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Determination of position by resection

A new solution of the resection is presented in this paper. Two methods of position
determination have been developed. An indicator of possibilities of position determination has
been introduced. Cases when the position cannot be determined have been considered and their
geometric interpretation has been developed.

INTRODUCTION

One of the basic surveying constructions, applied for the needs of position determination,
is Pothenot’s construction, which is called resection. Resection allows for determination of
a position basing on survey of two angles between three points of known coordinates.

Various solutions of resection are used, which are known by the names of their authors
— Cassini, Collins, Delambre, Hausbrandt, Tienstra. To be precise, we should add that, as it
has been proved by Hui Kuang’a (1998), Tienstra’s method, which is based on barycentric
coordinates, is also justified in the case where the determined point is located outside the
triangle of stable points.

Irrespective of various solutions of resection, the basic problem concerning deter-
minability of position still exist. Establishing of non-determinable positions, as a result of
graphic determination of a dangerous circle, does not seem satisfactory.

Two new methods of position determination by resection are presented in this paper.
Statements have been made as a result of geometric considerations and a solution of
a system of nonlinear equations, formulated in this paper. Such approach allows for general
and complete solution of the discussed problem. As a result of these statements, two
methods of position determination by resection, have been proposed.

The problem of nondeterminable positions has been also discussed. An indicator of
position determinability has been introduced. Cases of nondeterminability of position have
been specified and their geometric interpretation has been presented.

The included examples illustrate the practical application of porposed methods.
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1. Basic concepts

Let three points of known coordinates in the xy coordinate system are visible from
the point P. A point lying on the left side of the point P we denote by A, a point lying on the
right side of the point P by B, and a point which is centrally located we denote by C. Angles
measured at the point P between the given poitns A, C and the C, B we denote by ¢ and o,
respectively, Fig. 1.
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Fig. 1. Resection

In order to obtain the coordinates of the point P we write the known coordinates
of the points A, B and C in the form A(xs, ya), B(xs ys) and Clxg yc). As
a result of denoting Axcy = x4 — X6 Ayca = Yo — Yc and Axgg = xp — Xo
Ayes = y8 — Yo the distances between the points A and C, and B and C, are
expressed by

a, = VAXZCA + A}’QCA (1)

and

a, = \Ax’cy + Aycp (2)

The azimuth of the lines CA and CB, which we denote by @, and ¢,, respectively, can be
written in the form

@, = arctan

3)

Xca

and

Aycs

XcB

4

@, = arctan
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So that, the angle between the points ACB, which is denoted as S, Fig. 2, is as follows

B=¢. - ¢, )

where ¢, and @, are specified by (3) and (4).

Note, that the measured angles determine the circles from which the distances a, and a,
are visible under the angles of ¢ and «,, respectively, Fig. 2. Centres of these circles are
denoted as O, and O, and their radiuses as r, and r,.

Fig. 2. Geometric elements of resection

Consider the cirle, of which centre is at the point O, and take into account the point O,
lying on this circle at the same distances from the points A and C. Since the triangle CO,Q; is
the isosceles triangle of which two sides equals to ry, the angle O,CA, which is denoted by
Y1, can be written in the form

y1=90° - (180° — «xy) (6)
thus
yi= 0o —90° @)
If we now note that
=2 (8)
B = 2cosy

then, after substituting (7) into (8), we have
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a,
= 9
& 2sina, ©)
Analogically, from the circle with the centre at the point O,, we obtain
Y2 =0y — 90° (10)
and
P = (11)
2siny,
thus, after substituting (10) into (11)
a
= 12
2 2sina , (12)

Now we can determine, taking into account the radiuses r; and r,, the coordinates of the
centres of the circles, O, and O,, in the x” y” coordinate system. The x” y’ coordinate system
we introduce in such a way that its origin is at the point C, and the x” axis passed through the
point O,, Fig. 3.

Fig. 3. Cartesian x’y’ coordinate system
Determining the coordinates of the point O;, we have
.\"Ol =r (13)
and

_Y’Q = 0 (14)
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For the coordinates of the point O,, after taking into account that the azimuth of CO, is

equal to 360° - (7, + B + 7,), we state that
X0, = 12 €08[360° = (v, + B+ 72)]
and
Yo, = 12 8in[360° = (¥, + B + 12)]
Substituting (7), (10) into (15), (16), after some manipulation
xbz =-—rcos(a; + B+ )
and
Yo, =rysin(a; + B+ ay)
If now we introduce the expression
w=0,+ B+ a,
and substitute (19) into (17), (18), we finally have
xbz = -7, COS®

and

Yo, =1, sin®

what determines the coordinates of the poigt O, in the x” ¥ coordinate system.

2. The system of equations

(15)

(16)

(17

(18)

19)

(20

21

The coordinates of the point P can be obtained as a result of intersection of two circles

with centres at the points O,, O, and the radiuses r,, r,, respectively.

The equation of the circle with the centre at the point O,, in the x” y’ coordinate system, is

(& = x0 ) + (¥ = yo ) =11
Substituting (13), (14) into (22) we obtain

-

@ =nF +3¥%=r

(22)

(23)
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hence

XP=2rnx +y*=0 (24)
The equation of the circle with the centre in O, has the form
W = 20, + (¥ = Yo' =13 (25)
substituting (20), (21) into (25) we have
(X' + ry cosw)® + (Y — ry sinw)® = r} (26)
so that
X*+2rycosm- X' +y'*=2rysinw- y =0 27)
Now instead of the radiuses of the circles, r, and r,, we introduce their diameters

d1 = 2r1 (28)
and
d,=2n, 29)

which after substituting (8), (9) into (26), (27), respectively, we write in the form

and
d>= siZZI; G1)
The equations (30) and (24) yield
XP—dx' +y*=0 (32)
substituting (31) into (27) we have
X'*+dycosw - X +y?—dysinw-y =0 (33)

The above equations, (32), (33), allows to determine the coordinates of the intersection
points of both circles in the x” y* coordinate system.
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3. Solution of the system of equations
Puting (32), (33) together, we obtain the following system of equations
X*+dycosw- X +y?*—dysinw-y =0 (34)
x? - dix’ +y'? =0 (35)

In order to determine the unknows x’, y’, after substracting the equation (34) from the
equation (35), we have

d, + dycosw)x’ — dysinw -y =0 (36)

hence

d, + d,cosw

Y dysinw N 37
where @ # 180°%, kK = 0, 1.
After introducing the expression
and substituting (38) into (37), we finally obtain
y=cx (39)

If we now substitute (39) into (35) we state that

X2=dx +cdx*=0 (40)
hence

(1+cHx?-dx =0 (41)
so that

X[ +cHx -d]=0 (42)

Considering the equation (40) we state, that the first root, of which the introduced
subscript is C, yields
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Xe=0 (43)
and after substituting (43) into (39), we have
Ye=0 (44)

what establishes the coordinates of the point C in the x” y* coordinate system.
The second root of the equation (42), of which the introduced subscript is P, yields

(1+)xp—d =0 (45)

hence

(46)

so, after substituting (46) into (39), we write

4

YE =

d,
47
1+ cfcl “47)

what determines the coordinates of the point P in the x” ¥’ coordinate system.

4. Determination of coordinates

Using the functions obtained before we establish two methods for determination of
position by resection.

41. The first method

Note that, knowing the coordinates of the point P in x" y” coordinate system, we can
determine the coordinates of the point in xy coordinate system. Since the azimuth CA equals
to @, in the xy system, which is denoted by &, is

Si=¢+ 1 (48)

Transforming the coordinates xp, y» from x” y” coordinate system to xy coordinate system,
we obtain

Xp = Xc+ xpcosd; — ypsind, (49)
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and
yp = Yc + Xpsind; + ypcosd, (50)

what we write in the following matrix form

Xp Xe cosd; —sind; || x%
= + | . E (51)
Yp Ye sind;  cosd, || yp
If now we substitute (7) into (48)

§.=¢,+a, -90° (52)

and substituting (46), (47), (52) into (51), we obtain

Xp| | Xc + d, sin(p, + &) cos(p; + ay) || 1 (53)
ye Yc 1 + ¢} | —cos(p, + oy) sin(@, + ay) || ¢
what can be also written in the form
Xp _ Xc + dl : 1 Cy Sin((pl + O(l) (54)
Yp Yc 1+ Ccl | C -1 COS((/)) + 051)

If we now combine the obtained expressions needed for determination of the
coordinates of the point P, we have

|:Xp:l _ {XC} i d1 ! {1 C }I:Sin(qﬂl + al)} (55)
yp ye| 1+ ¢ |a —1][cos(p, + a))

where
d, + d,cosw
= (56)
d,sinw
a; a,

dl == y dg === (57)
SINd SInd »
a):al+ﬁ+a3 (58)

and the distances a,, a,, the azimuth @, the angle B, are expressed by (1), (2), (3), (5),
respectively.
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42.The second method

YA

Introducing the x” y” coordinate system, of which the origin is at the point C and the x”
axis passed through the point 0,, Fig. 4, we obtain

X0, =12 (59)
and

(60)

V]

Fig. 4. Cartesian x” y” coordinate system

Since the azimuth CO, in the x”” y”” coordinate system is equal to y; + S+ ¥, the coordinates
of the point Oy, are

X/C;I =ricos(yr + B+ 72) (61)
and
y’o’l =rsin(y, + B+ y2) (62)

After substituting (7), (10) into (61), (62), respectively, and taking into account that
w= o, + B+ o, we obtain

x’o’l = — 1, COSW (63)
and
y’o’1 = — r;sinw (64)

The equations of the circles, of which the centres are at the points O, and
0,, have the form
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2

X =r)+y"?=r3 (65)
and
(" + ricosw)® + (v + rysinw)’ = ri (66)

what establishes two square equations, given below
X'*+d cosw- X"+ +d;sinw y" =0 (67)

x7 - d,x" +y"? =0 (68)
where d, = 2r,, d, = 2r;, as in (28), (29).
In order to determine the unknows x”, y”, having substracted (67) from (68), after some

manipulations, we write

d, + d W
e BT TR (69)
d, sinw

and denoting

d, + d,cosw
Ge———————— (70)
d,; sinw

we state that
V==X’ (71)
As a result of substitution (71) into (68), we obtain
I+ ey =dy]=0 (72)
hence, after introducing the subscripts C 1 P, we have
x¢=0 (73)

and

x4 = B (74)
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Substituting (73), (74) into (71) we state that

ye=0 (75)
and
d,
b= 76
Yp 1 + C% G ( )

77 4

so that, we obtained the coordinates of the point P in x” y” coordinate system.
If now the azimuth of the axis x”, in xy coordinate system, is denoted by 6" then the
coordinates of the point P can be written in the matrix form

| _ %] . cgs52 —sind, x:,f 77
Yp Ye sind,  cosd, ||y

S2= 02— 72 (78)

Since the azimuth

after substituting (10) into (78), we have
53=(p2—a’2+900 (79)

and substituting (74), (76), (79) into (77), we obtain

M: H+ d, 7{—9“((02 - o) —cos(ps - a»H 1 } -
yp Yc 1 + ¢c3|cos(@p, — ¢y) —sin(@, — &) ||— c2

what we write in the following form

l:xp} _ |:XC} " d, i {— 1 Cz}{Sin(Cﬂz = az)jl 81)
yp Yc L +c¢3] ¢ 1 || cos(@, — )

Combining the expressions which determine the coordinates of the point P we

finally have
Xp _ Xc Y dz : -1 C» Sin((p?_ = 0!2) (82)
Y Ye 1L +c3]cy; 1 ]|cos(pr— xy)

where
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d, +d w
LR (83)
d151na)
O TR WO (84)
Sindg SInd
w=0o;+ p+ (85)

and the distances a;, a,, azimuth @,, the angle S, are expressed by (1), (2), (4), (5),
respectively.

5. Indicator of position determinability

In the Chapter 3 the solution of the equation system (34), (35), involved the assumption
that w = o, + B+ o, # 180%, k= 0,1.

Now we consider two cases of the above limitations.

1. In the first case

wo=o,+pB+a,=0 (86)
as it is easy to see, the vertex point of the angle and the observed angles, & i @, are lying
on the same straight line. This entirely excludes the posibility of making such construction.

Itis imposible to do the observations becouse from the point P we can not distinguish which
of the observed points A, B, C is the left, the right or the central.

2. In the second case
w=0a,+ P+ a,=180° (87)
we must make further considerations. Let us assume that the points A, B, C and P are on the
circle with the centre at the point O, Fig. 5. Denoting the angles AOB and BOA by 11 s,

respectively, we have

ny=2(a, + o) (88)
and

g =28 (89)
finding the sum of these angles, after taking into account that u; + u, = 360°, we write

2(a, + B+ a,) = 360° (90)
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w=a0a,+ P+ o, =180° 91)

so, when @ = 180° all four points are on the circle. Then, the angles ¢, and «,, observed
from the arbitrary point P lying on the circle between the points A and B, are unchangeable.
Therefore the position of the point P can not be determined.

The obtained expression, introduced in this work

w=c,+ B+ a, (92)

we call the indicator of position determinability.

Fig. 5. Points on the circle

Basing on the above considerations we state that determination of the point
is possible only if

@ # 180° (93)

The established indicator of position determinability, @, gives us possibility to know
whether position at the point P is determinable.

6. Examples
The examples of practical application of the obtained solutions are given below.
Example 1

Knowing the coordinates of the points A(0, 0), B(—2/\E, 1), C(0, 1) and the observed
angles a, = 30°, o, = 30°, determine the coordinates of the point P using the first method.
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1. Position determinability

Since
A -1
@, = arctan o arctan — = 270°
XcB 0
A 0
W, = arctan 2. 08 arctan = 180°
AXCB —2'\/5

then B= @, — @, = 90°, hence the indicator of position determinability is

w=0o,+ f+ a,=150° = 180°

so, the position is determinable.
2. Determination of the coordinates

Helpful expressions
dy = VAx2 + Ayea/sina; =\0 + 1/(1/2) =2

dy = VAXcs + Ay’cplsine, = \4/3 + 0/(1/2) = 4R3

d, + dycosw 2 + (ANB)(=\32) 0
Cc = = =

d,sinw @nB3)(1/2) 2173

Coordinates of the point
Xp I X(‘— + d[ 1 Cy sin((p[ + Ol,) "
Yp E: ,\"C_ 1+ C% C -1 COS((pl + al) B
o], 1 off-ar] _[-5
1] 0 -1 112 | [0

=0

then P (- 3. 0).
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3. Check
Since
[a] = a; + o, =30° + 30° = 60°

Ayps Aypa
— arctg
XpB Axps

[o] = arctg

1 0
= arctg — arctg — = 60° — 0° = 60°
1/~3 \3

what veryfies the correctness of the solution.

Example 2

Taking into account the coordinates of the points A(0, 0), B(—2/\/§, 1), C(0, 1), and the

angles o, = 30°, o, =30°, given in the Example 1, determine the coordinates of the point
P using the second method.

1. Determination of the coordinates

On the base of value obtained in the Example 1, w, d,, d,, we state that

d,sino 2(1/72) \3
Xp| | Xc & d, -1 c,||sin(@; — a3) L
yp - Yc 1 +c3|cy 1 ||lcos(p, — ) 4
0 1 3] e —\B}
pas} 3 s
M : JL/\E IM—\B&} { 0

dy + dycosw 4N + 2(=\32) 1
Cy = = =

SO

then P(—3, 0).

2. Check

The determined coordinates, P(—\/E. 0), are identical with those obtained in the
Example 1.
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CONCLUSIONS

In this paper two new methods of position determination by resection have been
presented. Results which have been obtained by both methods are identical.

Since the procedure establishing the final functions in the first approach is simpler, the
first method is recommended.
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Wyznaczanie pozycji wcigciem wstecz

Streszczenie

W pracy podano nowa metod¢ wyznaczania pozycji wcigeciem wstecz. Ustalen dokonano w wyniku
rozwiazania, wprowadzonego w tej pracy, ukiadu réwnan nieliniowych. Takie podejscie pozwolilo na calosciowe
ujecie 1 ogblne rozwiazanie rozpatrywanego problemu. Otrzymano dwa sposoby wyznaczania pozycji wcieciem
wstecz.

Rozpatrzono zagadnienie pozycji niewyznaczalnych. Wprowadzono wskaznik wyznaczalnos$ci pozycji.
Ustalono przypadki niewyznaczalnosci pozycji 1 podano ich interpretacj¢ geometryczna.
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Arnyw Mapmycesuu

OmnpeeneHne MecTa MeTOI0M 00PaTHOM 3aceuKH

Peszwome

B paGore mnpenacraBieH HOBbIH METON ONpEdeseHHs MecTa Cnoco6oM OOpaTHOH 3aCEuKH.
Onpenenenne COBEPIIEHO B pe3y/IbTaTe PEILIEHUS — BBEOEHHOH B 3TOH paboTe — CHCTEMBI HETHHEHHBIX
ypaBHeHH#. Tako# MOAXOA Aai BO3MOXHOCTD MOJIHOTO I0JX0a H OOIEro pemeHUs pacCMaTpPUBaeEMOH
npo6uemsl. ITomydeHsl ABa crocoba onpeaeseH: KOPAMHAT METOAOM OOPaTHOH 3aCeYKH.

PaccMoTpena mnpoGiiema HeonmpedenuMbIX MeCT. BBen€H HHIOEKC ONpeaesdMOCTH MecCTa.
Onpenenexs! CIydan HEONPEAEIHMOCTH MECTA H NMPEACTABJIEHA HX FEOMETPHYECKAst HHTEPNpeTalus.



