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The sensitivity analysis of even order biquadratic elliptic filters
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Abstract. In this paper, the sensitivity analysis of the elliptic filters realized by using biquadratic structures was carried out. The influence
of spread the structure parameter values on the shape of the frequency characteristic of the filter transmittance modulus was analyzed. T
analysis was limited to the case of even order low-pass filter. Defining the proper class of the sensitivity coefficients, the changes influenci
of individual structure parameters on the deviation of basic parameter values of the characteristic was considered. The considerations we
illustrated by the numerical example.
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1. Introduction the nominal values

The elliptic filter from among all known types of filters distin-
guishes the largest selectivity [1]. Frequency characteristics of (K (jw)l, = Kuo,
transmittance modulus have oscillations in the pass-band and ¢
the stop-band. Between those bands, it is possible to distiwhere

guish the transition-band in which there is a sudden fall of fil-_
ter transmission. The characteristic of the example low-pass
elliptic filter of orderr = 4 is shown in Fig. 1.
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Tin, Wp,,» W2, — the nominal parameter values oth bi-
guadratic structure,
— K,on —the nominal value of the fixed factor.

b K (w) In Fig. 2 general course of the nominal characteristic of low-
Ky | 70 pass elliptic filter of even order r is presented. The characteris-
Kupn tic is clear-out described by the given nominal parameters:

— K, —the nominal maximum value of transmittance mod-
ulus in the pass-band,

K, — Kypn — the nominal minimum value of transmittance mod-

ulus in the pass-band,

— wgrn, — the nominal limited pulsation, above that transmit-
tance modulus falls belo#,,,,, value,

, _ — K,sn —the nominal maximum value of transmittance mod-

Worm Wsn w ulus in the stop-band,

wsn — the nominal pulsation, below that transmittance mod-

ulus grows above the maximum value of the stop-band

equaISKusn-

0

Fig. 1. The characteristic of the example low-pass elliptic filter of
orderr =4

In this paper, the proposed sensitivity analysis of elliptic In the pass-band0 < w < wy,,) transmittance modu-
filters is limited to the case of low-pass filter of even order [2]lus has oscillation course and oscillates between the minimum
A transmittance of even order r filter can be expressed by tiyalue K., and the maximum valué,.,,. The levelK,,,
product of biquadratic factors and by the resultant fixed facis achieved by alj-th local maximums,,,; which are in the
tor. It is possible to build elliptic filters in the class of activePass-band.
devices with the use of biquadratic structures that realize the Kurn = Kurj, j = 1,2, ..., T (2)
individual biquadratic factors [3-5]. The fixed factor can be 2

attainable outside biquadratic structures in the single propor- '€ nominal value,,, equals taK,,, value of transmit-
tional structure. tance modulus, that is achieved for= 0

Kupn = Ku;n = uljl_% |Ku(jw)|n (3)

2. The nominal characteristic and allj-th local minimumsK_,,,,, of the pass-band
The nominal frequency characteristic of transmittance modu-

i r
lus| K (jw)l,, is attainable, when all structure parameters adopt Kupn = Kup;,J = 2,3, ..., 3 (4)
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Fig. 3. The deviation characteristic of even order r low-pass elliptic
Fig. 2. The nominal characteristic of the low-pass elliptic filter of filter

even order = 4
0i = Oin (1 + 501') y  Wp; = Wpy, (1 + 6"‘}?1‘) )
The measure of oscillations in the pass-band is the pass-

band ripple expressed itB =Wy, (1+6w.,),

w,,

with
Ripyn = 201og (K“m) . (5) 6oy, dwy,, dw,, — relative deviation of the parameter values:
upn 0i, Wp,, Wy, fromthe nominal valuess;,, wp,,., ws,,., Kuo —
The maximum valué, ,,, of the stop-band equals f6,,,  the real value of the fixed factor.
value of transmittance modulus, that is achieveddetr co In Fig. 3 there is presented a general course of the devia-
tion characteristic of even order r low-pass elliptic filter.
The parameters describing characteristic gave in deviation
from the nominal valuesi,,,, Kupn, Wgrn, Kusn, Wen t0
the values:K ., Kup, wgr, Kyus, ws. They are a bit differ-
Kuysn = Kus; = 2,3, .., g (7) ently defined than for the nominal ca;e.
In the pass-band0 < w < wy,) j-th values: K,,, and
The transition-band included between the pulsatign, K., aren't equal, in that case it is necessary to accept for the
andws, characterized a sudden fall of transmittance modulugarameters,,. the biggest value from amongth K, values
value. The measure of this fall is an average slope of the char- .
acteristicNyp 01 €xpressed inlB/okt, described according K., = max {ij} , (10)
to the formula =t

Kusn - Ku31 - wh—>n;o ‘Ku(jw”n (6)

and allj-th local maximums¥,, of the band

Kupn however fork,,, parameter it is necessary to accept the small-
20log (K) est value from amongr-th K, values
NaB/oktn = liw (8)
082 ( wgsr:) 3
Kup :Ijzl?{Kupj}. (11)

3. The deviation characteristic The limited pulsationy,, is the one above that transmit-

In practice, real values of structure parameters differ frorance modulus falls below thk,, value, however real pass-
nominal values, for the sake of spread of the element vaband ripple expressed ii¥3 is characterized by the expression
ues, from these elements the structures are built. Deviation e

from the nominal value even of one parameter of the struc- Ry = 201log <K’”) . (12)

ture causes characteristic deviation from nominal case. A up

frequency deviation characteristic of transmittance modulus |n the stop-bandw,, < w < o) j-th valuesk,, aren't
|K(jw)| is achieved in the case when all structure parameteggjual, so in this case it is necessary to accept for the parameter

adopt real values K., the biggest value from amongth K., values
B —w? 4+ w? K :m%ax Ky }. 13
|K(]w)| — KuOH - : Zi =1 (9) us =1 { uS;} ( )
~ | —w® 4 j200w + wp, . . )
i=1 ' The pulsationu, is the one below that transmittance mod-
where ulus grows over thd(, s value, however the average slope of
oi, wp,, w,, —the real parameter values of théh biquadratic the deviation characteristi¥;z /.« in the transition-band ex-
structure pressed inlB/okt, can be described according to the formula
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TG
20log (52 ) Koy = 12,00, 7/2

NdB/ok:t = 70.} . (14) Kur K“7'2 Km-m,;
e () | /\ \/\

4. The coefficients describing sensitivity O O T
of characteristic to changes of structure K,
parameters j=12,.., 1/2

Determining proper class of sensitivity coefficients it is possi-

ble to count relative change of each characteristic parameters
for any combinations relative deviations of structure parame-

ters. The essential class of the sensitivity coefficients must de-
termine the sensitivity very detailed characteristic parameters?, Do G
to changes of each structure parameter separately. Structure j‘:’ 192 /2'{%}4/-‘ g
parameterss;, w,,, w., (i =1,2,..., %) create the vector of T

influential parametery” abOUt?’gl elements Fig. 4. General characteristic of low-pass elliptic filter for deviated
T from nominal value ofc-th structure parametér, = Yin + AYk.
Y = [Yl, Yo, ..., Y, ..., YL} The other structure parameters accept the nominal values

2
T

= [0’1,02, s O Wy Wy ey Wy Wiy s Wagy ooy Wa |y For suph deviated-th structure parameter it is necessary

2 2 to determine, aljj-th values of the structure parametefs;, ,
for k=1,2,.°" Kup, s wyr,» Kus,» ws,, SUitable for this deviation, taking them

2 (15) back to the nominal valuesi ., Kupn: Worn, Kusn, Wen-

: . . , The coefficient values for eaghth deviated structure param-
In Fig. 4 there is showed general characteristic of filter, fOéter can be counted according to the formulas

deviation from nominal valué-th structure parametér, =
Yin + AY. The other structure parameters accept the nomi-
nal values. In this figure there are marked all detailed charagr’(urj _

up;

KuTj — Kurn Yi SK _ K“pj — KUP”‘ Yi

teristic parameters that sensitivity should be described for thé* Ky AY 7Y% Kupn  AY}'
changes of eackrth structure parametéf,. There are alfj-th
values of the following parameters(,,,, Kup,, W, Kus,, S;Z”' _ Mi’ Siusj _ Ky, — Kusn Yi ’
ws; (j = 1,2,..., 5). The meaning of parameter&’,, , K., ,, Wyrn AYy Kusn AY
K.,s,; has been explained by describing the parameters of the Wy, — wen Vi 3 -
deviation characteristic (look at point 3). Sy, = "TW, k=1,2,.., 5 i=12 .. 3
It is necessary to explain the meaning of the parameters: s k (17)
Wyrj Ws;

— j-th value of the parameten,,, is the pulsation, that 5. Calculation of characteristic deviations
| K (jw)| achievegi-th valueK .,

— j-th value of the parametew,; is the pulsation, that
|K (jw)| achievesj-th value K s, .

On the basis of sensitivity coefficients (17) it is possible to

count the relative change of each characteristic parameter, for

any deviation combinatiody, (k = 1,2, ..., 2) of particular
Within the confines of the sensitivity analysis it is necesstructure parameters, according to the formulas

sary to determine the sensitivity coefficient of glth values

3r
of the characteristic parameteis., ., Kup,, wWgr;» Kus;, Ws, - 2 K.
or the changes of ea structure parametéf, ur = 1 ve OYk)o, (18)
for the changes of eadhth structure p t8f 0Ky = max { > (S
k=1
SYk ’ SYk " ’ S;}: ’ SYk " S;jkj ’ 3r
3r r (16) 2 2. Kup,
F=1205, j=120,5 5Ky = min (SYk 5Yk)
k=1
L - Kur,  Kup, , (19)
The individual k-th coefficient values: Sy, 7, Sy, 7, & .
g Kuys, 5. . . . . _ Kupy n
S;: TSy, 7 S;kf are possible to determine in the numeri- = (Syk ’ ‘W’f)v Isws 9’
cal way for eachk-th structure parameter separately. In order k=1
to achieve this aim it is necessary to deviate the value-tbf 3r
structure parametér;, about any not large known valu®Yy, Swgr = ( S;_er 5Yk:)7 (20)

keeping the nominal values of the rest structure parameters.
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The sensitivity coefficients are determined by the formulas

r 2
0Kys = H,l%f Z (Sy,:HJ 5Yk> (17), deviating in turn the values of each structure parameters
G = (21) about +5%(AY}, = 0.05) relative to the nominal value
377“ Koyr; .
\ T (k=1,2.. =1,2
= (S “Sqm) 1<q<g, S k=126, 7=1,2)
k=1 Sy = —8.5-1071, S5 = —6.6-1072,
el on 1 gKur Koy
ws Sy, =-6.7-107", Sy = =22, 5, """ =2.1,
by = > (S5 %), (22) 7 Y
k=1 Syt =21, Sy = —2.8-1071, Sy = —8.6- 1071,

The sensitivity coefficients (17) on the assumption that ;. . - Ko
the changes of characteristic parameters evoked by change§af =5.2-1077, 5y,"7 = =3.5, 5y, =2.L.
structure parameters are linear. In this connection, these p[@Kw —95
sented formulas to relative deviations of characteristic parame¥® ’
ters (18), (19), (20), (21), (22) can be applied when the relativg Sy ”P: (k=1,2..6, j =1,2)
deviations of characteristic structures are not large (do not ex- X
ceed 10% of the nominal value), which, however, is fulfilled inSy,"”* = 2.8-107%, S, ”"1 =28-107%, S, = -1.9,
practice.

On the basis of the relative deviations of characteristic p§
rameters it is possible to count relative values of these parargKup2

Kup,

=19, Sy, =21, 5. = 2.1,

4.9-1071, Sy = —8.0- 1072

eters
Kup 1 Kup _ Kup -
Kur _ Ku'rn (1 + 5Kur)7 Kup _ Kupn (1 +5Kup)’ S 2 74 10 S 2 — 397 SY5 2 =921
Kupz —
Wgr = Wgrn (1 + &'Ugr) s Kus = Kusn (1 + 5Kus) (23) SYG =2.3.
ws = wen (1 + bws) . v Sy (k=1,2..6, j=1,2)
Example. To illustrate the presented considerations in this exsg;lg’“l = —2.6-1072, Swm = —8.7-1072,

ample, the sensitivity analysis of normalized {,, = 1) ellip-

g  anay alzed . = 1) el gours _ g5 1071, Sy =17.7-1071,
tic filter orderr = 4 with pass-band ripple equals 3 dB was"Ys

carried out. Transmittance modulus of this filter can be preg‘”m =8.7-1073%, Sy =5.5-1072,
sented by a product of transmittance modulus and two compo— o

T2

nent biquadratic structures SY1 =2.9-1072, S;j” =-7.7-1072,
Sy =—=2.9-1072, Sy = 1.0

|K(]w)‘ = R wgr2 3 Wgry -2
(1) S =42-107% 8707 = 291072,

—w? + 5201 pw + Wi,
—w? + w2
—w? + j209 pw —|— w2

: v Syk'“f (k=1,2..6, j=1,2)

P2n

where Syt = —2.8-1072, S5 = —4.6-1072,
Syt =6.0-1072, Sy =2.9-107", S5 = 3.0,

o1n = 021396, w,, = 047121, w,, =4.9221,
Oon = 0.075257, wy,, = 0.95752, w,, = 2.1432,

Syt = =29, Sy = 0.0, Sy = 0.0

S}I/Zuw — OO7 S}I/iusz — 00, S{éusz — 00’ S{éusz = 0.0

K _ w%lnngn 1
T2 W o v Sy (k=1,2..6, j=1,2)
Structure parameters create six-elemental vector of mfltg;*““1 =_-1.1-10"3 5“’51 =—-2.0-10"4,

ential parametery” o w
Sy,t =3.0-107%, Sy =1.8-1077,

. (25) Syt =-25-10"2 5”51 = 1.0,

. o . Lo Sy =—2.7-1073, Sy = —5.0- 1074,
A course of nominal characteristic is compatible with given
in Fig. 1. The nominal values of characteristic parameters af§* = 6.2- 107, Sy** =3.3-1072,

equal to w W
a S =1.2.1071, 92 = 831071,

5

Y = [V1,Ya,Ys, Yy, Vs, Yo"

= [Ulm02nva1nvaznvwz1nvwz2n]

Kurn = 1.0000, Kupn = 0.70710, wgrn = 1.0000, Deviations of characteristic parameters are determined as

Kyon = 1.2936 - 1072, wg, = 2.0000. (26) an example deviation combination of structure parameters
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do1 = —0.01, dog = —0.01, dwp, = +0.01, 6 6
27 = o = Sy2
Swp, = —0.01, 6w, = +0.01, dw,, = +0.01. COR ; (Svk 5Yk) ;;( 0Y) (32)
They are equal to =924-103~+49.2.1075.
6 . o . .
K, — i Z (Sgurj 5Yk) On the basis of the formL_JIas (23) it is possible to determine
j=1 k real values of characteristic parameters

Kur = Kupn (14 6Kyy) = 1.096, (33)

Kup = Kupn (1 +6K,,) =7.361- 1071, (34)

=m {6 581072 9_36__1_0__}
—9.76-1072 = 19.8.1072, Wor = 0wgrn (14 dwyr) = 9.966 - 1071, (35)
2 6 - Kus = 0Kysn (1 +6K,5) = 1.294-1073, (36)
5Ky = min {Z (53,7 ov2) ’ . '
=
k=1
. . ws = dwen (1 + dwy) = 2.019. (37)
= min { ( qum 5Yk) Z ( “rz 5Yk> } (29)
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