
GEODEZJ A I KARTOGRAFIA 

t. L I. z. 3, s. I 15-131 (2002) 

Janusz Martusewic; 

Institute of Applied Geodesy 
Warsaw University of Technology 
(00-661 Warszawa, Plac Politechniki 1) 

Determination of position by resection 

A new solution of the resection is presented in this paper. Two methods of position 
determination have been developed. An indicator of possibilities of position determination has 
been introduced. Cases when the position cannot be determined have been considered and their 
geometric interpretation has been developed. 

INTRODUCTION 

One of the basic surveying constructions, applied for the needs of position determination, 
is Pothenot's construction, which is called resection. Resection allows for determination of 
a position basing on survey of two angles between three points of known coordinates. 

Various solutions of resection are used, which are known by the names of their authors 
- Cassini, Collins, Delambre, Hausbrandt, Tienstra. To be precise, we should add that, as it 
has been proved by Hu i Kuanga (1998), Tienstra's method, which is based on barycentric 
coordinates, is also justified in the case where the determined point is located outside the 
triangle of stable points. 

Irrespective of various solutions of resection, the basic problem concerning deter­ 
minability of position still exist. Establishing of non-determinable positions, as a result of 
graphic determination of a dangerous circle, does not seem satisfactory. 

Two new methods of position determination by resection are presented in this paper. 
Statements have been made as a result of geometric considerations and a solution of 
a system of nonlinear equations, formulated in this paper. Such approach allows for general 
and complete solution of the discussed problem. As a result of these statements, two 
methods of position determination by resection, have been proposed. 

The problem of nondeterminable positions has been also discussed. An indicator of 
position determinability has been introduced. Cases of nondeterminability of position have 
been specified and their geometric interpretation has been presented. 

The included examples illustrate the practical application of porposed methods. 
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1. Basic concepts 

Let three points of known coordinates in the xy coordinate system are visible from 
the point P. A point lying on the left side of the point P we denote by A, a point lying on the 
right side of the point P by B, and a point which is centrally located we denote by C. Angles 
measured at the point P between the given poitns A, C and the C, B we denote by a1 and Ct2, 
respectively, Fig. 1. 
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Fig. 1. Resection 

In order to obtain the coordinates of the point P we write the known coordinates 
of the points A, B and C in the form A(xA, YA), B(xs, Ys) and C(xe, Ye)- As 
a result of denoting LixeA = xA - Xe, LiycA = YA - Ye and Lixes = Xs - Xe, 
Liyc8 = y8 - Ye, the distances between the points A and C, and B and C, are 
expressed by 

(1) 

and 

(2) 

The azimuth of the lines CA and CB, which we denote by (f) 1 and (f)2, respectively, can be 
written in the form 

llyeA 
(f) 1 = arctan -­ S» eA 

(3) 

and 

llYes 
(f)2 = arctan -- 

Lixcs 
(4) 
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So that, the angle between the points ACB, which is denoted as /3, Fig. 2, is as follows 

(5) 

where (fJ1 and <p2 are specified by (3) and (4). 
Note, that the measured angles determine the circles from which the distances a 1 and a2 

are visible under the angles of a1 and a2, respectively, Fig. 2. Centres of these circles are 
denoted as 01 and 02 and their radiuses as r1 and r2. 
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Fig. 2. Geometric elements of resection 

Consider the cirle, of which centre is at the point 01, and take into account the point Q1 

lying on this circle at the same distances from the points A and C. Since the triangle C01Q1 is 
the isosceles triangle of which two sides equals to r1, the angle 01CA, which is denoted by 
y1, can be written in the form 

(6) 

thus 

(7) 

If we now note that 

a1 
r1 ==--- 

2cosy1 

then, after substituting (7) into (8), we have 

(8) 
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a1 
r1=-- 

2sina 1 
(9) 

Analogically, from the circle with the centre at the point 02, we obtain 

(10) 
and 

a2 
r,=-- 
- 2sinr2 

(11) 

thus, after substituting (10) into (11) 

a2 
r2=--- 

2sina2 
(12) 

Now we can determine, taking into account the radiuses r1 and r2, the coordinates of the 
centres of the circles, 01 and 02, in the x' y' coordinate system. The x' y' coordinate system 
we introduce in such a way that i ts origin is at the point C, and the x' axis passed through the 
point 01, Fig. 3. 

y' 

Fig. 3. Cartesian x 'y ' coordinate system 

Determining the coordinates of the point 01, we have 

x'o = r1 
I 

(13) 

and 

v'» = O I 
(14) 



Determ ination of position by resection 119 

For the coordinates of the point 02, after taking into account that the azimuth of CO2 is 
equal to 360° - (y1 + f3 + y2), we state that 

and 

(15) 

(16) 

Substituting (7), (10) into (15), (16), after some manipulation 

(17) 

and 

(18) 

If now we introduce the expression 

(19) 

and substitute (19) into (17), (18), we finally have 

(20) 

and 

(21) 

what determines the coordinates of the point 02 in the x' y' coordinate system. 

2. The system of equations 

The coordinates of the point P can be obtained as a result of intersection of two circles 
with centres at the points 01, 02 and the radiuses r 1, r2, respectively. 

The equation of the circle with the centre at the point 01, in the x' y' coordinate system, is 

(x' - xo/ + (y' - Yo/= d (22) 

Substituting (13), (14) into (22) we obtain 

(23) 
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hence 

x'2 - 2r1x' + y12 = O (24) 

The equation of the circle with the centre in 02 has the form 

( 
1 )2 ( 1 )2 2 x - Xo2 + y - Yo2 = r 2 

substituting (20), (21) into (25) we have 

(x' + r2 coscv)2 + ( y' - r2 sincv)2 = r ~ 

so that 

x12 + 2r2 coscv · x' + y'2 - 2r2 sincv · y' = O 

(25) 

(26) 

(27) 

Now instead of the radiuses of the circles, r1 and r2, we introduce their diameters 

(28) 

and 

d 2 = 2r2 
which after substituting (8), (9) into (26), (27), respectively, we write in the form 

and 

The equations (30) and (24) yield 

substituting (31) into (27) we have 

x12 + d 2coscv · x' + y'2 - d2 sincv · y' = O 

(29) 

(30) 

(31) 

(32) 

(33) 

The above equations, (32), (33), allows to determine the coordinates of the intersection 
points of both circles in the x' y' coordinate system. 
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3. Solution of the system of equations 

Puting (32), (33) together, we obtain the following system of equations 

x12 + d2 cosc.v · x' + y'2 - d2 sinr» · y' = O 

x'2 - =0 

(34) 

(35) 

In order to determine the unknows x', y', after substracting the equation (34) from the 
equation (35), we have 

(36) 

hence 

1 di + d2 COS(.() 1 y = X 
d2sinc.v 

(37) 

where w -:f:. 180°k, k = O, 1. 

After introducing the expression 

(38) 

and substituting (38) into (37), we finally obtain 

y' = C1X
1 (39) 

If we now substitute (39) into (35) we state that 

(40) 

hence 

(41) 

so that 

x'[(l + d)x' - d1] = O (42) 

Considering the equation (40) we state, that the first root, of which the introduced 
subscript is C, yields 
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x'c = O (43) 

and after substituting (43) into (39), we have 

y' C = Q (44) 

what establishes the coordinates of the point C in the x' y' coordinate system. 
The second root of the equation (42), of which the introduced subscript is P, yields 

(45) 

hence 

(46) 

so, after substituting ( 46) into (39), we write 

(47) 

what determines the coordinates of the point P in the x' y' coordinate system. 

4. Determination of coordinates 

Using the functions obtained before we establish two methods for determination of 
position by resection. 

4.1. The first method 

Note that, knowing the coordinates of the point P in x' y' coordinate system, we can 
determine the coordinates of the point in xy coordinate system. Since the azimuth CA equals 
to (fJ I in the A'}I system, which is denoted by 8 1, is 

(48) 

Transforming the coordinates x~, y; from x' y' coordinate system to A'}I coordinate system, 
we obtain 

(49) 
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and 

(50) 

what we write in the following matrix form 

[Xpl =[Xe]+ [cos8, YP Ye sm8, 
- sinó , l [x:] 
cos8, y P 

(51) 

If now we substitute (7) into (48) 

(52) 

and substituting (46), (47), (52) into (51), we obtain 

what can be also written in the form 

[Xpl [Xe] d, [ 1 
YP = Ye + 1 + d e, 

If we now combine the obtained expressions needed for determination of the 
coordinates of the point P, we have 

[Xpl [Xe] d, [ 1 
YP = Ye + 1 + d e, 

(54) 

(55) 

where 

(56) 

a, 
d, = -.--, 

smcz , 
(57) 

(58) 

and the distances a,, a2, the azimuth (fh the angle /3, are expressed by (1), (2), (3), (5), 
respectively. 
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4.2. Th e s e c o n d met h od 

Introducing the x" y" coordinate system, of which the origin is at the point C and the x" 
axis passed through the point 02, Fig. 4, we obtain 

(59) 

and 

li o Yo2 = (60) 

Fig. 4. Cartesian x" y" coordinate system 

Since the azimuth C01 in the x" y" coordinate system is equal to y 1 + /3 + y 2, the coordinates 
of the point 01, are 

(61) 

and 

(62) 

After substituting (7), (10) into (61), (62), respectively, and taking into account that 
w= a1 + /3 + a2 we obtain 

(63) 

and 

(64) 

The equations of the circles, of which the centres are at the points 01 and 
02, have the form 
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(65) 

and 

(x11 + r1 cosw)2 + (y" + r1 sinw)2 = d 

what establishes two square equations, given below 

x"2 + d1 cosr» · x'' + y"2 + d1 sinr» · y11 = O 

(66) 

(67) 

x"2 - =0 (68) 

where d 1 = 2 r1, d2 = 2 r2 as in (28), (29). 
In order to determine the unknows x", y", having substracted (67) from (68), after some 

manipulations, we write 

11 d2 + d1 cosw 11 y = - X 
d1 sinw 

(69) 

and denoting 

d2 + d1 cosw 
C2=-----­ 

d1SinW 
(70) 

we state that 

y" = - C2X11 (71) 

As a result of substitution (71) into (68), we obtain 

x"LO + d)x11 
- dzJ = O (72) 

hence, after introducing the subscripts C i P, we have 

x'~ = O (73) 

and 

11 d2 
Xp = --- 

1 + d (74) 
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Substituting (73), (74) into (71) we state that 

y'~ = o (75) 

and 

(76) 

so that, we obtained the coordinates of the point P in x" y" coordinate system. 
If now the azimuth of the axis x", in xy coordinate system, is denoted by 8" then the 

coordinates of the point P can be written in the matrix form 

[Xpl = [xc] + [cos82 -sin82][x:,] 
YP Ye sm82 cos82 y P 

Since the azimuth 

after substituting (1 O) into (78), we have 

8 2 = (fJ 2 - a 2 + 90° 

and substituting (74), (76), (79) into (77), we obtain 

(77) 

(78) 

(79) 

what we write in the following form 

[Xpl [Xe] d 2 [- 1 
YP = Ye + 1 + c ~ Cz 

(81) 

Combining the expressions which determine the coordinates of the point P we 
finally have 

(82) 

where 
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C2=----­ 
d I sinz» 

(83) 

(84) 

(85) 

and the distances a,, a2, azimuth ({)2, the angle /3, are expressed by (1), (2), (4), (5), 
respectively. 

5. Indicator of position determinability 

In the Chapter 3 the solution of the equation system (34 ), (35), involved the assumption 
that CtJ = a1 + /3 + CC2 -:I- 180°k, k = 0,1. 

Now we consider two cases of the above limitations. 
l. In the first case 

(86) 

as it is easy to see, the vertex point of the angle f3 and the observed angles, cc I i cc 2, are lying 
on the same straight line. This entirely excludes the posibility of making such construction. 
It is imposible to do the observations because from the point P we can not distinguish which 
of the observed points A, B, C is the left, the right or the central. 

2. In the second case 

Ct) = CC I + /3 + CC 2 = 180° (87) 

we must make further considerations. Let us assume that the points A, B, C and Pare on the 
circle with the centre at the point O, Fig. 5. Denoting the angles AOB and BOA byµ 1 i µ2, 

respectively, we have 

µ I = 2( CC I + CC 2) (88) 
and 

(89) 

finding the sum of these angles. after taking into account thatµ 1 + µ2 = 360°, we write 

(90) 
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and 

w = a 1 + /3 + a 2 = 180° (91) 

so, when w= 180° all four points are on the circle. Then, the angles a I and a 2, observed 
from the arbitrary point Plying on the circle between the points A and B, are unchangeable. 
Therefore the position of the point P can not be determined. 

The obtained expression, introduced in this work 

(92) 

we call the indicator of position determinability. 

p 
Fig. 5. Points on the circle 

Basing on the above considerations we state that determination of the point 
is possible only if 

(JJ;t 180° (93) 

The established indicator of position determinability, w, gives us possibility to know 
whether position at the point P is determinable. 

6. Examples 

The examples of practical application of the obtained solutions are given below. 

Example 1 

Knowing the coordinates of the points A(0, O), B(-2!s{3, 1), C(O, 1) and the observed 
angles a 1 = 30°, a2 = 30°. determine the coordinates of the point P using the first method. 
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l. Position determinability 

Since 

LlYcA -1 
OJ 1 = arctan -- = arc tan - = 270° 

LlXc8 O 

LlYcs O 
OJ2 = arctan -- = arctan -- = 180° 

LlXcs -2--{3 

then f3 = (f)1 - (f)2 = 90°, hence the indicator of position determinability is 

OJ= CX1 + /3 + CX2 = 150°-:/:. 180° 

so, the position is determinable. 

2. Determination of the coordinates 

Helpful expressions 

d1 + d2 cos OJ 2 + ( 4/--{3 )(- --{3J2) 0 
C1 = ----- = ---~--- = -- = 0 

d2 sinr» (41--{3) (1/2) 21--[3 

Coordinates of the point 

then P(- -/3, O). 
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3. Check 

Since 

[a]= CX1 + CX2 = 30° + 30° = 60° 

ó.yps ó.YPA [ a] = arctg -- - arctg -- = 
Ó.XPB Ó.XPA 

1 O 
= arctg -- - arctg - = 60° - 0° = 60° 

11{-j {-j 

what veryfies the correctness of the solution. 

Example 2 

Taking into account the coordinates of the points A(O, O), B(-2!{-i, 1), C(O, 1), and the 
angles a 1 = 30°, a2 = 30°, given in the Example 1, determine the coordinates of the point 
P using the second method. 

1. Determination of the coordinates 

On the base of value obtained in the Example 1, w, d1, d2, we state that 

d2 + d I COSOJ 41{-j + 2 (-{-312) 1 
c2 = d 1 sinr» = 2(1/2) = {-j 

so 

[Xpl [Xe] d2 [-1 
YP = Ye + 1 + d e2 

c2] [sin(cp2 - a2)] = 
1 cos ( cp 2 - a 2) 

= [Ol + {-j [-1 11\/3] [ 1/2 l = [- {-j l 
1 11{-j 1 -{-312 O 

then P(- {-3, 0). 

2. Check 

The determined coordinates, P(-{-3, O), are identical with those obtained in the 
Example l. 
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CONCLUSIONS

In this paper two new methods of position determination by resection have been
presented. Results which have been obtained by both methods are identical.

Since the procedure establishing the final functions in the first approach is simpler, the
first method is recommended.
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Wyznaczanie pozycji wcięciem wstecz

Streszczenie

W pracy podano nową metodę wyznaczania pozycji wcięciem wstecz. Ustaleń dokonano w wyniku
rozwiązania, wprowadzonego w tej pracy, układu równań nieliniowych. Takie podejście pozwoliło na całościowe
ujęcie i ogólne rozwiązanie rozpatrywanego problemu. Otrzymano dwa sposoby wyznaczania pozycji wcięciem
wstecz.

Rozpatrzono zagadnienie pozycji niewyznaczalnych. Wprowadzono wskaźnik wyznaczalności pozycji.
Ustalono przypadki niewyznaczalności pozycji i podano ich interpretację geometryczną.
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J!Hyw Mapmyceeuu 

Onpeneneune MeCTa MeT0J:I0M ofiparuoil sace-ncn 

Pe3l0Me

B paćcre npencraanex HOBbIH MeTo.o onpeneneaas MecTa cnoco6oM oóparaoa sacexxa.
Orrpeneneaae cosepuieao B peaynsrare peureana - BBe.oeHHOH B 3T0H patiore - CHCTeMbl Hemrnei-iHb[X
ypaaneuaił. Taxoił nonxon nan B03M0)l(H0CTb nonaoro nonxona H o6wero peuienxa paccxta'rpxaaexsoii
rtpofiner-m. Ilorryressi .OBa cnoco6a onpenenena K0p.OHHaT MeT0.O0M o6paTHOH 3aCe'iKH.

PaCCMOTpeHa npoóneva neonpenemoaux MeCT. Bsenen HH.OeKC onpenenaraocra MeCTa.
Onpeneneuu cnyxaa neonpenemoaocr« MecTa 11 npencraanena HX reoxserpasecxas HHTepnpeTaUHR.


