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The cadastre in time dimension — mathematical approach

Time is for that not everything
takes place simultaneously.

Albert Einstein

In the paper the mathematical approach of cadastre performance in time dimension is
proposed. It is an amplification of the mathematical model of cadastre, which has been formulated
by the Author before by means of the set theory.

INTRODUCTION

The aim of the paper is to sum up the Author’s research work on the cadastre
modernization. The idea of mathematical approach of cadastre, which — according to the
Author’s intention — enables to take advantage of the application of informatics to the
possibly highest degree, has been published in [2].

The main purpose of the Author’s research work was to describe the cadastre reality as
a time function. He assigned the same importance to the time dimension as to other
dimensions of reality being described. In other words, the time axis and the coordinate axes
of applied spatial reference system are treated as equivalent. Hence, the cadastre is to
provide relevant information referring not only to a given point in the cadastral space, but
also to a given point on the time axis.

Therefore the solutions referring to the time aspect in proposed mathematical model of
cadastre are treated by the Author as the final results of his research work on the cadastre
modernization within its mathematical basis.
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1. Time in the cadastre — the traditional approach and evolutionary trends

At present the cadastre, the real estate register and other similar institutions should
be treated as spatial information systems. Their traditional purpose is to publish updated
data. A great part of outdated data is also available but more as a side-effect than as
a principle.

That is an anachronizm — in the presence of general development of information
technologies.

In Poland the problem of time in cadastral systems has been not of importance so far
— contrary to other countries. The paper of Peter van Oosterom [1] which concerns the
problem of time in cadastral map can be used here as an example. Several solutions
— probably very advanced — were presented there. Unfortunately these solutions have
been based on traditional methods and it is difficult to find out any conception of
methodological basis, which could be adequate for available information technologies and
would form a complete theory.

2. The proposed doctrine of modern cadastre in outline

Against the background of the Author’s research work results presented in [3] and
[5] the following doctrine of modern cadastre was proposed in [6]:

1. The cadastre performance is continuous in time; the state in the cadastral reality in
a given moment, referring to a certain point of the cadastral space, corresponds to the
previous state.

2. The cadastre is submitted to permanent modernization — in the consequence of the
changes of its functions in the country as well as the information systems
development; this modernization is immanent and considerably consists in
self-regulation.

The problem of time in functional model of cadastre — proposed in [3] and [5] — was

presented graphically, not by means of relevant mathematical formulas.

3. The essence of the proposed mathematical model of cadastre

The mathematical model of cadastre presented by the Author in [2] has been based
on the ontology theory of description. The theory is based on the following notions: entiry,
attribute and relation. Cadastral reality can be very easily described by means of this theory,
most of all because the srates of things not the processes belong to its domain. For a long
time these three notions has been expressible by means of mathematical language (the set
theory) and for decades — by means of informatics language (database).

The basic notion of model proposed is the spatial cadastral element (PEK -
przestrzenny element katastralny) defined as a space homogenous in all aspects taken into
consideration.
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The database is composed of three basic sets:
G — the state of development (G — stan zagospodarowania)
P — the legal status (P — stan prawny)
M — the map modules (M — moduty mapy).
Relations between these sets are secured by spatial cadastral element identifier.

4. The functional model of the cadastre
41.Model in outline

Cadastre treated as an information system is a part of cadastre treated as an
institution. As it is known, in Poland the cadastre institution is created by law; the cadastral
functions referring to the country and the organ responsible for them are defined by law. On
the other hand cadastre treated as an information system is created by relevant detailed
regulations.

In the most general approach, there are two factors taking part in the cadastre (Fig.1):

Fig. 1

A — the human factor

B — the instrumental factor.

The A factor has a consciousness, contrary to the B factor which doesn’t have it. The
B factor is quite submitted to the A factor. While the A factor acts consciously, the B factor
Tserves only as a tool, as an instrument or — in the best case — as an automatic machine
— always submitted to the A factor.

The state of the B factor can be treated as a cadastre development indicator. At the
beginning it was represented by abacuses, paper and ink and also relevant application forms
with instructions, whereas at present — by computer information systems.

As the cadastre evolves the B factor takes new tasks from the A factor. However there is
a limit of this evolution, because a certain class of these tasks is not formalizable. The
B factor evolution is determined by a degree of the data processing formalizm.

A certain class of catastral tasks is not formalizable — that means they are not feasible
without the creative element used, i.e. without a human factor.
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The B factor can be identified with the information system, which — together with the
A factor — forms the cadastre institution. Then the following functional modules of the
information system can be distinguished (Fig. 2):

Fig. 2

B1 — storing data, e.g. as G-P-M files,

B2 — creating the data files for specified areas (e.g. cadastral district), updating these
data files and storing the outdated data,

B3 — providing cadastre users with the access to proper data, generally in the form of
values of functions processing stored data,

B4 — modifing the B1 module (including G-P-M files — according to their structure

changes) as well as the B2 and B3 modules within the system modernisation.
42.Data updating and storing

The changes of the cadastre description state are discrete. Irrespectively of the range
of these changes, the states of G-P-M files on the both sides of the given time point of the
change are two different states. That does not mean however that all contents of G-P-M
files must be saved in archive (database). Storing in archive only the state of this PEKs
which were involved by these changes is sufficient.

The change of G-P-M files in a given time point which consists in the archive of
relevant PEKSs, the storage of the new update state in G-P-M files or the replacement of
these files with new PEKs — can be called unit data change (JZD jednostkowa zmiana
danych). By the JZD identifier is understood the time point corresponding to it.

A change of spatial character of given PEK should be additionally discussed. In
consideration of the fact that the analogous (spatial) change of other (adjoining) PEKs can
be associated to it, JZD should also include all these adjoining PEKSs.

43.Data publishing

In traditional (handmade) cadastre published data — let’s call them ,user data”
— had most of all a form of the land register extract and the cadastral map extract.
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At present the cadastral information user should be provided with data of two
following forms:

1) formal document, i.e. written on paper, in native official language of given country,

provided with relevant signatures and stamps,

2) data file — of standard form — saved on data medium.

At present, forms of data storied and user data (their structure, format etc.) result from
contrary reasons:

— the most characteristic feature of stored data is formalizm,

— the most characteristic feature of user data is native language.

The range of information user data is determined by:

— stored data (B1 module, including G-P-M files),

— functions (operations) realized on stored data (B3 module).

44. Cadastre modernization

The principle of cadastre continuity can be conduisive to its conservatizm.
However, stagnation of the cadastre — neither legal nor methodological nor technological
— can be justified — in the presence of general development. Modernization of any system
is associated sometimes with considerable costs. On the other hand any stagnation is also
associated with costs which are not smaller but only later. So the problem of future
permanent modernization of cadastre system can’t be ignored on the cadastre planning.
That is a purpose of the B4 module.

The B1, B2 and B3 modules are — in a way — integrated by the form of data on which
the functions of these modules are realized. Each of these modules can realize its functions
variously, within determined structure of data storing in the B1 module. Any change of this
structure requires the modification of these modules.

Neither data structures modification nor functional modules modification can be done
unconsciously i.e. without the A factor. Because of laborious of that modification the
degree of its automatization is not the most important. However, that degree is very
important for the modification of data in existing structure. A great number of these data and
a magnitude of modification operations require their full automatization. That is the main
purpose of the B4 module.

45. The cadastre performance referring toa time axis

Because of extremely different reasons of selection of stored data and user data
forms, there are two modulus assigned to common time axis: data module D (containing
stored data) and function module F (containing functions which process stored data and
publish user data). That is shown in Fig. 3.
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Dg. D. Dy, D; — module data state (D) in particular time points

resulting from data updating and from svstem modification

Fg, F1, Fy, Fj — module function state (F) in particular time points

resulting from system modification.

Fig. 3
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Unit data change (JZD) includes:

1) in case of change of spatial character of given PEK — all PEKSs being in spatial
relation with that PEK,

2) in other cases — only this PEK in which the change takes place (relevant tuple in
G or P files) or map modules in M file in which that PEK exists.

The cadastre performance is shown in Fig. 4. Particular circles in G-P-M files represent:

— in G file — single tuple of G relation referring to given PEK i.e. describing its state
of developments,

— in P file — single tuple of P relation referring to given PEK i.e. describing
its state of low,
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— in M file — single map module, i.e. record describing geometry of relevant PEKs

and their spatial relations.

Dark circles represent updated state of tuples and of modules of relevant PEKSs in #,
moment; light circles represent archival state. Points in the time interval <z,, #,> represent
time points in which updating and storing of G-P-M files took place.

Time interval <t,, #,> is characterized by the constant of B1, B2 and B3 modules.

In time interval <t,, #,> the modification of at least one of B1, B2 or B3 module takes
place. The G-P-M files modification could also take place in that interval. In that period the
purpose of B4 module are actions involved to the modification mentioned above (as it is
known — they must be formalized) and actions involved to G-P-M files reconstruction
— because of their large-scale character.

In the t, moment new version of B1-B2-B3 modules and — if necessary — new version
of G-P-M files structure become valid.

5. Cadastre state in time dimension

By the cadastral state will be understood states of cadastral reality description
included in G-P-M files and states of B1, B2, B3 and B4 modules referring to particular
points on time axis.

The aim of this discussion is to refer the cadastral state to time dimension i.e. to assign it
to relevant point on time axis. Let’s refer this discussion to legal status of spatial cadastral
element. This state is a problem complicated enough for expanding relevant solutions to
other cadastral sets and modules.

The legal status of spatial cadastral elements can be described as the following
relation ! [2]:

P={(e o0 fu:ec E,0oe O,fe F,ue U,
spatial cadastral element e is an object of material right of
a person o, f is the form of this right, u is a share}.

In order to illustrate let’s relation lets use graphic example shown in Fig. 5, taken from
[2] and referring to legal status of lands (parcel is a kind of spatial cadastral element):

P={(d o fu:de D,oe O,fe F,ue U,
parcel d is an object of material right of the person o, f is the form
of this right, u is a share}.

' Asitisknown, the relation is defined as a subsset of a Cartesian product; the Cartesian product of A and B is
designated by A xB and defined as a set of ordered (a, b) which a€ A and be B.
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Fig. 5

The changes of legal status spatial cadastral element can be divided into two
categories:

1) changes of particular e, o, f and u elements — as internal changes

2) changes of relation on E, O, F and U files.

The changes of particular e, o, f and u elements e.g. address changes, name
changes, clerical errors corrections etc. also can be treated as changes of legal
status — that depends on convention. Let both categories of changes mentioned
above be treated as changes of legal status.

Constancy periods of particular e, o, f and u elements will be treated as time intervals
describe by means of ordered pairs, where predecessor and successor determine the initial
point and the terminal point of given interval respectively:

— in case of the e element — it is an interval <z}, 7;>

— in case of the o element — it is an interval <tp, tp>

— in case of the felement — it is an interval <z{,, th>

— in case of the u element — it is an interval <z, t;>.

Existence period files T ¢, T°, T/ and T * of referring elements will be written as ordered
sets of particular constancy periods* of these elements:

T¢= {(t;l, til>, (t;z, tiz)....}
T’ = {(z;l, tzl), (t,”,z, t22>,...}
TS = {(tfl, z{.l). <tf2’ t{z)....}
T = {(t;;l, tiﬂl), (t;;z, t'[.2>,...}

* Not always the terminal point of given constancy periods on given axis covers with initial point of next
period; between these periods interruption periods can occur.
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where: tpz1 <tis.th<tisz=e o fui=1273,..

That is presented on in Fig. 6, where the ¢ axis is a time axis. On the 7°, ¢, ¢/ and ¢“ time
axes the following periods are shown: constancy periods of e, o, fand u, elements — using
bold line segments and interruption periods of referring elements — using thin line
segments. On the ¢ axis the following periods are shown: common parts of constancy
periods of e, o, f and u — using bold line segments and interruption periods any of these
elements — using thin line segments. As it is easy to notice, common parts of constancy
periods of e, o, f and u elements are constancy periods of legal state P and interruption
periods of particular e, o, f and u elements are indefiniteness periods of legal state P.
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Let the indefiniteness periods of legal state P be treated as one of forms of this state
and let particular its constancy periods (including also indefiniteness periods) be assigned
by 7. Than — in considering period T which is a set of constancy periods T — legal state of
spatial cadastral elements P" can be described as a relation being a subset of Cartesian
product of T, E, O, F and U sets:

PTcTXExOXxFxU
defined as follows:

P'={(r.e,o.fu):t€e T,e€c E,0e O,fe F,ue U,
in constancy period 7 spatial cadastral element e is an object of
material right of the person o, f is the form of this right, u is the share}.

As it is easy to notice, if the term of constancy periods of legal state P is extended on
constancy periods of relation on E, O, F and U files than legal state P T will include — in time
dimension — both categories of legal state changes i.e. internal changes of e, o, f and
u elements as well as changes of relation on E, O, F and U files.
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FINAL REMARKS

Everything should be simplified
as much as it is possible but not more.

Albert Einstein

The legal status approach mentioned above has been verified experimentally using
relevant information system.

In the light of research results presented in the paper the following remarks can be
formulated:

1. Taking into consideration the functionality of cadastral system — especially while it

should function in time dimension — it’s necessary to divide data to user data and data
stored in database.

2. The less data stored in database are transformed the less the volume of the part of
database storing them grows slower. However unlimited atomization of data not always
leads to improvement of given system. That problem is more complicated. As usual in
technique — also other factors of system effectiveness should be taken into consideration.

3. Sometimes problems treated as complicated can be described in unexpectedly
simple way. Sometimes this is a matter of understanding its essence. Various fields of
knowledge — often distant from each other — can be very helpful. According to the Author’s
opinion, knowledge treated as unity gives more chance for finding simply solutions.
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Kataster w wymiarze czasu — matematyczne ujecie

Streszczenie

Rzeczywisto$¢ katastralna mozna opisa¢ za pomoca nastgpujacych trzech podstawowych pojecé: stosowanego
w matematyce pojecia relacji, wcze$niej zdefiniowanych przez autora pojecia przestrzennego elemenetu
katastralnego oraz pojecia modutu mapy.

W rezultacie, rzeczywisto$¢ katastralna mozna zapisa¢ za pomoca nastepujacych trzech zbioréw wzajemnie
powiazanych identyfikatorami przestrzennych elementow katastralnych: G — stan zagospodarowania, P — stan
prawny, M — modul mapy. .

Rézne sg postaci danych przechowywanych w bazie danych i danych uZytkowych, tj. udostgpnianych
uzytkownikom katastru w jezyku naturalnym. Im mniejszym stopniem przetworzenia charakteryzuja si¢ dane
przechowywane w bazie danych, tym w mniejszym stopniu — z uplywem czasu — wzrasta objeto$¢ tej czesci
danych, ktéra stuzy do ich przechowywania.

W najog6lniejszym ujeciu, w funkcjonowaniu katastru uczestniczg nastgpujace dwa czynniki:

A - czynnik ludzki,

B - czynnik instrumentalny.

Czynnik A, w przeciwienstwie do czynnika B, wyposazony jest w §wiadomo$é. Funkcjonowanie B jest
catkowicie podporzadkowane A. Czynnik A funkcjonuje na zasadzie $wiadomego dziatania, B — na zasadzie
narzedzia, instrumentu, w najlepszym przypadku — automatu, jednak zawsze podporzadkowanego czynnikowi A.

Utozsamiajac czynnik B z systemem informacyjnym, ktéry w potaczeniu z czynnikiem A tworzy instytucje
katastru, mozna wyodrebni¢ nastgpujace moduty funkcjonalne tego systemu:

B1 — przechowywanie danych, np. w postaci zbioréw G-P-M,

B2 — tworzenie dla okre§lonych obszaréw (np. obrebéw) zbior6w danych oraz ich aktualizowanie

1 archiwizowanie danych zdezaktualizowanych,

B3 - udostgpnianie odpowiednich danych uzytkownikom katastru, generalnie jako wartosci “funkcji”

realizowanych na przechowywanych danych,

B4 - modyfikacja modutéw B1 (w tym zbioréw G-P-M w zwiazku ze zmiana ich struktury), B2 i B3

w ramach modernizacji systemu.

Z uptywem czasu — wszystkie te elemnenty (moduty B1, B2, B3 i B4 oraz zbiory G-P- M) ulegaja zmianom.
Stany poszczegblnych modutéw B1, B2, B3 i B4 oraz stany elementéw zbioréw G-P-M sg przyporzadkowane
konkretnym przedzialom czasu na jednej wspélnej osi czasu. W rezultacie, zapewniona jest dostgpnos$é do
informacji dotyczacych dowolnego punktu czasoprzestrzeni katastralne;j.
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Kaponv Illeauza

Kanach B H3MEpPEHHH BpPpeMeHH — MaTeMaTH4YeCKHH MOIX0x

Peszwome

KanactpoBylo AEHCTBUTEIBHOCTH MOXHO OINHKCAaThb C MOMOIIIO CJIEOYIOIUX TPeX ~OCHOBHBIX
MOHATHH: NPUMEHAEMOrO0 B MaTeMaTHKe MOHATHA peaayuu (CBA3M), paHee CCHOPMYTHPOBAHHBIX
aBTOPOM NOHATHS NPOCMPAHCMBEHHO20 KA0acmpo8o20 3/emeHma U NIOHATHSI MOOY/1A Kapmbl.

B pesynbrare kamacTpOBYXO AEHCTBHTEILHOCTb MOXHO 3aMHCaTh C MOMOIIIO CJIEAYIOIHX TPEX
HabOpOB B3aWMOCBSI3aHHBIX UOEHMUPUKAMOPAMU NPOCMPAHCMBEHHBIX KAOACmpoeblxX 3/1eMEHMO8:
G — ypoBeHb GisiroycTpoiicTea, P — ropuaudeckoe nonoxeHue, M — Moayn KapThl.

Pa3iyHBIMH SABIISIOTCS BHABI OAHHbLX, XPaHUMbIX B 6a3€ NaHHBIX, H hompebumenbckux 0aHHbwlY, T.€.
NpeacTaBaseMbIX NOTpebuTeNssM kanactpa. UeM MeHblluel cTeneHblo 00pabOTKH XapaKTepH3yKTCs
JaHHblE, XpaHUMBIE B 6a3e NaHHBLIX, TEM B MEHbIIEH CTENEHH — C TEYEHH BDEMEHH — BO3pacTaeT 00bEM
TOH yacTH 6a3bl JaHHBIX, KOTOPAs CIIYKHT AT HX XPaHEHHS.

B naunbonee obmeM NOHATHH, B GYHKUHOHHPOBAHHHU KaIacTpa Y4acTBYIOT CJIEAyIOIHe ABa dakTopa:

A — denoBedeckuit ¢axTop,

B — uHCTpyMeHTa bHbIH akTop

dakTop A, B NPOTHBOMOJOXHOCTb K ¢akTopy B, ocHaméH co3naHHeM. QPyHKIMOHHpOBaHHE
B uenukoM HomuuHEHO A. @akTop A QYHKUMOHHPYET MO NPHHUHMITY CO3HATELHON AEATENLHOCTH, B — mo
NPHHUMITY OPYOHMsl, HHCTPYMEHTA, B JIyYlleM Cllydae — aBTOMAaTa, HO BCEraa OJHAKO MOMYMHEHHOTO
cdaxTopy A.

OroxecTBisist pakTop B ¢ yHPOpPMALHOHHOH CHCTEMOH, KOTOpasi B COEAMHEHHH C (DaKTOpPOM A,
00pa3yeT HHCTUTYT KaAacTpa, MOXHO BBIIEJIUTD CIEAYIOIIHE (PYHKUHOHAIbLHBIE MOAYJIH 3TOH CHCTEMBIL:

Bl — xpaHeHHe MaHHBIX, HanpuMep, B Bune powao G — P — M,

B2 — co3nmaHue ISl ONpENENEHHbIX TEPPUTOPHH (Y4acTKOB) (OHAOOB MAHHBIX, @ TAKKE HX

OOHOBJIEHHE H apXMBOXpaHEHHE YCTapEBIINX NAHHBIX,

B3 — mnpenocTaBiieHHE COOTBETCTBYIOIIMX AaHHLIX MOTPEOUTENAM KadacTpa, IMaBHEIM 00pa3om
KaK BEJIMYMH «(YHKIUHH», PEATH30BaHHBIX HA XPAaHUMBIX JIaHHBIX,
B4 — momuduxauus moneneir Bl (B Tom ¢ponnoB G — P — M B CBS3M C H3MEHEHHEM HX

CTpyKTyphl), B2 1 B3 B pamax MOOEpHHU3aLHH CUCTEMBIL.

C TeyeHHEM BPEMEHH — BCE 3TH 37eMeHTbl (Monynu Bl, B2, B3 u B4, a Taxke dponas G — P — M)
noasepratoTcs H3mMeHeHusM. CocTOsiHUE OTAeAbHbIX Moayel B1, B2, B3 u B4 u cocTosiHue (ypoBeHb)
aneMeHTOB ¢oHA0B G — P — M COOTBETCTBYET KOHKDETHBIM NPOMEXYTKAM BPEMEHH Ha OOHOH
COBMECTHOH oOcH BpeMeHH. B pesynbrate obecrneyeHa OOCTYNMHOCTb K MH(OPMaUMH, OTHOCSLICHCS
K 11060MY MyHKTY KaZaCcTPOBOMY NPOCTPAHCTBY-BPEMEHH.



