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Abstract. Anisotropic rotor configurations influenced by the presence of a large number of geometrical parameters in a permanent magnet 
assisted synchronous reluctance (PMASR) motor pose design challenges in obtaining a robust geometry satisfying the requirements of reduced 
torque ripple and high torque density. Therefore, the purpose of this work is to perform detailed geometrical sensitivity analysis of a 36 slot/4 
pole permanent magnet assisted synchronous reluctance (PMASR) motor using h-indexing and level sensitivity analysis in order to specify 
a guideline for designers to prioritize the design variables for optimization. Systematic multi-level design optimization for multiple objectives 
is implemented by an NSGA-II algorithm aided by the finite element analysis tool, hardware prototyping and experimental validation. The 
optimized designs also exhibit better structural and thermal characteristics.
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The organization of the paper is as follows. Section 2 deals 
with performance analysis of the PMASR motor. In section 3, 
sensitivity analysis of motors based on two approaches is per-
formed and design variables are grouped into strongly and 
mildly sensitive categories. This is followed by Section 4, which 
deals with the multi-objective design optimization routine using 
the NSGA-II algorithm. Section 5 presents thermal and stress 
analysis of optimum design solutions while Section 6 provides 
the conclusion.

2.	 Performance analysis of PMASR motor

The PMASR motor used in performance analysis is shown in 
Fig. 1.

The PMASR motor prototype design is based on significant 
contributions available in the literature, contributing towards 
improved average torque and reduced torque ripple. The op-

1.	 Introduction

Permanent magnet assisted synchronous reluctance [1–3] 
(PMASR) motor drives have established themselves as a unique 
and significant technology in recent times. They stand out par-
ticularly when compared with conventional motor drives, due 
to increased efficiency, improved torque density and reduction 
in volt ampere requirement, which results in turn from the pres-
ence of minimum quantities of ferrite magnets in a structured 
arrangement in the flux barriers.

Yet anisotropic rotor configurations influenced by the pres-
ence of a large number of geometrical parameters [4–8] in the 
PMASR motor rotor pose design challenges in obtaining a ro-
bust geometry satisfying the requirements of different applica-
tions. Therefore, it is necessary to perform design optimization 
[9–12], considering multiple objectives to enhance the motor’s 
performance.

As the choice of the design variables for optimization is an 
important aspect influencing the end result, it is necessary to 
perform detailed sensitivity analysis to study their influence on 
the machine’s performance. This work utilizes the h-indexing 
technique [9] and level sensitivity method [10] to perform geo-
metrical sensitivity analysis and prioritize the design variables 
for optimization with respect to the objectives.

The prioritized design variables are optimized using the 
non-dominated sorting genetic algorithm – II (NSGA-II) [13, 14]. 
Finite element analysis (FEA) [15, 16] is also used for perfor-
mance prediction in the optimization routine [11]. The design 
solutions are analyzed in a multiphysics environment to assess 
and highlight the structural and thermal characteristics [17–21].

Fig. 1. 3D Model of PMASR motor
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timum slot/pole combination is decided to be 36/4 [4]. The 
number of flux barriers chosen is 3 [4–6]. The magnets are 
placed in increasing order of volume, from the rotor periphery 
to the shaft [6, 7]. The shape of flux barriers is similar to the 
shape used in [8, 9]. The angular positions at air gap are chosen 
from [8]. The CAD diagram defining the geometrical design 
parameters of one half cross section of the PMASR motor is 
presented in Fig. 2.

Fig. 2. Parametric model of a PMASR motor section

The rotor lamination and prototype of the PMASR motor 
used in the experiments for FEA validation are shown in Fig. 3 
and Fig. 4, respectively. The specifications of the PMASR 
motor prototype are represented in Table A1 in the appendix 
to this text.

Fig. 3. Rotor lamination of PMASR motor

Fig. 4. PMASR motor rotor

Fig. 6. Experimental test setup

Fig. 5 Magnetic flux density distribution of a PMASR motor at rated 
operating conditions

The performance characteristics of a PMASR motor are 
predicted using the finite element analysis (FEA) software 
[11, 22], MagNet 7.6.1 and MotorSolve 5.1. The magnetic flux 
density distribution at the rated operating conditions is pre-
sented in Fig. 5.

The experimental setup [7, 23] to validate the FEA model is 
shown in Fig. 6. The test setup consists of a fabricated prototype 
motor, controller, generator load, torque sensor and a PC for 
torque measurement display.
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The instantaneous torque waveform obtained from FEA and 
the torque sensor for the PMASR motor under two different 
load conditions at rated speed is shown in Fig. 7.

The average torque obtained from FEA, analytical calcula-
tion and experimental results are tabulated in Table 1 for dif-
ferent load conditions at rated speed. Also, the average torque 
obtained is in accordance with the dimensions of the motor 
under rated conditions.

Table 1 
Comparison between FEA, analytical and experimental results

Performance 
parameter

FEA 
results

Experimental 
result

Analytical 
method

Average Torque (Tav) 
(I = 2.9A) 8.02 Nm 7.95 Nm 8.13 Nm

Average Torque (Tav) 
(I = 1.93A) 4 Nm 3.86 Nm 4.16 Nm

The analytical formula which is used in the determination of 
average torque of the PMASR motor is given by:

	 Tav = 
3
2

p
2

£³
Ld ¡ Lq

´
Id Iq + λm Iq

¤
� (1)

where:
	 Ld, Lq	 –	 d axis and q axis inductances
	 Id, Iq	 –	 d axis and q axis currents
	 λm	 –	 permanent magnet flux linkage
The torque ripple percentage obtained from FEA and the ex-
perimental method is tabulated in Table 2 for different load 
conditions at rated speed.

Table 2 
Comparison between FEA and experimental results

Performance parameter FEA results Experimental result

Torque ripple percentage 
(Tripple%)(I = 2.9A) 20.46% 21.79%

Torque ripple percentage
(Tripple%)(I = 1.93A) 19.40% 20.6%

The torque ripple percentage is determined using the following: 

	 Tripple% = 
Tmax ¡ Tmin

Average torque
 £ 100 .� (2)

From Fig. 7, Table 1 and Table 2, the closeness of the experi-
mental and analytical results to the results of FEA validates the 
use of an FEA model in the sensitivity analysis and optimization 
routine.

3.	 Sensitivity analysis

This section details the necessity of sensitivity analysis of geo-
metrical parameters of the PMASR motor prior to optimization. 
The analysis needs to be performed in order to identify the 
significant geometrical parameters influencing the performance 
measures. Also, the nature of variation of the sensitivity index 
for different geometrical parameters when the choice of objec-
tives is changed is highlighted. Sensitivity analysis is carried 
out by means of two methods, namely h-indexing and level sen-
sitivity method. The h-indexing and level sensitivity methods 
are statistical methods, involving identification and prioritiza-
tion of geometrical parameters as strongly sensitive and mildly 
sensitive for the optimization procedure.

The bounds of the design variables for performance analysis 
using FEA, subsequently assessed by sensitivity analysis, are 
illustrated in Table 3. The limits of variation of the parameters 
are defined by the manufacturing constraints and the possibility 
of no intersection between any of the flux barriers.

Table 3 
Bounds defining the design variables

Parameter Design bounds

Magnet height, h1 3–6 mm

Magnet height, h2 3–6 mm

Magnet height, h3 3–6 mm

Magnet width, w1 3–8 mm

Magnet width, w2 4–12 mm

Magnet width, w3 5–20 mm

Angular position at air gap, δ1 10.6–16°

Angular position at air gap, δ2 24–29°

Angular position at air gap, δ3 36.5–41°

Flux barrier angle, θ1 0–6.5°

Flux barrier angle, θ2 0–6.5°

Flux barrier angle, θ3 0–6.5°

Air gap, g 0.3–0.6 mm

3.1. H-indexing technique. In this methodology [9], an order of 
a precedence (sensitivity) index is designated to all the design 
variables being considered. The h-index is a quantitative metric 

Fig. 7. Experimental result and FEA result of instantaneous torque
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based on the ratio of variances that attempts to measure the 
individual impact of each geometrical parameter on the three 
optimization objectives – that of average torque, torque ripple 
percentage and total loss. For each geometric parameter (xi), 
the corresponding sensitivity index Hy(xi) is defined as:

	 Hy(xi) = 
Var(yjxi)

Var(y)
� (3)

where y is the optimization objective (average or torque ripple 
percentage or total loss), Var(yjxi) is the conditional variance 
of y for a given xi, and Var(y) is the variance of y over the 
entire data set.

The motor parameters are prioritized into two levels using 
the sensitivity indices computed from this technique. Sensitivity 
analysis is performed for two cases, i.e.

1.	 with average torque (Tav) and torque ripple percentage 
(Tripple%) as objectives.

2.	 with torque ripple percentage (Tripple%) and total loss 
(Ploss) as objectives.

The two cases are considered in order to portray the varia-
tion of the sensitivity index for different geometrical parameters 
when the choice of objectives is changed, justifying the role of 
sensitivity analysis prior to optimization. Predefined scripting 
existing in the FEA software package is utilized to determine 
the total loss of the motor.

The sensitivity function G(xi) is then calculated from the 
indices for:
Case 1
	 G(xi) = λ1jHav(xi)j + λ2jHripple(xi)j � (4)

Case 2
	 G(xi) = λ1jHripple(xi)j + λ2jHloss(xi)j � (5)

where
	 λ1 + λ2 = 1,� (6)

and jHav(xi)j, jHripple(xi)j and jHloss(xi)j are the absolute values 
of the sensitivity indices of Tav, Tripple% and Ploss, respectively. 
λ1 and λ2 are the weighted coefficients of Tav and Tripple% 
which satisfy (6) for case 1 and λ1 and λ2 are the weighted 
coefficients of Tripple% and Ploss which satisfy (6) for case 2.

λ1 and λ2 are chosen as 0.5 in both cases, as both the optimi-
zation outcomes, i.e. minimization of torque ripple percentage 
and maximization of average torque in case 1 and minimization 
of torque ripple percentage and minimization of total loss in 
case 2, are of equal significance. In multi-level optimization, 
the design parameters are then stratified into two levels, based 
on the threshold value (δ), as:
●	 strongly sensitive (Level 1) ) consisting of parameters with 

G(xi) > δ ,
●	mildly sensitive (Level 2) ) consisting of parameters with 

G(xi) ∙ δ ,
where δ  – average sensitivity value.

The h-index values obtained for the PMASR motor using 
(3) for the cases defined in (4) and (5) are tabulated in Table 4 
and Table 5, respectively.

Table 4 
Sensitivity analysis using H-indices with average torque and torque 

ripple percentage as objectives

Design variables Hav(xi) Hripple(xi) G(xi)

h1 – 0.0293 – 0.2153 0.1223

h2 – 0.0230 – 0.0274 0.0252

h3 – 0.0085 – 0.0112 0.00985

w1 – 0.0200 – 0.0320 0.026025

w2 – 0.0071 – 0.0251 0.0161

w3 – 0.0130 – 0.0025 0.007785

δ1 – 0.8647 – 0.7129 0.7888

δ2 – 0.9828 – 0.4414 0.7121

δ3 – 0.3677 – 0.0848 0.22625

θ1 – 0.7261 – 0.0314 0.37875

θ2 – 0.4716 – 0.0124 0.242

θ3 – 0.2786 – 0.0261 0.15235

g – 0.1273 – 0.2126 0.16995

Average sensitivity value (δ) 0.22134

Table 5 
Sensitivity analysis using H-indices with torque ripple percentage 

and total loss as objectives

Design variables Hripple(xi) Hloos(xi) G(xi)

h1 –0.2153 –0.1529 0.18410

h2 –0.0274 –0.1481 0.08775

h3 –0.0112 –0.0900 0.05060

w1 –0.032 –0.1233 0.07765

w2 –0.0251 –0.1134 0.06925

w3 –0.0025 –0.1086 0.05555

δ1 –0.7129 –0.1284 0.42065

δ2 –0.4414 –0.1349 0.28815

δ3 –0.0848 –0.1481 0.11645

θ1 –0.0314 –0.1159 0.07365

θ2 –0.0124 –0.1364 0.07440

θ3 –0.0261 –0.1181 0.07210

g –0.2126 –0.0109 0.11175

Average sensitivity value (δ) 0.12938

From Table 4, it is observed that δ1, δ2, θ1, θ2 and δ3 are 
the strongly sensitive design variables in the order of highest 
priority. In Table 5, it is observed that δ 1, δ 2 and h1 are the 
strongly sensitive design variables in the order of highest pri-
ority. Therefore, it can be concluded that based on the choice 
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of objectives, the sensitivity index of design variables changes 
and priority of choice for the optimization routine also varies. 
This work focuses on torque ripple minimization along with 
maximization of average torque. Hence, the sensitivity index 
calculation will focus on average torque and torque ripple per-
centage in the sections below.

Also, the following observation can be made from the ta-
bles defining the sensitivity index. As per the variance in (3), 
a design variable with a positive index in the sensitivity indices 
table aids in the design optimization process while a variable 
with a negative index exhibits a contradictory nature [10]. For 
instance, in Table 4, it can be inferred that a positive Hav(xi) 
indicates a rise in Tav along with xi and a positive Hripple(xi) 
indicates a fall in Tripple% when xi increases, as the fundamental 
objective is to increase average torque and reduce torque ripple 
percentage. Although positive and negative indices denote the 
impact of all geometric parameters on the design objectives, the 
vital design variables can be uniquely identified by their high 
value of absolute cumulative sensitivity index for the design 
objectives.

3.2. Level sensitivity analysis technique. An alternative 
scheme [10] for calculating sensitive indices of the different 
geometrical parameters for PMASR motors involves a system-
atic level sensitivity analysis technique. In this technique, for 
each design variable (xi), the corresponding sensitivity index 
S(xi) is defined as the ratio of percentage changes in the objec-
tive to the percentage change in the value of the design variable, 
and can be obtained from the following formula:

	 Sy(xi) = 
Percentage changes in y(x)

Percentage changes in xi
� (7)

where y is the optimization objective and xi represents the in-
dependent design variables for the PMASR motor.

The comprehensive level sensitivity index Scom(xi) is then 
computed from the indices that are chosen so as to satisfy (4). 
jSav(xi)j and jSripple(xi)j are the absolute values of the level 
sensitivity indices of Tav and Tripple%, respectively. In this 
methodology, λ1 and λ2 are chosen as 0.5, as before, and the 
geometric parameters are divided into two levels, i.e. strongly 
sensitive variables with comprehensive sensitivity above the 
threshold and mildly sensitive variables that are below the set 
threshold value. The level sensitivity index values obtained for 
the PMASR motor using (7) for the case defined in (4) is pre-
sented in Table 6.

From Table 6, it is observed that δ1, δ2, θ1, δ3 and θ2 are 
the strongly sensitive design variables in the order of highest 
priority. Similar observations were made in Table 4, validating 
the earlier results obtained using the h-index sensitivity analysis 
with slight variations. The minor variations in the prioritization 
of design variables are due to the reasons discussed below.

The sensitivity indices computed using the level sensitivity 
analysis technique are influenced by the sample demographics 
[24], and thus require know-how to collect distributed data 
samples within the defined boundary constraints, free of any 
bias against individual variables. The H-indexing technique, 

on the other hand, models the actual sensitivity of the geo-
metric parameters in a comparative manner. Since the design 
variables are mutually independent and identically distributed 
with a finite variance, as per the central limit theorem (CLT), 
the variance of the sample population is approximately equal 
to the variance of the original population. The h-indexing tech-
nique makes use of the fact that the estimated variances can 
be fine-tuned by increasing the sample size to systematically 
compute H-indices and are hence more reliable [25]. Therefore, 
the optimization routine is based on the prioritization of design 
variables based on the h-indexing technique.

Contour map representation [8] of variations of average 
torque and torque ripple percentage with respect to the key de-
sign parameters, angular positions at air gap, δ1 and δ2 (highest 
h-index and level sensitivity index) of the PMASR motor for 
a specific range are shown in Fig. 8 and Fig. 9 to provide an 
insight into the sensitivity of the design variable.

Table 6 
Sensitivity analysis using level sensitivity analysis for PMASR 

motor with average torque and torque ripple percentage as 
objectives

Design variables Sav(xi) Sripple(xi) Scom(xi)

h1 – 0.0536 – 0.1191 0.08635

h2 – 0.0165 – 0.1546 0.08555

h3 – 0.0473 – 0.1134 0.08035

w1 – 0.0316 – 0.0597 0.04565

w2 – 0.0164 – 0.0467 0.03150

w3 – 0.0195 – 0.0114 0.01545

δ1 – 0.7345 – 0.7834 0.75895

δ2 – 0.8745 – 0.3419 0.60820

δ3 – 0.4655 – 0.0765 0.27100

θ1 – 0.5514 – 0.0768 0.31410

θ2 – 0.4889 – 0.0516 0.27020

θ3 – 0.3497 – 0.0168 0.18325

g – 0.1116 – 0.1053 0.10845

Average sensitivity value (δ) 0.21992

Fig. 8. Influence of change of δ1 and δ2 of PMASR notor on average 
torque
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4.	 Design optimization

The design optimization process constitutes a significant as-
pect of determining significant design solutions of the PMASR 
motor. This work involves the use of non-dominated sorting 
genetic algorithm – II (NSGA-II) for performing design optimi-
zation. Advantages of the NSGA-II algorithm [13, 14] include 
better spread of solutions and distinct convergence near the true 
Pareto-optimum front.

The objective functions are as follows:
●	minimization of torque ripple percentage,

	 f1 = min(Tripple%)� (8)

●	maximization of average torque,

	 f2 = max(Tav) .� (9)

Significant variables based on the h-index used in the mul-
tilevel optimization routine [9, 10] are listed in Table 7.

Table 7 
Classification of PMASR motor parameters for optimization

Parameter level Parameters

Level 1 (strongly sensitive variables) δ1, δ2, θ1, θ2, δ3

Level 2 (mildly sensitive variables) g, θ3, h1, w1, h2, w2, h3, w3

The NSGA-II algorithm has been implemented using 
MATLAB [26], with the population size = 100, crossover 
probability = 0.8, mutation probability = 0.33, crossover 
index = 20; mutation index = 20 and maximum number of it-
erations = 100. The Pareto distribution of optimization results 
for the PMASR motor is represented in Fig. 10.

Two significant solutions considering the requirement of 
torque ripple reduction have been represented in Table 8.

Table 8 
Geometrical and performance parameters of selected design 

solutions of PMASR motor

Parameter Design 
solution 1

Design 
solution 2

Magnet height, h1 3.5 mm 3 mm

Magnet height, h2 4.7 mm 4.2 mm

Magnet height, h3 5.8 mm 5.2 mm

Magnet width, w1 6.2 mm 6 mm

Magnet width, w2 10 mm 9 mm

Magnet width, w3 16 mm 13.3 mm

Angular position at air gap, δ1 11.5° 12.3°

Angular position at air gap, δ2 24.9° 25.2°

Angular position at air gap, δ3 38.1° 38.3°

Flux barrier angle, θ1 5° 3.3°

Flux barrier angle, θ2 2.5° 1.8°

Flux barrier angle, θ3 1.9° 1.2°

Airgap, g 0.52 mm 0.47 mm

Average torque, Tav 8.1 Nm 8.96 Nm 

Torque ripple percentage, Tripple% 9.13% 8.06%

Total loss, Ploss 108.06 W 118.41 W

5.	 Multiphysics performance analysis

5.1. Thermal analysis. The thermal performance of the 
PMASR motor prototype and two design solutions obtained 
as part of the optimization routine are evaluated using the to-
tally enclosed fan cooled (TEFC) type of cooling system, mod-
eled in MotorSolve – the thermal module [22] as the prototype 
PMASR motor employs the same type of cooling. The ambient 
temperature is at 25°C. The FEA results obtained are experi-
mentally verified using PT100 temperature sensors, embedded 
in the prototype motor in the stator core and stator winding, 
as shown in Fig. 11.

Figure 12 represents the temperature rise curves [18] ob-
tained for different parts of the PMASR motor for a period 
of 270 minutes of constant load at rated operating conditions. 
From Fig. 12, it is observed that the FEA and experimental 
results indicate that temperature rise curves are similar in na-
ture over the period of 270 minutes. A sample reading at 270th 

Fig. 9. Influence of change of δ1 and δ2 of PMASR motor on torque 
ripple percentage

Fig. 10. Pareto distribution of optimized results for PMASR motor
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minute using a temperature sensor is represented for compar-
ison with the temperature obtained using FEA in Table 9.

Table 9 
FEA vs experimental results of constant rated load operation with 

fan at time = 270 min

Part FEA Experimental
Stator winding 78°C 79.5°C

Stator core 54°C 55.7°C

From Table 9, it can be observed that a good agreement 
exists between FEA and experimental results, confirming the 
reliability of the FEA model for prediction of temperature for 
the rotor core and ferrite magnet located in the flux barriers. 
The final peak temperatures predicted using FEA for different 
parts of the PMASR motor after 270 minutes of constant load 
at rated operating conditions are represented in Fig. 13.

The final peak temperature distribution predicted using FEA 
for different parts of 1/4th cross section of the PMASR motor 
after 270 minutes of constant load at rated operating conditions 
are represented in Fig. 14.

From Fig. 14, it can be noted that the temperatures are sim-
ilar for design solution 1 and the prototype motor. The tem-
peratures of the different parts of the motor represented using 
design solution 2 have increased by 2°C as compared to the 
other configurations, and the total loss is higher than that of the 
PMASR motor prototype and design solution 1.

5.2. Stress analysis. The structural performance [18–21] of de-
sign solutions is determined using ANSYS [27] FEA software at 
rated operating conditions. The stresses on flux barriers are due 
to their anisotropy and the centrifugal forces emerging as results 
of ferrite magnet housing. Assumptions for the simulation are 

Fig. 13. Comparison of temperatures of different parts of PMASR 
motor prototype and two design solutions

Fig. 12. Temperature rise curves for different parts of PMASR motor

Fig. 11. Experimental setup for estimation of stator core and winding temperature

Fig. 14. Comparison of temperature distribution for different parts of 
1/8th cross section of PMASR motor (a) prototype (b) design solution 1 

and (c) design solution 2

a) b) c)

y

x
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made based on [18]. The mass densities of the M1000 type steel 
used in the rotor core and in the ferrite magnet are 7800 kg/m3 
and 4900 kg/m3, respectively. The results of static structural 
analysis, portraying the von Mises stresses on design solutions 1 
and 2 of the PMASR motor, are represented in Fig. 15.

From Fig. 15, it can be seen that the stress induced in  design 
solutions 1 and 2 of the PMASR motor is less than 295 MPa 
(yield strength of laminations), validating the optimization 
procedure for obtaining designs with reduced stress owing to 
reduction in torque ripple.

6.	 Conclusion

An effective design procedure for determining the influence of 
geometrical parameter variations on torque ripple and average 
torque of a PMASR motor is presented clearly in this work. 
From the sensitivity analysis performed, the strongly sensitive 
parameters were observed and prioritized for optimization. The 
design solutions obtained by means of the NSGA-II optimiza-
tion routine depicted significant minimization of torque ripple 
and maximization of electromagnetic torque through well-dis-
tributed Pareto-optimum planes. The results of this work are 
verified through multiphysics performance analysis of selected 
design solutions, indicating stable thermal performance and vi-
bration performance in terms of stress distribution in the rotor.
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7.	 Appendix

Table A1 
Parameters of prototype PMASR motor

Parameter Value
Rated power 1.2 kW
Rated speed 1500 rpm
Rated torque 8 Nm
Air gap, g 0.45 mm
Radius of rotor 45.6 mm
Inner radius of stator 46.05 mm
Outer radius of stator 79.5 mm
Stack length 64 mm
Shaft radius 15 mm
Magnet height, h1 6 mm
Magnet height, h2 6 mm
Magnet height, h3 6 mm
Magnet width, w1 6 mm
Magnet width, w2 10 mm
Magnet width, w3 16 mm
Angular position at air gap, δ1 14.8°
Angular position at air gap, δ2 26.3°
Angular position at air gap, δ3 38.8°
Flux barrier angle, θ1 0°
Flux barrier angle, θ2 1.9°
Flux barrier angle, θ3 2.1°
Iron rib thickness, t 2 mm
Type of electrical steel M1000
Type of permanent magnet Ferrite-Y30
Remanence 0.37T
d – axis inductance, Ld 0.441 H
q – axis inductance, Lq 0.102 H
Total loss 110.6 W


