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Absolute stability of a class of nonlinear systems
with nonpositive linear parts

TADEUSZ KACZOREK

The positivity and absolute stability of a class of nonlinear continuous-time and discrete-
time systems with nonpositive linear part are addressed. Necessary and sufficient conditions
for the positivity of this class of nonlinear systems are established. Sufficient conditions for the
absolute stability of this class of nonlinear systems are also given.
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1. Introduction

A dynamical system is called positive if its trajectory starting from any non-
negative initial state remains forever in the positive orthant for all nonnegative
inputs. An overview of state of the art in positive theory is given in the mono-
graphs and papers [1, 2, 6, 11, 12]. Variety of models having positive behavior
can be found in engineering, economics, social sciences, biology and medicine.

The stability of linear and nonlinear standard and positive fractional sys-
tems has been addressed in [3-6, 8, 15, 16, 20-23]. The stabilization of positive
descriptor fractional systems has been investigated in [10, 11, 20, 21]. The su-
perstable linear systems have been addressed in [17, 18]. Positive linear systems
with different fractional orders have been introduced in [14, 13] and their stability
has been analyzed in [3, 20].

The absolute stability of a class of positive nonlinear systems has been in-
vestigated in [7]. In this paper the positivity and absolute stability of a class
of nonlinear continuous-time and discrete-time systems with nonpositive linear
parts will be addressed.

The paper is organized as follows. In section 2 some preliminaries concerning
positivity and stability of linear systems are recalled. The positivity and absolute
stability of positive continuous-time nonlinear systems with nonpositive linear

T. Kaczorek is with Biatystok University of Technology, Faculty of Electrical Engineering, Wiejska
45D, 15-351 Bialystok, Poland. E-mail: kaczorek @ee.pw.edu.pl

This work was supported by National Science Centre in Poland under work No. 2014/13/B/ST7/03467.

Received 08.09.2018.



www.czasopisma.pan.pl P N www.journals.pan.pl
N
<

248 T. KACZOREK

parts is investigated in section 3 and of positive discrete-time nonlinear systems
in section 4. Concluding remarks are given in section 5.

The following notation will be used: R — the set of real numbers, R — the
set of n x m real matrices, R’ — the set of n x m real matrices with nonnegative
entries and R” = R™1 M, — the set of n x n Metzler matrices (real matrices
with nonnegative off-diagonal entries), I, — the n X n identity matrix, AT _ the
transpose of matrix A.

2. Preliminaries

Consider the continuous-time linear system
X = Ax + Bu, (1a)
y =Cx, (1b)
where x = x(t) € R", u = u(t) € R™, y = y(¢t) € R” are the state, input and
output vectors and A € R™", B € R™" C € RP*",

Definition 1 /6, 12] The continuous-time linear system (1) is called (internally)
positive if x(t) € R, y(t) € R, t > 0 for any initial conditions x(0) € R" and
all inputs u(t) € R, t > 0.

Theorem 1 [6, 12] The continuous-time linear system (1) is positive if and only if
AeM,, B € R, C e RP", (2)

Definition 2 [6, 12] The positive continuous-time system (1) for u(t) = 0 is
called asymptotically stable if

tli)m x(t)=0 forany x(0) € R". 3)

Theorem 2 [6, 12] The positive continuous-time linear system (1) for u(t) = 0
is asymptotically stable if and only if one of the following equivalent conditions
is satisfied:

1. All coefficient of the characteristic polynomial

1

pn(s) =det[l,s — Al =s" +a,_15" +...+a1s + ag 4)

are positive, i.e. a; > 0 fori =0,1,...,n—1.

2. There exists strictly positive vector AT = [A; -+ 4,0, Ak >0, k=1,...,n
such that
Al1<0 or ATA<O. (5)
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Consider the discrete-time linear system
Xi+1 = Ax; + Bu;, e/, = {0, 1,.. .}, (621)
yi = Cxi, (6b)

where x; € R", u; € R™, y; € RP are the state and input vectors and A € R™",
B € R™>m C e RP*1,

Definition 3 /6, 12] The discrete-time linear system (6) is called (internally)
positive if x; € R, y; € RE, i € Z, for any initial conditions xo € R" and all
inputs u; € R, i € Z,.

Theorem 3 [6, 12] The discrete-time linear system (6) is positive if and only if
A e RPN B € R, C e RP, (7)

Definition 4 [6, 12] The positive discrete-time system (6) for u; = 0 is called
asymptotically stable if

limx; =0 forany x¢€ R. (8)

11— 00

Theorem 4 [6, 12] The positive discrete-time linear system (6) for u; = 0 is
asymptotically stable if and only if one of the following equivalent conditions is
satisfied:

1. All coefficient of the characteristic polynomial

() =detll,(z+ 1) —Al=7"+ a1z ' +...+aiz+ag  (9)

are positive, i.e. a; > 0 fori =0,1,...,n—1.
2. There exists strictly positive vector AT=1a - 2,15 4>0k=1,...,n
such that
(A-I)1<0 or ATAT-1,) <o. (10)

If the matrix (A — I,,) is nonsingular then we can choose 1 = (A - I,,)"'c,
where ¢ € R" is strictly positive.

3. Absolute stability of positive continuous-time nonlinear systems
with nonpositive linear parts

Consider the nonlinear continuous-time system shown in Fig. 1 and described
by the equations

X = Ax + Bu, u= f(e), (11a)
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y =Cx, (11b)
where x = x(t) € R", u = u(t) € R™, y = y(t) € RP are the state, input
and output vectors of the system A € R™" B € R™! C ¢ R and the
characteristic f(e) of the nonlinear element (Fig. 2) satisfies the condition

0< fle) <ke, 0<Fk<oo. (12)

It is assumed that A is not a Metzler matrix.

v=0 e u X

fle) —» B

O
v=

Figure 1: Nonlinear system

ke

f(e)

Figure 2: Characteristic of nonlinear element

Definition 5 The nonlinear system (11) is called (internally) positive if x(t) €
R, y(t) € RE, t > 0 for any initial conditions x(0) € R" and all inputs
uit) e R, t>0.
Theorem S The nonlinear system (11) is positive if and only if

AeM,  BeR™,  CceRl (13a)

and

f(e)=>0 for e>0 and f(=e) <0 for —e<O. (13b)
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Proof. It is well-known [11] that if u = f(e) € Ry, 1 > Othen x(¢) € R, 1 >0
for x(0) € R" if and only if A € M, and B € R"™!. From (11b) for t = 0 we
have y(0) = Cx(0) € R, for x(0) € R” if and only if C € R}*". O

Definition 6 The positive nonlinear system (11) is called absolutely stable if
x(t) € R, t > 0and

llim x(®) =0 forany x(0) e R". (14)

The Metzler matrix A € M, is called Hurwitz Metzler matrix if its all eigenvalues
Ay satisfy the condition Redy <0, k=1,...,n.

Theorem 6 The positive nonlinear system (11) is absolutely stable if:
1. A € M, is the Hurwitz Metzler matrix,
BeR™, — ceRrlm (15)
2. The nonlinear characteristic f(e) satisfy the condition (12).

Proof. Proof is based on the Lyapunov method for positive systems. As a candidate
of the Lyapunov function it is assumed the linear function of the state vector
x(t)eRLt>0

V(x@) = ATx(@), AT =1[a ... A, >0, k=1,...,n. (16)
Using (16) and (11a) we obtain

V(x)=ATx(t) = AT[Ax(t) + Bf(e)] < 0 (17)
since by (15) and (5)
ATA<0 and f(-e) <0 for —e<0 and 1> 0. (18)

Therefore, the positive nonlinear system (11) is absolutely stable if the conditions
1 and 2 of Theorem 6 are satisfied. O
To modify the properties of the linear part (of the matrix A) the feedback with
a gain k has been applied to the system (Fig. 3a).
Using the well-known results we transform the nonlinear system to the form
shown in Fig. 3b with the new characteristic of nonlinear element

fe)=f(e) ke (19)
and the new state matrix of the linear part
A=A+kBC. (20)

The gain k is chosen so that the matrix A € M,, is asymptotically stable.
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fe) B
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v

Figure 3

Example 1. Consider the nonlinear continuous-time system (11) with the matrices

-2 -1 1
A:[1 _2], Blz[o], C, = [0 20] (21)
and the characteristic of nonlinear element satisfying the condition (12).

The matrix A is not a Metzler matrix since one of its off diagonal entry is
negative. The gain coefficient k is chosen k = 0.1, so that the matrix

— -2 -1 0 20 -2 1
A_A+kBC_[1 _2]+O.1[00]—[1 _2] (22)
is Hurwitz Metzler matrix with the eigenvalues s; = —1, 5o = —3.

The characteristic 7(6) of nonlinear element satisfies the condition
fle)=f(e)—ke=f(e)=0.le>0 for e>0 (23a)

and

fe)<0  for e<O. (23b)

Therefore, the nonlinear system with (21) and the characteristic of nonlinear
element satisfying the condition (23) is absolutely stable.
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4. Absolute stability of positive discrete-time nonlinear systems
with nonpositive linear parts

Consider the nonlinear discrete-time system shown in Fig. 4 and described by
the equations

Xi+1 = Ax; + Bu;, ui = f(e), i€ Z,=1{0,1,...}, (24a)
yi = Cxi, (24b)

where x; € R", u; € R™, y; € RP are the state, input and output vectors of
the system A € R™" B € R™! C e R and the characteristic f(e;) of the
nonlinear element (Fig. 5) satisfies the condition

0< f(e) < ke, 0<k < oo. (25)

It is assumed that A = [q;;] is not a positive matrix, i.e. g;; < 0 for some
Lj=1,...,n.

0
v

fle)—» B

Figure 4: Nonlinear system

u;

ke;

f(e;)

Figure 5: Characteristic of nonlinear element

Definition 7 The nonlinear system (24) is called (internally) positive if x; € R},
yi € RY i € Z, for any initial conditions xo € R" and all inputs u; € Ry,
i€ Z,.
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Theorem 7 The nonlinear system (24) is positive if and only if
AeRPn BeR™  cerb (26a)
and
f(e) >0 for e, >0 and f(—e;)) <0 for —e; <0, i €Z,. (26b)

Proof. It is well-known [11] that if u; = f(e;) € Ry, i > Othenx; € R, ie Z,
for x; € R" if and only if A € R and B € R"*!. From (24b) fori = 0 we have
yo = Cxg € R, for xo € R” if and only if C € R1>". O

Definition 8 The positive nonlinear system (24) is called absolutely stable if
xi€e R ieZ, and

limx; =0 forany xoe€ R. 27)

1—00

The matrix A € R is called Schur matrix if its all eigenvalues z; satisfy the
condition

|zi] <1, i=1,...,n. (28)
Theorem 8 The positive nonlinear system (24) is absolutely stable if:

1. A € R is the Schur matrix,

BeR™ — ceRrl (29)

2. The nonlinear characteristic f(e;) satisfy the condition (25).

Proof. Proof is based on the Lyapunov method for positive discrete-time systems.
As a candidate of the Lyapunov function it is assumed the linear function of the
state vector x; € R, i € Z,

Vix) = ATx;, AT =1[a; ... 4., A >0, k=1,...,n. (30)
Using (30) and (24a) we obtain
AV(xi) = V(xip1) = V(x;) = AT (xip1 = x;) = AT(A = L)x; + Bf(e;) <0 (31)
since by (29) and (10)
AT(A-1,)<0 and  f(-e) <0 for ieZ,. (32)

Therefore, the positive nonlinear system (24) is absolutely stable if the conditions
1 and 2 of Theorem 8 are satisfied. m|
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To modify the properties of the linear part (of the matrix A) the feedback with
a gain k has been applied in a similar way as for the continous-time case (Fig. 3a).
As the result of this transformation we obtain the system shown in Fig. 6, with
the new characteristic of nonlinear element

fle) = fle) —kei, ie€Z (33)
and the new state matrix of the linear part
A=A+kBC. (34)

The gain & is chosen so that the matrix A € R’ is asymptotically stable.

0
v

Rei) —‘b B

Figure 6

Example 2. Consider the nonlinear discrete-time system (24) with the matrices

0.2 0.2 —0.4 10 o2
A=| 0 01-04|, B=|01], c:[013] (35)
03 0 -0.3 20

and the characteristic of the nonlinear element satisfying the condition (25). The
matrix A (given by (35)) has negative entries and the linear system with the
matrices (35) is not positive one.

The gain coefficient k is chosen k = 0.2, so that the matrix

B [ 0.2 0.2 -0.4 10711 00
A=A+kBC=| 0 0.1 =04|+02|0 1“0 X 3]
| -03 0 -0.3 20
104 02 0
=] 0 0.3 0.2] (36)
0.1 0 0.5

has nonnegative entries and is asymptotically stable since the characteristic poly-
nomial

s+0.6 -0.2 0
0 s+07 -0.2
-0.1 0 s+05

det[5(s+1)—A] = =5 +1.852+1.075+0.206 (37)

has positive coefficients (Theorem 4).
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The characteristic ?(ei) of nonlinear element satisfies the condition
f(e) = fe) —kei = f(e))—0.2¢; > 0 for e >0 (38a)

and .
f(ei) <0 for ¢ <0, i€Z,. (38b)

Therefore, the nonlinear system with the matrix A given by (36) and the charac-
teristic of nonlinear element satisfying (38) is absolutely stable.

5. Concluding remarks

The positivity and absolute stability of a class of nonlinear continuous-time
and discrete-time systems with nonpositive linear parts have been addressed.
Necessary and sufficient conditions for the positivity of the nonlinear systems
have been established (Theorems 5 and 7). Sufficient conditions for the absolute
stability of the nonlinear systems have been also obtained (Theorems 6 and 8).
The considerations have been illustrated by numerical examples. The presented
results can be extended to multi-inputs multi-outputs nonlinear systems. The
considerations can be also extended to fractional nonlinear systems with the
same fractional order and with different fractional orders.
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