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a  b  s  t  r  a  c  t

The  evolution  of microstructured  optical  fibers  with  hexagonal  array  (H-MOFs)  of  air-holes  rooted  in the
background  of  undoped  silica  has led to  the  realization  of  an  ideal  host  for  encouraging  and  technolog-
ically  entitled  optical  properties.  We  focus  to  explore  the  divergence  of radiation  into  free space  from
the  end-facet  of  solid-core  H-MOFs  by using  the improved  theoretical  model.  Also,  we  investigated  the
eywords:
arcuse formula
icrostructured optical fibres

eam divergence
ode-field diameter

wavelength  dependence  of beam  divergence  angle  for  principal  core  mode  of  H-MOFs  under  step-index
fiber  approximation  (SIFA).  Experimental  results  have  been  included  for comparison.

©  2019  Association  of  Polish  Electrical  Engineers  (SEP).  Published  by  Elsevier  B.V.  All  rights  reserved.
mproved field model

. Introduction

The continuing development of active and passive optical com-
onents demands that they would be developed on an ever smaller
cale and have to be manipulated on wavelength scale, suggest-
ng the use of available materials in novel ways and developing
he material systems with required characteristics [1–4]. One can
abricate new type of optical materials (with previously unattain-
ble optical characteristics) so-called photonic crystal materials
5–7], which are periodically structured dielectric materials in two
r three dimensions [1,2] facilitates a strong interaction between
he material microstructure and the light. Therefore, such type
f materials can significantly enhance the optical performance of
he material [2–5]. Photonic crystal materials [6–8] (such as those
ased on semiconductors [9] and glasses [10]) are the subject of
ynamic research due to their potential applications, and provide a
latform to tailor the individual characteristics and the promising
ay of controlling the light [11–14]. One example of the type for

uch materials is the design of novel fibre (or optical waveguide)
ith remarkable properties and their potential applications have

een explored by several research groups worldwide [15–18]. The
rst low-loss fibre supporting only a single mode based on 2D pho-

onic crystal materials was demonstrated in the configuration of
dmirable all-in-silica fibre with hexagonal array of multiple air-
oles, known as microstructured optical fibres (H-MOFs) [8]. The
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H-MOF with one-rod core (i.e., single missing air-hole) permitting
low-loss guided wave propagation [12–15] due to their unusual
dispersive properties and has been intensively studied during the
last few years.

Specific choices of the geometry facilitate two distinct light
guiding mechanisms, so-called photonic band gap guidance (PBG)
and the effective index guidance, respectively [19,20]. The majority
of high-index core MOFs (or holey fibres [21]) have been fabricated
from a single material usually pure silica [13,19] but nowadays,
active silica MOFs with Yb3+ doped cores [22,23] have been devel-
oped. Also, MOFs in chalcogenide glasses [24] and in polymers
[25] have been fabricated. MOFs have unlatched new opportuni-
ties facilitated by high index contrast and wavelength dependent
cladding index, for exploring the interaction of light with gases
and liquids via evanescent field effects. In addition, they have
special geometry which provides long interaction optical path
lengths [26,27]. MOFs can be designed to achieve extraordinary
optical characteristics such as wide range of single-mode guid-
ance, small mode area for generating nonlinear effects, large mode
area for producing high-power beams, and greater controllability
in dispersion by altering the air-hole diameter and the pitch (i.e.,
hole-to-hole spacing) [13–16]. Kim et al. [28] have proposed new
design parameters for index-guiding MOFs and explored adiabatic
mode transformation capability.

One-rod core H-MOF can be compared to equivalent step-index
fibre (SIF) with a circular core, and the cladding is assumed to be a

homogeneous medium whose effective index is estimated by utiliz-
ing the scalar theory [29–32]. The first simplest modelling approach
[21] providing useful perception developed for high-index core (or
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Fig. 1. Schematic diagram illustrating dielectric cross-section for one-rod core H-
MOF  [52].
D.K. Sharma, S.M. Tripathi / Opto-

olid-core) MOF  was the effective index method [15,29], leading
o the definition of V-parameter (or normalized frequency) [32];

oreover, it speculates the optical aspects of H-MOF [12–15] dis-
inguishing it from standard SIF [33]. It is noteworthy that weakly
uiding approximation [31,34] has been utilized to explore the end-
essly single mode guidance [11,13] over an extended wavelength
ange of H-MOF.

For estimating the coupling efficiency it is vital to have analyt-
cal expression for the fundamental mode fields of the two fibres
35–37]. The modal field of SIF can be approximated by a Gaus-
ian function and has been studied extensively for exploring the
oupling efficiency [38–41]. Recently, MOFs have been employed
n stellar interferometers but due to lack of information regarding
he analytical expression for the fundamental mode field, various
umerical methods had been adopted [42–45]. Using the Gaussian

unction merely to approximate MOF’s fundamental mode field
ay  not always be valid [46–48]. In this direction, Hirooka et al.

35] have reported that approximating the electrical field of the
rincipal mode of H-MOFs with weakly guiding structures by Gaus-
ian function brought out large errors; therefore, they proposed
hat Gaussian function should be replaced by hyperbolic-secant
unction. For the MOFs with strongly guiding structures, Gaussian
unction should still be used. An analytical field model for lowest-
rder core mode of index-guiding MOF  with one-rod core was
roposed by Sharma and Chauhan [49] in 2009, and they utilized
he variational method to obtain the propagation constant of the

ode. Ghosh et al. [50] also employed the variational approach for
stimating the modal effective indices and the dispersion charac-
erises of solid-core MOFs. In 2012, Zhang et al. [51] proposed a
onstructed function for approximating the mode field precisely in
OFs by using the least square error criteria. Recently, we have pro-

osed an improved theoretical model [52] for solid-core H-MOF and
tilized it for exploring the fundamental propagation characteris-
ics of H-MOFs with different configurations. Using the improved

odel, we have also evaluated the optimum splicing between H-
OFs and the standard fibre [53].
In this paper, we aim to investigate the beam divergence angle

y using improved theoretical model for the guided fundamen-
al mode of one-rod core H-MOFs with different geometries. Also,
e confirmed the predictions of the wavelength dependent nature

f beam divergence angle by using the effective index model. For
alidating the simulated results we made comparison with exper-
mental results as reported in the literature.

The article is arranged as follows: a brief review on theoreti-
al modeling is given in Section 2, and the theoretical aspects on
eam divergence are explored in Section 3. Section 4 is dedicated to
resent results based on theoretical investigations as the function
f wavelength for one-rod core H-MOF, as well as the discussion
f the differences in the results between the experimentally mea-
ured and those based on the improved field model. In Section 5
nally, conclusions are briefed.

. Theoretical model

The fundamental modal characteristics of H-MOF in many
spects resemble to those of standard SIF due to the resemblance
f light guidance mechanism [12–15]; however, differences occur
s a result of intricate geometry of the porous cladding structure
11,29]. For exploring the performance of one-rod core H-MOFs, we
tilized our earlier developed improved theoretical model (detailed
ave been reported in Ref 52). The microstructured region after
he 5th ring has been modelled as a homogenous medium (as

hown schematically in Fig. 1) of effective index equal to that of
owest-order cladding mode (nFSM) also, known as fundamental
pace-filling mode (FSM) [11,54]. FSM is the principal cladding
ode [54–56] for an infinitely extended cladding medium if the
Fig. 2. MOF cladding structure (as shown schematically) with hexagonal and corre-
sponding circular unit cell and the planes of symmetry are depicted by solid straight
lines S1 and S2.

core is absent having the same symmetries as that of the photonic
crystal itself [11,14].

2.1. Principal cladding mode

The cladding effective index is a critical parameter for realiz-
ing a single-mode MOF; therefore, it should be determined with
appreciable accuracy. For evaluating nFSM , we have utilized weakly
guiding approximation [56]. We  obtained the following character-
istics equation [54,55] (in terms of Bessel functions I, J and Y) on
arresting the boundary condition:

wI1(aw)(J1(uR)Y0(au) − Y1(uR)J0(au)) + uI0(aw)(J1(uR)Y1(au)

− Y1(uR)J1(au)) = 0, (1)

where u =
(

n2
si

k2
0 − ˇ2

FSM

)1/2
, w =

(
ˇ2

FSM − n2
air

k2
0

)1/2
, a (= 0.5d) is
the air-hole radius and k0 is the free-space wave vector. The effec-
tive radius for equivalent circular unit cell (as shown schematically
in Fig. 2) is denoted by R = 0.5� [30,56]. ˇFSM (= k0nFSM) is the
propagation constant for the FSM along the axis of crystal [54].
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Table 1
Cladding parameters of the high-index core H-MOFs.

Fibre ID � (�m) d/� Refs.
26 D.K. Sharma, S.M. Tripathi / Opto-

.2. Principal core mode

An explicit interpretation of the modal field guided in transverse
ross-section of an optical waveguide is essential for investigating
ts propagation characteristics. However, for the waveguide like H-

OFs with no shape core-cladding interface makes its dielectric
ross-section unconventioal; therefore, it becomes cumbersome
o predict the functional form of the principal mode. Approxi-

ate methods like perturbation and WKB  methods [57,58] have
heir limitations; therefore, they are not trustworthy. Intuitively,
e choose scalar variational method [59–62] to endeavour the

unctional configuration of the field. In order to consider the field
symmetries, we chose the following trial electric field [52,53]:

� (r, ϕ) = exp(−˛r2) − (A exp(−˛1(r − ��)2)(1 + cos6ϕ))

− (B exp(−˛2(r − ��
√

3)
2
)(1 − cos6ϕ)),

(2)

here A, ˛, ˛1, �, B, ˛2 and � are the variables, and � is the pitch
detailed have been reported in Ref. 52). For assessing propagation
onstant for the waveguiding structure with n2 (r, ϕ) as its refrac-
ive index profile, we begin with Helmholtz wave equation under
eakly guiding approximation [34]:

∂2

∂r2
+ 1

r

∂
∂r

+ 1
r2

∂2

∂ϕ2
)� (r, ϕ) + (k2

0n2(r, ϕ) − ˇ2)� (r, ϕ) = 0. (3)

We target to access the largest value for the propagation con-
tant (using MATLAB

®
Optimization toolbox, for details see, e.g.,

efs. 52 and 53) by using the following expression [58–61];

2 = (

2	∫
0

∞∫
0

n2(r, ϕ)k2
0|� (r, ϕ)|2 − (|∂�

∂r
|
2

+ 1
r2

|∂�

∂ϕ
|
2

))ds

× (

2	∫
0

∞∫
0

|� (r, ϕ)|2ds)

−1

, (4)

here ds (= rdrdϕ) is the cross-sectional area. It is noteworthy that
he selection of the trial field is the pivotal step for strengthen the
otency and relevance of the present method [59–61].

. Beam divergence

In traditional step-index fibres (SIFs) index difference, 
n  prac-
ically remains constant with a wavelength facilitating to define
he numerical aperture, NA in terms of core index, nco by using the
ollowing expression [62,63]; NA =

√
n2

co − n2
cl

= nco
√

2
n; where
cl is the cladding index. In one-rod core H-MOF cladding index, as
ell as the dispersion characteristics both can be altered by tailor-

ng the structure of air-holes. At shorter wavelengths (i.e., when � ≈
; where d is the air-hole diameter) cladding index is nearly close to
hat of background material resulting leakage of the guided mode
hrough narrow silica bridges far away from the core [31,34]. But
he same is not happen in longer wavelength regime (when � is
ar greater than d and �).  The electric field penetrates deeply into
he air-holes at longer wavelengths reducing the effective index
or cladding mode consequently both 
n  and NA increases [64].
he Gaussian approximation for the principal guided core mode√

34] gives the spot radius, ωs as: ωs/ac = 1/ ln V ; where the nor-

alized frequency (or V - parameter), is given by the following
xpression [62,63]; V = ac

(
2	/�

)
NA; where ac is the fibre’s core

adius. The Gaussian beam propagation theory announce that beam
MOF1 2.39 0.26 [33]
MOF2 7.2 0.53 [64]

divergence angle is [33,64] 
f = �/	ωs. On eliminating, ωs, we have
the following expression in terms of NA [33]:


f = NA
(

2
√

ln V/V
)

. (5)

It can be noted that at the shorter wavelengths, NA is propor-
tional to wavelength; therefore, V - parameter is virtually constant.
With increase in wavelength slope of 
f vs.  � will decrease as NA
become flattened [33,62].

4. Simulated results and discussion

We  considered two  structures of high-index core H-MOFs with
one-rod core in which light is guided through total internal reflec-
tion [65], and their fundamental cladding parameters are listed in
Table 1. For simulation, we  considered that the refractive index of
background material (which is undoped fused silica) is 1.45.

The divergence measurements for traditional SIF can be based
on 1/e  of the field radius facilitated by circular symmetry of the
mode [62,64]; however, the complex spatial configuration of MOF
makes the mode non symmetric [33], which can be visualized from
Fig. 3. The near-field (NF) profile for principal mode of H-MOFs
(structural parameters are summarized in Table 1) is shown in Fig. 3
at the operating wavelength of 0.65 �m.  It can be observed from
Fig. 3(b) that MOF2 with larger air-holes have strongly confined
modal field and it looks more circularly symmetric in contrast to
mode profile of MOF1 [see Fig. 3(a)]. MOF1 with smaller air-hole
diameter facilitating the leakage of field into the porous cladding
with long tail extended far away from the core into the cladding.
Thus, we can infer that NF-pattern for fundamental guided core
mode of both fibres have circular symmetry close to their centre
(indicating that the field profile can be approximated by simple
Gaussian function) but it becomes more hexagonal in the wings of
the field [see Fig. 3(a)]. Thus, it can be depicted from Fig. 3 that the
field profile for smaller d/� ratio (i.e., weakly guiding structure) is
evidently different that of higher d/� value (i.e., strongly guiding
structure).

It is noteworthy that NF measurement techniques are prone
to distortion and instability. Since far-field (FF) pattern is much
wider; therefore, profound deploying conditions are not manda-
tory [66–69]; moreover, it remains unaffected if the fibre is
twisted [14,15]. Therefore, it is the matter of great concern to
determine the spatial FF radiation pattern for understanding and
analysing the behaviour of the lowest-order core mode in single-
mode fibres. Classical fibres are cylindrically symmetric; therefore,
their FF-profile will be cylindrically symmetric [62] and has been
extensively examined by various authors [70,71]. Contrarily, the
hexagonal symmetry of one-rod core H-MOFs has significant dis-
closure in the radiated field pattern as explored in Refs. 69 and 72.
Knight et al. [14] reported experimentally an MOF  with hexagonal
symmetry supporting a single robust guided mode and concluded
that FF-pattern looks remarkably similar over the broad spectral
range. The amplitude, �

(


)

at the far-field angle, 
 can be eval-
uated by using the well-known Fraunhoffer’s diffraction formula

( ) 2	∫ ∞∫ ( )

[73]: � 
 = C0

0 0

� (r, ϕ) exp ik0r sin 
 cos ϕ rdrdϕ; where C0

is a constant, and � (r, ϕ) is given by Eq. (2). It is noteworthy
that the above integral represents 2D Fourier transform of NF-
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Fig. 3. The near-field profile for (a) MOF1 (with � =2.39 �m and d/� = 0.26), and

Fig. 4. Normalized far-field intensity profile for one-rod core (a) MOF1 and (b) MOF2
a
(
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t  the wavelength of 0.65 �m in ϕ = 0 (as displayed by dash-dotted line) and ϕ = 	/6
as  displayed by solid line) directions (Inset depicts scanning electron micrograph
SEM) of the dielectric cross-section for MOF1 [33] and MOF2 [64]).

rofile [62]. The normalized FF-intensity, i.e., IFF

(


)

=
∣∣�̃ (



)∣∣2 =

�
(



)

/� (0)
∣∣2

against the far-field angles (in radians) for MOF1
� =2.39 �m and d/� = 0.26) and MOF2 (� =7.2 �m and d/� =
.53) at 0.65 �m in principle directions (i.e., ϕ = 0 and ϕ = 	/6) of
bservation is illustrated in Fig. 4, where side lobes of substantial
agnitude can be seen in ϕ = 	/6 direction.
From Fig. 4, it can be illustrated that FF-intensity profile with

ow intensity satellite peaks is approximately Gaussian in nature;
oreover, there is no remarkable departure from the Gaussian pro-

le above 1/e2 level in both directions of observation. Therefore,
ode profile may  be assumed to be circularly symmetric (or Gaus-

ian). Of course, we can neglect the low intensity satellite spots as
bserved in FF-pattern (see Fig. 4) of the mode in one-rod core H-

OFs (leading to non-Gaussian nature of field profile) [14] as they

ive only a minor contribution [69].
For quantifying the inherent asymmetry associated with mode

rofile (or to treat the axially non-symmetry associated with one-
 (b) MOF2 (with � =7.2 �m and d/� = 0.53) at the wavelength of 0.65 �m.

rod core H-MOF), we  instinctively used the Petermann-2 spot-size,
which is related to the root mean square width of FF-pattern, is
defined as [74,75]:

ωpII =
√

2((

2	∫
0

∞∫
0

|� (r, ϕ)|2rdrdϕ)(

2	∫
0

∞∫
0

(d�/dr)2rdrdϕ)

−1

)

1/2

, (6)

where � (r, ϕ) is given by Eq. (2). With this definition, ωpII remains
1/e2 of the intensity radius for a Gaussian beam and facilitating an
elegant way to evaluate the spot-size for the non-Gaussian beam.

Koshiba and Saitoh [32] discussed the appropriateness of
well-established standard fibre theories to H-MOFs by suitably
formulating the V-parameter (or normalized frequency) and esti-
mated the fundamental propagation properties through simple
empirical expressions, and confirmed the rationality by comparing
with experimental and numerical results. Under step-index fibre
approximation (SIFA) for one-rod core H-MOF [33,76], integrals
involved in Eq. (6) can be evaluated analytically in terms of Bessel
functions J0 and J1, to facilitate the following expression [34,62]:

ωSIFA =
√

2
(

aco

[
J1

(
Ueff

)
/Weff J0

(
Ueff

)])
, (7)

where Ueff =
(

2	/�
)

aco

√
n2

co − n2
eff

and Weff =
(

2	/�
)

aco

√
n2

eff
− n2

FSM are the normalized transverse phase

and the attenuation parameters [77], aco is the effective core
radius, nFSM is the effective cladding index, and � being the oper-
ating wavelength. The Gaussian approximation for one-rod core
H-MOF [32], facilitate to express the modal spot-size through an
empirical expression, known as Marcuse formula [62,78]:

ωM = aco(0.65 + (1.619/V1.5
eff ) + (2.879/V6

eff )), (8)

where Veff =
(√

U2
eff

+ W2
eff

)
is the effective normalized frequency

(or Veff -parameter) defined for the MOFs which can be expressed

as [32,77]: Veff =
(

2	/�
)

aco

√
n2

co − n2
FSM .

For establishing an analogy between H-MOF and traditional SIF,
it is crucial to define the effective core radius, so that the single-
mode behaviour can be explained [47]. The choice of an appropriate
definition for the size of MOF’s core is not obvious as there is no
sharp core-cladding interface; therefore, it is arbitrary up to the
certain extent [56]. As a common practice, when formulating Veff

-parameter for high-index core H-MOF, one may  choose any trans-

verse dimension for the core radius, and it was  first set to a value
of aco = � [8,15], which is roughly the radius of local lattice defect
site. Gander et al.  [33] adopted the formulation of effective V-value
to solid-core H-MOF under SIFA with aco = �.
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Fig. 5. Beam divergence against wavelength for an MOF1 with � =2.39 �m and
normalized air-hole diameter ratio of d/� = 0.26.
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Fig. 7. Beam divergence (rad.) against wavelength (�m) for MOF2 with pitch, � of
7.2  �m and relative air-hole diameter ratio, d/� of 0.53.
ig. 6. Spectral dependence of beam divergence (rad.) for high-index core triangular
OF1 with pitch of 2.39 �m and d/� = 0.26.

To provide the theoretical predictions in accordance with exper-
ments under this choice of core radius, the cut-off frequency of the
econd mode is set at a value higher than the usual value of 2.405, as
sed for standard SIF. However, with further calculations including
omparisons with the results of other methods, Brechet et al. [79]
nvestigated that the propagation constant of the mode of MOFs are
lose to those of a SIF if the effective core radius is approximated by
.64�.  Later on, Birks et al.  [80] reported the optimized value for the
ffective core radius, aco = 0.625�, which is the widely accepted
hoice for aco under SIFA for one-rod core H-MOF [81].

The variation of beam divergence against wavelength (rang-
ng from 0.2 �m to 1.2 �m)  for the MOF1 is illustrated in Fig. 5;

here we have shown the results obtained from Eq. (6), [which
s based on Petermann-2 spot-size (for details, see appendix A)]
sing the improved model. Theoretical results obtained from Eq.
5) (based on Gaussian beam propagation theory, as displayed by
otted line), Eq. (7) (Pertermann-2 spot-size under SIFA, as shown
y dash-dotted line) and Eq. (8) (based on Marcuse formula, as dis-
layed by solid line), for one-rod core H-MOF with aco = � [8,15]
lso have been included. We  have incorporated the experimental
ata (as displayed by solid circle), quoted from Ref. [33], which are
atching well to those obtained from Eqs. (5), (7), and (8). Hence,

ustifying the choice of aco = �,  this is indeed an obvious choice to
efine the effective core radius for an MOF.

In Fig. 6, results are shown for the same fibre under SIFA with the
hoice of aco = 0.625�. Appreciable spreading among the results
ased on Eqs. (5), (7), and (8) can be observed (see Fig. 6) implying
hat SIF approximation with aco = 0.625� for MOF1 does not hold
ell. We  have considered both definitions of core radii for evalu-

ting the results (see Fig. 5 and Fig. 6) based on Eqs. (5) and (7),

ndicating that they are depending upon the choice of the value to
e used as aco. Therefore, it can be argued that these methods will
rovide less accurate results for evaluating the divergence angle,
f .
Fig. 8. Variation of beam divergence for MOF2 with � =7.2 �m and d/� = 0.53.

It is noticeable that the results obtained from Eq. (8) (which are
based on Marcuse formula and as shown by solid line in Fig. 5 and
Fig. 6 are matching well to experimental data points [33], for the
entire range of wavelength indicating that they are independent of
the choice of aco. Therefore, it can be argued that Marcuse formula
will be more trustworthy for evaluating 
f as compared to those
based on Eqs. (5) and (7).

Theoretical results based on Eq. (6) as shown by dashed line in
Fig. 5 and Fig. 6 are far away from the experimental data points (as
shown by solid circles). This difference can be compensated, if we
multiply the experimental data points by a factor of

√
2, as a cor-

rection factor. The results of experimental data with a correction
factor (as shown by cross marks) for MOF1 is shown in Fig. 5 and
Fig. 6, which are good in agreement to our theoretical results, sug-
gesting that the procedure used in Ref. 33, for evaluating the beam
divergence may  have inadvertently introduced a factor of

√
2 in

its definition of the divergence. Also, we would like to emphasized
that there is experimental variation in air-hole size [33], resulting
in some sort of uncertainty in the calculated values of 
f . It should
be noted that the theoretical model cannot account for the clear
non-circularity in the air-holes diameter, which is apparent from
the SEM image [see inset of Fig. 4(a)].

In Fig. 7, we  have illustrated beam divergence for MOF2 as
a function of wavelength. The results obtained from Eq. (5) (as
illustrated by dotted line), Eq. (7) (as illustrated by dash-dotted
line), and Eq. (8) (as illustrated by solid line), which are based on
SIFA used for high-index core H-MOF with aco = � [8,15], are also
included. For checking the accuracy of results (obtained from Eq. (6)
as illustrated by dashed line, evaluated by using improved theoret-
ical model) experimental data [33] (as illustrated by solid circles)
has been included.
On choosing aco = 0.625� [80,81], which is the optimized core
radius for high-index core H-MOF under SIFA, the results for MOF2
fibre (see Fig. 8) are following the same trend but still they are
not matching to experimental data. The results based on Eqs. (5),
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7), and (8) for MOF2 fibre (see Fig. 7 and Fig. 8) are overlapping,
uggesting that these methods will provide nearly identical values
f 
f under SIFA. There is an ambiguity (see Fig. 7 and 8) in matching
f the results based on SIFA to the experimental data; therefore,
emanding a more accurate definition for the choice of aco.

Results based on Eq. (6), evaluated by using the modal field as
iven by Eq. (2) are coherent to experimental data (see Fig. 7 and
ig. 8) for one-rod core MOF2 fibre [64]. Thus, we can infer that our
mproved field model is independent of the way  of defining and
hoosing the effective core radius.

At this point, we can argue that the qualitative predictions of
he theory that the beam divergence is proportional to wavelength
or shorter wavelength realm contrarily to what happens at longer
avelengths, are well assisted by the results obtained from using

he improved theoretical model. Also, we would like to emphasize
hat the model is based on weakly guiding approximation despite
t facilitate the results which are coherent to those based on exper-
mental measurements.

. Conclusions

We  utilized the extended form of our theoretical model for two
ifferent configurations of one-rod core H-MOFs, and examined the
avelength dependence of beam divergence for H-MOFs over the
avelength range of 0.2–1.2 �m.  Our theoretical results are coher-

nt to experimental data for MOF2 fibre and independent of the
hoice of effective core radius.

For MOF1 fibre our result follows the same trend as reported
n literature [33], and they are coherent to experimental data only
fter corrected by a factor of

√
2, indicating errors in the measure-

ent of data.
We  are assured that our theoretical model can furnish an

fficient route to evaluate the divergence angle with adequate accu-
acy, which facilities to estimate the numerical aperture possessing
he potential impact in the domain of fiber laser based applications.
n spite of that our analytical approach can be employed for tuning
he numerical aperture with wavelength and, thus, alleviating the
ecessity of fiber post-processing.

uthor statement

Development of methodology, creation of model, designing and
mplementation of computer code/supporting algorithms, creation
nd editing of manuscript is done by Dr. Dinesh Kumar Sharma.
versight and leadership responsibility for research activity plan-
ing and execution, and acquisition of financial support to this
ublication is being supported by Dr. Saurabh Mani Tripathi.

cknowledgements

D.K. Sharma is sincerely grateful to IIT Kanpur, Kanpur (U.P)
ndia for providing the Institute Post-doctoral Fellowship (PDF-
02). The author wishes to thank Prof. Anurag Sharma, IIT Delhi for
is fruitful conversation and Dr. S.M. Tripathi for his kind encour-
gement.

ppendix A. Petermann-2 spot-size

pII
=

√
2

⎛
⎝

⎛
⎝

2	∫ ∞∫ ∣∣� (r, ϕ)
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rdrdϕ
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2	∫ ∞∫ (
d�/dr

)2
rdrdϕ
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−1⎞
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1/2
0 0 0 0
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[
I1
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]1/2
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where � (r, ϕ) represents the scalar near-field as given by Eq. (2).∣∣� (r, ϕ)
∣∣2 = e−2˛r2 + A2e−2˛1(r−��)2

(1 + cos 6ϕ)2

+B2e−2˛2(r−�
√

3�)2
(1 − cos 6ϕ)2

−2Ae−˛r2−˛1(r−��)2
(1 + cos 6ϕ) + 2ABe−˛1(r−��)2−˛2(r−�

√
3�)2

(1 + cos 6ϕ) (1 − cos 6ϕ)

−2Be−˛r2−˛2(r−�
√

3�)2
(1 − cos 6ϕ)

(A2)

We can express integral, I1, as the sum of six integrals which are
given below:

I1 =
2	∫
0

∞∫
0

∣∣� (r, ϕ)
∣∣2

rdrdϕ = I11 + I12 + I13 + I14 + I15 + I16, (A3)

where,

I11 =
∫ 2	

0

dϕ

∫ ∞

0

e−2˛r2
rdr = 2	

∫ ∞

0

e−2˛r2
rdr

I12 =
∫ 2	

0
(1 + cos 6ϕ)2dϕ

∫ ∞

0

A2e−2˛1(r−��)2
rdr

= 3	A2
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0

e−2˛1(r−��)2
rdr
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0
(1 − cos 6ϕ)2dϕ
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√
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rdr
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0
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rdr
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0
(1 + cos 6ϕ) dϕ
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0
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rdr

= −4	A
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0
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= 2	AB
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2
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Integral, I2 can be expressed as the sum of six integrals, which
are given below;
I21 =
∫
0

∫
0

∣∣∣∣∂�

∂r
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2

rdrdϕ = I21 + I22 + I23 + I24 + I25 + I26, (A4)
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here,

21 =
∫ 2	
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