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The sensitivity analysis of even order biquadratic elliptic filters

M. PASKO∗ and T. ADRIKOWSKI

Institute of Theoretical and Industrial Electrotechnics, Silesian University of Technology, 16 Akademicka St., 44-100 Gliwice, Poland

Abstract. In this paper, the sensitivity analysis of the elliptic filters realized by using biquadratic structures was carried out. The influence
of spread the structure parameter values on the shape of the frequency characteristic of the filter transmittance modulus was analyzed. The
analysis was limited to the case of even order low-pass filter. Defining the proper class of the sensitivity coefficients, the changes influence
of individual structure parameters on the deviation of basic parameter values of the characteristic was considered. The considerations were
illustrated by the numerical example.
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1. Introduction
The elliptic filter from among all known types of filters distin-
guishes the largest selectivity [1]. Frequency characteristics of
transmittance modulus have oscillations in the pass-band and
the stop-band. Between those bands, it is possible to distin-
guish the transition-band in which there is a sudden fall of fil-
ter transmission. The characteristic of the example low-pass
elliptic filter of orderr = 4 is shown in Fig. 1.

Fig. 1. The characteristic of the example low-pass elliptic filter of
orderr = 4

In this paper, the proposed sensitivity analysis of elliptic
filters is limited to the case of low-pass filter of even order [2].
A transmittance of even order r filter can be expressed by the
product ofr

2 biquadratic factors and by the resultant fixed fac-
tor. It is possible to build elliptic filters in the class of active
devices with the use of biquadratic structures that realize the
individual biquadratic factors [3–5]. The fixed factor can be
attainable outside biquadratic structures in the single propor-
tional structure.

2. The nominal characteristic
The nominal frequency characteristic of transmittance modu-
lus |K(jω)|n is attainable, when all structure parameters adopt

the nominal values

|K(jω)|n = Ku0n

r
2∏

i=1

∣∣∣∣
−ω2 + ω2

zin

−ω2 + j2σinω + ω2
pin

∣∣∣∣, (1)

where

– σin, ωpin , ωzin – the nominal parameter values ofi-th bi-
quadratic structure,

– Ku0n – the nominal value of the fixed factor.

In Fig. 2 general course of the nominal characteristic of low-
pass elliptic filter of even order r is presented. The characteris-
tic is clear-out described by the given nominal parameters:

– Kurn – the nominal maximum value of transmittance mod-
ulus in the pass-band,

– Kupn – the nominal minimum value of transmittance mod-
ulus in the pass-band,

– ωgrn – the nominal limited pulsation, above that transmit-
tance modulus falls belowKupn value,

– Kusn – the nominal maximum value of transmittance mod-
ulus in the stop-band,

– ωsn – the nominal pulsation, below that transmittance mod-
ulus grows above the maximum value of the stop-band
equalsKusn.

In the pass-band(0 < ω < ωgrn) transmittance modu-
lus has oscillation course and oscillates between the minimum
valueKupn and the maximum valueKurn. The levelKurn

is achieved by allj-th local maximumsKurj which are in the
pass-band.

Kurn = Kurj , j = 1, 2, ...,
r

2
. (2)

The nominal valueKupn equals toKup1 value of transmit-
tance modulus, that is achieved forω = 0

Kupn = Kup1 = lim
ω→0

|Ku(jω)|n (3)

and allj-th local minimumsKupj of the pass-band

Kupn = Kupj , j = 2, 3, ...,
r

2
. (4)
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Fig. 2. The nominal characteristic of the low-pass elliptic filter of
even orderr = 4

The measure of oscillations in the pass-band is the pass-
band ripple expressed indB

R(dB)n = 20 log
(

Kurn

Kupn

)
. (5)

The maximum valueKusn of the stop-band equals toKus1

value of transmittance modulus, that is achieved forω = ∞
Kusn = Kus1 = lim

ω→∞
|Ku(jω)|n (6)

and allj-th local maximumsKusj of the band

Kusn = Kusj , j = 2, 3, ...,
r

2
. (7)

The transition-band included between the pulsationωgrn

andωsn characterized a sudden fall of transmittance modulus
value. The measure of this fall is an average slope of the char-
acteristicNdB/okt expressed indB/okt, described according
to the formula

NdB/oktn =
20 log

(
Kupn

Kusn

)

log2

(
ωgrn

ωsn

) . (8)

3. The deviation characteristic

In practice, real values of structure parameters differ from
nominal values, for the sake of spread of the element val-
ues, from these elements the structures are built. Deviation
from the nominal value even of one parameter of the struc-
ture causes characteristic deviation from nominal case. A
frequency deviation characteristic of transmittance modulus
|K(jω)| is achieved in the case when all structure parameters
adopt real values

|K(jω)| = Ku0

r
2∏

i=1

∣∣∣∣
−ω2 + ω2

zi

−ω2 + j2σiω + ω2
pi

∣∣∣∣, (9)

where
σi, ωpi , ωzi – the real parameter values of thei-th biquadratic
structure

Fig. 3. The deviation characteristic of even order r low-pass elliptic
filter

σi = σin (1 + δσi) , ωpi = ωpin (1 + δωpi) ,

ωzi = ωzin (1 + δωzi) ,

with
δσi, δωpi

, δωzi
– relative deviation of the parameter values:

σi, ωpi , ωzi from the nominal values:σin, ωpin , ωzin , Ku0 –
the real value of the fixed factor.

In Fig. 3 there is presented a general course of the devia-
tion characteristic of even order r low-pass elliptic filter.

The parameters describing characteristic gave in deviation
from the nominal values:Kurn, Kupn, ωgrn, Kusn, ωsn to
the values:Kur, Kup, ωgr, Kus, ωs. They are a bit differ-
ently defined than for the nominal case.

In the pass-band(0 < ω < ωgr) j-th values:Kurj and
Kupj aren’t equal, in that case it is necessary to accept for the
parameterKur the biggest value from amongj-th Kurj values

Kur =
r
2max

j=1

{
Kurj

}
, (10)

however forKup parameter it is necessary to accept the small-
est value from amongj-th Kupj values

Kup =
r
2

min
j=1

{
Kupj

}
. (11)

The limited pulsationωgr is the one above that transmit-
tance modulus falls below theKup value, however real pass-
band ripple expressed indB is characterized by the expression

R(dB) = 20 log
(

Kur

Kup

)
. (12)

In the stop-band(ωsn < ω < ∞) j-th valuesKusj aren’t
equal, so in this case it is necessary to accept for the parameter
Kus the biggest value from amongj-th Kusj values

Kus =
r
2max

j=1

{
Kusj

}
. (13)

The pulsationωs is the one below that transmittance mod-
ulus grows over theKus value, however the average slope of
the deviation characteristicNdB/okt in the transition-band ex-
pressed indB/okt, can be described according to the formula
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NdB/okt =
20 log

(
Kup

Kus

)

log2

(
ωgr

ωs

) . (14)

4. The coefficients describing sensitivity
of characteristic to changes of structure
parameters

Determining proper class of sensitivity coefficients it is possi-
ble to count relative change of each characteristic parameters
for any combinations relative deviations of structure parame-
ters. The essential class of the sensitivity coefficients must de-
termine the sensitivity very detailed characteristic parameters
to changes of each structure parameter separately. Structure
parameters:σi, ωpi

, ωzi

(
i = 1, 2, ..., r

2

)
create the vector of

influential parametersY about3r
2 elements

Y =
[
Y1, Y2, ..., Yk, ..., Y 3r

2

]T

=
[
σ1, σ2, ..., σ r

2
, ωp1 , ωp2 , ..., ωp r

2
, ωz1 , ωz2 , ..., ωz r

2

]T

,

for k = 1, 2, ...
3r

2
.

(15)
In Fig. 4 there is showed general characteristic of filter, for
deviation from nominal valuek-th structure parameterYk =
Ykn + ∆Yk. The other structure parameters accept the nomi-
nal values. In this figure there are marked all detailed charac-
teristic parameters that sensitivity should be described for the
changes of eachk-th structure parameterYk. There are allj-th
values of the following parameters:Kurj , Kupj , ωgrj , Kusj ,
ωsj (j = 1, 2, ..., r

2 ). The meaning of parameters:Kurj , Kupj ,
Kusj has been explained by describing the parameters of the
deviation characteristic (look at point 3).

It is necessary to explain the meaning of the parameters:
ωgrj , ωsj

– j-th value of the parameterωgrj is the pulsation, that
|K(jω)| achievesj-th valueKupj ,

– j-th value of the parameterωsj is the pulsation, that
|K(jω)| achievesj-th valueKusj .

Within the confines of the sensitivity analysis it is neces-
sary to determine the sensitivity coefficient of allj-th values
of the characteristic parameters:Kurj , Kupj , ωgrj , Kusj , ωsj

for the changes of eachk-th structure parameterYk

S
Kurj

Yk
, S

Kupj

Yk
, S

ωgrj

Yk
, S

Kusj

Yk
, S

ωsj

Yk
,

k = 1, 2, ...,
3r

2
, j = 1, 2, ...,

r

2
.

(16)

The individual k-th coefficient values: S
Kurj

Yk
, S

Kupj

Yk
,

S
ωgrj

Yk
, S

Kusj

Yk
, S

ωsj

Yk
are possible to determine in the numeri-

cal way for eachk-th structure parameter separately. In order
to achieve this aim it is necessary to deviate the value ofk-th
structure parameterYk about any not large known value∆Yk,
keeping the nominal values of the rest structure parameters.

Fig. 4. General characteristic of low-pass elliptic filter for deviated
from nominal value ofk-th structure parameterYk = Ykn + ∆Yk.

The other structure parameters accept the nominal values

For such deviatedk-th structure parameter it is necessary
to determine, allj-th values of the structure parameters:Kurj ,
Kupj , ωgrj , Kusj , ωsj , suitable for this deviation, taking them
back to the nominal values:Kurn, Kupn, ωgrn, Kusn, ωsn.
The coefficient values for eachk-th deviated structure param-
eter can be counted according to the formulas

S
Kurj

Yk
=

Kurj −Kurn

Kurn

Yk

∆Yk
, S

Kupj

Yk
=

Kupj −Kupn

Kupn

Yk

∆Yk
,

S
ωgrj

Yk
=

ωgrj − ωgrn

ωgrn

Yk

∆Yk
, S

Kusj

Yk
=

Kusj −Kusn

Kus n

Yk

∆Yk
,

S
ωsj

Yk
=

ωsj − ωsn

ωsn

Yk

∆Yk
, k = 1, 2, ...,

3r

2
, j = 1, 2, ...,

r

2
(17)

5. Calculation of characteristic deviations

On the basis of sensitivity coefficients (17) it is possible to
count the relative change of each characteristic parameter, for
any deviation combinationδYk (k = 1, 2, ..., 3r

2 ) of particular
structure parameters, according to the formulas

δKur =
r
2max

j=1





3r
2∑

k=1

(
S

Kurj

Yk
δYk

)


 , (18)

δKup =
r
2

min
j=1





3r
2∑

k=1

(
S

Kupj

Yk
δYk

)




=

3r
2∑

k=1

(
S

Kupw

Yk
δYk

)
, 1 6 w 6 r

2
,

(19)

δωgr =

3r
2∑

k=1

(
S

ωgrw

Yk
δYk

)
, (20)
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δKus =
r
2max

j=1





3r
2∑

k=1

(
S

Kusj

Yk
δYk

)




=

3r
2∑

k=1

(
S

Kusq

Yk
δYk

)
, 1 6 q 6 r

2
,

(21)

δωs =

3r
2∑

k=1

(
S

ωsq

Yk
δYk

)
. (22)

The sensitivity coefficients (17) on the assumption that
the changes of characteristic parameters evoked by changes of
structure parameters are linear. In this connection, these pre-
sented formulas to relative deviations of characteristic parame-
ters (18), (19), (20), (21), (22) can be applied when the relative
deviations of characteristic structures are not large (do not ex-
ceed 10% of the nominal value), which, however, is fulfilled in
practice.

On the basis of the relative deviations of characteristic pa-
rameters it is possible to count relative values of these param-
eters

Kur = Kurn (1 + δKur) , Kup = Kupn (1 + δKup) ,

ωgr = ωgrn (1 + δωgr) , Kus = Kusn (1 + δKus) (23)

ωs = ωsn (1 + δωs) .

Example. To illustrate the presented considerations in this ex-
ample, the sensitivity analysis of normalized (ωgrn = 1) ellip-
tic filter orderr = 4 with pass-band ripple equals 3 dB was
carried out. Transmittance modulus of this filter can be pre-
sented by a product of transmittance modulus and two compo-
nent biquadratic structures

|K(jω)|n = Ku0

∣∣∣∣
−ω2 + ω2

z1 n

−ω2 + j2σ1 nω + ω2
p1 n

∣∣∣∣

×
∣∣∣∣

−ω2 + ω2
z2 n

−ω2 + j2σ2 nω + ω2
p2 n

∣∣∣∣ ,

(24)

where

σ1n = 0.21396, ωp1n = 0.47121, ωz1n = 4.9221,

σ2n = 0.075257, ωp2n = 0.95752, ωz2n = 2.1432,

Ku0n =
ω2

p1n
ω2

p2n

ω2
z1n

ω2
z2n

1√
2
.

Structure parameters create six-elemental vector of influ-
ential parametersY

Y = [Y1, Y2, Y3, Y4, Y5, Y6]
T

= [σ1n, σ2n, ωp1n , ωp2n , ωz1n , ωz2n ]T .
(25)

A course of nominal characteristic is compatible with given
in Fig. 1. The nominal values of characteristic parameters are
equal to

Kurn = 1.0000, Kupn = 0.70710, ωgrn = 1.0000,

Kusn = 1.2936 · 10−3, ωsn = 2.0000. (26)

The sensitivity coefficients are determined by the formulas
(17), deviating in turn the values of each structure parameters
about +5%(∆Yk = 0.05) relative to the nominal value

H S
Kurj

Yk
(k = 1, 2...6, j = 1, 2)

S
Kur1
Y1

= −8.5 · 10−1, S
Kur1
Y2

= −6.6 · 10−3,

S
Kur1
Y3

= −6.7 · 10−1, S
Kur1
Y4

= −2.2, S
Kur1
Y5

= 2.1,

S
Kur1
Y6

= 2.1, S
Kur2
Y1

= −2.8 · 10−1, S
Kur2
Y2

= −8.6 · 10−1,

S
Kur2
Y3

= 5.2 · 10−1, S
Kur2
Y4

= −3.5, S
Kur2
Y5

= 2.1.

S
Kur2
Y6

= 2.5,

H S
Kupj

Yk
(k = 1, 2...6, j = 1, 2)

S
Kup1
Y1

= 2.8 · 10−4, S
Kup1
Y2

= 2.8 · 10−4, S
Kup1
Y3

= −1.9,

S
Kup1
Y4

= −1.9, S
Kup1
Y5

= 2.1, S
Kup1
Y6

= 2.1,

S
Kup2
Y1

= 4.9 · 10−1, S
Kup2
Y2

= −8.0 · 10−2

S
Kup2
Y3

= 7.4 · 10−1, S
Kup2
Y4

= −3.9, S
Kup2
Y5

= 2.1

S
Kup2
Y6

= 2.3.

H S
ωgrj

Yk
(k = 1, 2...6, j = 1, 2)

S
ωgr1
Y1

= −2.6 · 10−2, S
ωgr1
Y2

= −8.7 · 10−2,

S
ωgr1
Y3

= 2.5 · 10−1, S
ωgr1
Y4

= 7.7 · 10−1,

S
ωgr1
Y5

= 8.7 · 10−3, S
ωgr1
Y6

= 5.5 · 10−2,

S
ωgr2
Y1

= 2.9 · 10−2, S
ωgr2
Y2

= −7.7 · 10−2,

S
ωgr2
Y3

= −2.9 · 10−2, S
ωgr2
Y4

= 1.0

S
ωgr2
Y5

= 4.2 · 10−3, S
ωgr2
Y6

= 2.9 · 10−2.

H S
Kusj

Yk
(k = 1, 2...6, j = 1, 2)

S
Kus1
Y1

= −2.8 · 10−2, S
Kus1
Y2

= −4.6 · 10−3,

S
Kus1
Y3

= 6.0 · 10−2, S
Kus1
Y4

= 2.9 · 10−1, S
Kus1
Y5

= 3.0,

S
Kus1
Y6

= −2.9, S
Kus2
Y1

= 0.0, S
Kus2
Y2

= 0.0

S
Kus2
Y3

= 0.0, S
Kus2
Y4

= 0.0, S
Kus2
Y5

= 0.0, S
Kus2
Y6

= 0.0

H S
ωsj

Yk
(k = 1, 2...6, j = 1, 2)

S
ωs1
Y1

= −1.1 · 10−3, S
ωs1
Y2

= −2.0 · 10−4,

S
ωs1
Y3

= 3.0 · 10−3, S
ωs1
Y4

= 1.8 · 10−2,

S
ωs1
Y5

= −2.5 · 10−2, S
ωs1
Y6

= 1.0,

S
ωs2
Y1

= −2.7 · 10−3, S
ωs2
Y2

= −5.0 · 10−4,

S
ωs2
Y3

= 6.2 · 10−3, S
ωs2
Y4

= 3.3 · 10−2,

S
ωs2
Y5

= 1.2 · 10−1, S
ωs2
Y6

= 8.3 · 10−1.

Deviations of characteristic parameters are determined as
an example deviation combination of structure parameters
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δσ1 = −0.01, δσ2 = −0.01, δωp1 = +0.01,

δωp2 = −0.01, δωz1 = +0.01, δωz2 = +0.01.
(27)

They are equal to

δKur =
2

max
j=1

{
6∑

k=1

(
S

Kurj

Yk
δYk

)}

= max

{
6∑

k=1

(
S

Kur1
Yk

δYk

)
,

6∑

k=1

(
S

Kur2
Yk

δYk

)}

= max
{

6.58 · 10−2, 9.76 · 10−2

−−−−−−−

}

= 9.76 · 10−2 ∼= +9.8 · 10−2,

(28)

δKup =
2

min
j=1

{
6∑

k=1

(
S

Kupj

Yk
δYk

)}

= min

{
6∑

k=1

(
S

Kup1
Yk

δYk

)
,

6∑

k=1

(
S

Kup2
Yk

δYk

)}

= min
{

4.10 · 10−2

−−(w=1)−−
, 9.65 · 10−2

}

= 4.10 · 10−2 ∼= +4.1 · 10−2, w = 1,

(29)

δωgr =
6∑

k=1

(
S

ωgrw

Yk
δYk

)
=

6∑

k=1

(
S

ωgr1
Yk

δYk

)

= −3.39 · 10−3 ∼= −3.4 · 10−3,

(30)

δKus =
2

max
j=1

{
6∑

k=1

(
S

Kusj

Yk
δYk

)}

= max

{
6∑

k=1

(
S

Kus1
Yk

δYk

)
,

6∑

k=1

(
S

Kus2
Yk

δYk

)}

= max
{
−1.56 · 10−3, 0.0

−(q=2)−

}
= 0, q = 2,

(31)

δωs =
6∑

k=1

(
S

ωsq

Yk
δYk

)
=

6∑

k=1

(
S

ωs2
Yk

δYk

)

= 9.24 · 10−3 ∼= +9.2 · 10−3.

(32)

On the basis of the formulas (23) it is possible to determine
real values of characteristic parameters

Kur = Kurn (1 + δKur) = 1.096, (33)

Kup = Kupn (1 + δKup) = 7.361 · 10−1, (34)

ωgr = δωgrn (1 + δωgr) = 9.966 · 10−1, (35)

Kus = δKusn (1 + δKus) = 1.294 · 10−3, (36)

ωs = δωsn (1 + δωs) = 2.019. (37)
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