Uran Ciir)b,
forl <k<p—i,

Qi x projection on (ranCoU...UranCy_; UranCpy1U... UranCp)L,
forp—i+1<k<p-—-1,

| Oi,p the orthogonal projection operator on (ranCoU...UranC p_l)L;
for N—p+1<i<N-1,

Qio the orthogonal projection operator on (ranCyU...UranC p)L,
Qi projection on (ranCoU...UranCy_;UranCpy U. ..U ranCp)L,
forl <k<N—i;

fori =N,
On, is the orthogonal projection operator on (ranCyU...UranCp)*.

We applies for i € {0,...,N—p} the operator Q; ; on two member of the (i+j)-
equation of the equation (12) for j € {0,...,p}, and similarly we applies for
i € {N—p+1,...,N} the operator Q; ; on the two member of the (i+j)-equation
(12) for j € {0,...,N—i}, we obtains then the following equation

Zio = Ki oxi, 0<i<N, (13)
where (z;0); and (K;); are described by
Qi 0yi Qi 0Co
Zi0= Qiviet | 0= e S L A

Qi pYitp 0i.pCp
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and
Qi 0yi 0i0Co
Zi0= : , Kio= : for i€ {N—p+1,...,N}.
Qi N—iYN OiN-iCn—i

In the same way as lemmas (2) and (3), were proved, we obtain two following
lemmas

Lemma 4 If we consider the operator z; o and K; o defined by equation (14) for
i €{0,...,N}, we define the family of operators

Kij-1 ] .
K ;= ’ , 1€{l,...,N},
b [Wi,jKHLj—lA { J

where W, j 1 is the orthogonal projection operator on the subspace
(ran(Kit1,jBo) U ran(Ki+1 jB1) U...Uran(Kiy1 jB,))" we have

Zi,j:Ki,in, iE{O,...,N—j} (15)

where z is the signal given by

Zij—1 .
Zij= ' , e{l,...,N}.
" [W/,-,,-z,-+1,j_1 } Jed /

Lemma S Under the above assumption, we have
ranK; ; =ranK; +A"(ranK’ | ;_NKerByNKerBiN...NKerBy).

The determination of ideal observability subspace Ey, E1, ..., Ey what allows
identify the trajectory x; of system (S) will be given in the following theorem.

Theorem 2 The observability subspaces associate to (S) are given by the fol-
lowing expression

Ei:Yi,N—ia 0<i<N
where for j € {1,...,N} andi € {0,...,N—j} we have

Xij=Xio+A"(Xit1,j-1NKerByNKerBiN...NKerBy),

and
Xi0 = rank;, Vie{0,...,N}.
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Proof. According to the lemma 4, the equation (13) allows to determine the
projection Pjx; of x; on the subspace X; j = ran K; j When i€ {0,...,N—j} and
j€{0,....,N}.

Thus by lemma 5, we can easily verified that the subspace X; ; verifies for
1<j<N, 0<i<N—j

Xij=Xio+A"(Xit1,j—-1NKerByNKerBiN...N KerBj;),

Xi0 = rankK;.

Then we deduce that the subspace E; on which we can determine complitely
the projection of x; is defined by

and as the (X; ;); are fit together then
Ei:Xi,N—i pour iG{O,...,N}.

On the other hand, the subspaces E; are maximal in the sense of definition 1.
Indeed, suppose that exist i € {0, ..., N} such that E; is not maximal knowing that
the solution x; can be in the form x; = x; (i) +x(i) where x; (i) € E; and x, (i) €
ElL The supposition that we have made implies that the componant x, (i) affect
the output (y;)i<j<i+jis i €{0,...,N—p}, and (y;)icjen if j € {N—p—+1,...,N},
then affect z; o, and that it can be identified on a part of ElL As we can easily to
see that E;- is contained in Ker K}y thus z; 0 = K; ox; = K ox1 (). -
Example We consider the system (9) with the output described by
yi =Cxiy, 0<i<N.

The orthogonal projection operators are defined by

i=0
Qo is the identity function on Y
Qo,1 is the identity function on Y
I<i<N-1
Qio the ortrhogonal projection operator on (ranC )+ = KerC*
Q1 is the identity function on Y
i=N

{ Oy, the orthogonal projection operator on (ranC)* = KerC*



www.czasopisma.pan.pl P N www.journals.pan.pl
N
~—

614 M. LHOUS, M. RACHIK, EL M. MAGRI

then we deduce that
0i0C 0 .
K~ f ’ = P _1
i,0 [Qi,lc} |:Qi,1C:| Vie {07 N }7

Kno = OnoC,
then
ranK;y =ranC* =lin(ey,ez), i€{0,...,N—1},
ranKy o = {0},
then we obtain
Ki,O = lin(61,€2),
Xio = .
KN,O - {0}9

and

Xi,l = X,-yo+A*(Xi+170ﬁKengﬁKerBT), i€ {0,,N—1},
B {lin(el,ez) +A*(lin(ey,ex) Nlin(ey,e3,...)), i€{0,....,N—2},

lin(ey,ez),
_ Jlin(ey,er,e3), i€{0,...,N—2},
) lin(ey,er)
and the same way we deduce that for i € {1,...,N} we have

¥ — lin(er,e2,...,ej42), i€{0,....,N—j—1},
Y lin(er,ea,. .. eji1), i€{0,...,N—j}

it is easily to see that

EN — {0}7
El :h?(ej,j:1717.--7N_i+2>7 i:07"'7N_1'

We can give the expression of N—i+2 first component of x; in [ for

i€{0,...,N}.
Indeed let y; (i) the vector components of y;, then we have

(e1,x:) = y1(i)
and

(ej,xi) =y2(i+j—2) where i€{0,...,N—j+2} and j€{2,...,N—1}.
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6. Conclusion

In this work, we give an explicit expression of the ideal observability sub-
spaces. A criterion of ideal observability is established and a result concerning
finite dimension spaces are also given. In the separate spaces case, the property
of ideal observability allows the rebuilding of the state in the form of a decompo-
sition in Fourier series along an orthonormal basis. The case of bilinear discrete-
time with delays in observation is also described. Finally some examples are
presented to illustrate this work.
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