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Abstract: This paper regards the minimum weight problem of spatial systems, known in the literature as
Rozvany—Prager archgrids. Their architectural role is to transmit a load of fixed intensity to the line of
supports located at the boundary of a given plane domain. The system consists of arches spaced apart from
one another, hence the mechanics of such a system is that of a gridwork shell and not a shell continuum.
Mathematically, description of an archgrid falls into the class of Michell frames. Therefore, in our approach,
we make use of the plastic design paradigm — it states that optimal bar structure is at the verge of plastic
failure, with bars uniformly stressed to the limit value in compression, or tension. In the case of archgrid
optimization, only compression is allowed and this limitation introduces an additional design constraint. The
main goal of this paper is computational, thus the general variational framework of the optimization problem
is reformulated in the discrete setting, involving the methods of linear algebra. Numerics of the discrete
approach to Rozvany—Prager archgrids is considered from the novel perspective based on second-order cone
programming (SOCP). Procedures used for solving the examples are coded in MATLAB combined with
MOSEK optimization toolbox for SOCP routines.
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1. Introduction

1.1. The Rozvany-Prager archgrids

The scientific interest in optimal design of archgrids has been initiated in the late 1970s by
G.LN. Rozvany and W. Prager, [11]. They put forward a problem of minimizing the weight (or,
equivalently, volume) of a spatial structure composed of arches spanning a given plane domain
and transmitting a load of fixed intensity to the line of supports located at the boundary of
that domain. Such an arch system is best visualized as a ribbed vault (arch-like roof) over the
domain, with single ribs (arches) spaced apart from one another. Architecturally speaking, the
vault has a form of a dense grid of curved bars pinned at both ends. Therefore, the mechanics
of the roof is that of a gridwork shell and not a shell continuum. Following this lead, in our
paper we use the terms Rozvany—Prager archgrid to emphasize the specific arch-like pattern of
the vault.

The minimum volume problem for archgrids belongs to the broad topic of structural topol-
ogy optimization. More specifically, Rozvany—Prager archgrids can be identified as a particular
class within Prager structures, which, in turn, form the subcategory of Michell frames, or, in
set notation:

Rozvany-Prager archgrids C Prager structures C Michell frames

Various aspects of Prager structures and Rozvany—Prager archgrids are covered in the early
works, [10, 12, 13, 17], while the most recent and comprehensive study of the most general
(Michell) category of optimal structures can be found in [9].

In order to highlight the differences among the three concepts in structural topology opti-
mization, we recall the plastic design paradigm. It is one out of two Michell-Hemp conditions
determining a structure of minimum volume of material, [7]. The paradigm is static by nature
and states that stresses in the material used for the construction of the optimally designed struc-
ture reach the elastic threshold. We say, that the entire Michell frame is at the verge of plastic
failure, with bars uniformly stressed to the limit value, say o ¢, if the bar is in compression,
or —or if the bar is in tension (compression stress is assumed positive for the convenience of
further discussion). This, in turn, involves an implicit requirement that bars in the optimally
designed frame are bending- and shear-free. In other words, external load is carried by arches
subjected to axial stress resultants only.

The plastic design paradigm applies also to Prager structures and Rozvany—Prager archgrids,
with an additional assumption that stresses are univalent — compressive or tensile — in the entire
system. Since in this work we focus on bar structures that are entirely in compression, then
we fix oc = 09 > 0 and o = 0. The opposite assumption paves way to optimal design of
tension-only cable networks, but we skip the discussion of this topic, because it is a matter of
a straightforward modification of the results presented in the remainder of the paper.

The other Michell-Hemp condition is of kinematic type. We do not recall it here, as it does
not provide new arguments that are helpful in explaining the differences among the Michell,
Prager, and Rozvany—Prager notions of optimality.
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1.2. Motivation for the present study

Michell-Hemp conditions (both the static and kinematic one) are bar-wise. Computational
algorithms enforce these conditions for single straight bars, which are basic members of large-
scale frames, see e.g. [6, 15] for various numeric techniques appropriate in this context. Such a
strategy leads to optimal designs in the sense of Michell and Prager. Rozvany—Prager archgrids
require different design procedures, with the primary focus shifted from single bars towards
plane arches, represented in the discrete approach by arch-shaped sequences of straight bars, and
pinned at both ends. Thus, Michell-Hemp criteria need to be properly reformulated, so that they
apply to multi-bar curvilinear grid elements of this type. It turns out, however, that adjusting the
Michell structure-oriented numerical algorithms to the specifics of Rozvany—Prager archgrids
is not straightforward. By the above, the main difficulty is in redefining the optimality criteria
from bar-wise (Michell-Hemp) to arch-wise (Rozvany—Prager).

This observation justifies the research effort, whose central interest is in the criteria for the
optimality of spatial systems with single plane arches understood as basic members. Rozvany
and Prager, [11], introduced the mean squared slope condition, that is a formula characterizing
the optimality of elevation functions of the plane arch, see Eq. (2.2). They also outlined a
variational attitude toward minimum volume design of archgrids with orthogonal layout of
arches supported at the boundary of the roofed domain. Mathematical structure of the right-
angled archgrid problem was formalized in [4], see also [8], thus paving way for numerical
procedures in the continuous and discrete setting, [3, 5]. The authors of [16], argued that if the
line of supports coincides with the boundary of roofed domain then the theory of Rozvany—
Prager archgrids extends beyond the case of orthogonal layout of members, i.e. it embraces
arch systems with elements running in arbitrary directions.

In our paper, the numerics corresponding to the discrete approach to Rozvany—Prager
archgrids is further developed from the second-order cone programming (SOCP) perspec-
tive. Numerical procedures used for solving the examples in this paper has been coded in
MATLAB, [18], combined with the third-party MOSEK optimization toolbox for SOCP rou-
tines, [19]. Computational algorithm used in this new outlook proves to be more efficient in
terms of CPU-time, than the routine used so far. This, in turn, allows for analyzing the struc-
tures with a very large (~10°) number of arches. Results obtained for such an extremely
populated archgrids may well serve to hint the research aimed at optimization problems
posed in the continuous setting, but they clearly exceed the rational needs of civil engineering
industry.

The latter naturally comes along with a call for methods transforming optimal layouts to
realistic constructions satisfying the requirements imposed by the building codes and stan-
dards. Such a rationalization usually involves coarsening the pattern of structural members,
strengthening selected areas of the design to avoid stress localization, resizing the members
prone to buckling, etc. An example of a computer algorithm replacing the Michell-type struc-
ture with a ready-to-fabricate prototype is presented in [14], while other industrial applications
of the theoretically predicted solutions are discussed in [8, 9]. Solutions related to this study
for archgrids with various coarseness of members are compared in the examples, see Sec-
tion 3.
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2. The minimum volume problem

2.1. Outline of the variational formulation

Since the numerical study in this paper is based on the variational formulation of the
Rozvany-Prager problem, we briefly outline the latter below. For definiteness, we denote the
roofed domain by Q and suppose that I" stands for the line of supports for arches. In this
research, we assume that I" coincides with the boundary of Q, and we write Qy = QU T'. We
also let (x, y) represent the Cartesian coordinates in g, and write g = g(x, y) for the intensity
of the external load acting on the archgrid.

Next, we express the assumptions of the Rozvany—Prager theory:

i) a single arch — precisely, its neutral axis — belongs to a plane extending perpendicularly

from Q;
i) axes of all arches are located on a single surface, say v = v(x, y), such that v(x,y) = 0
for (x,y) € I'; function v is referred to as archgrid elevation function;
iti) load g also acts perpendicular to Q2 — i.e. along the z-axis in the 3-dimensional Carte-
sian system (x, y, z); the position of g with respect to the z-direction is determined by
function v.
In light of the discussion in the previous Section, planes mentioned in7) above are not constrained
to run in two orthogonal directions. To account for the variety of arch orientations in a large-scale
archgrid, we suppose that, see Fig. 1b:
— the archgrid consists of k arches;
— 0 < ¢y < 2 is the orientation angle of the plane, say 7k, extending perpendicularly

from Q and containing the K-th arch (K = 1, ..., k); the line of intersection of g and Q
determines the K-th arch axis xg inclined on the plane Q by angle ¥k to the reference
X-axis;

— load ¢ is distributed between the arches in such a way that the arch loads, gg, satisfy

k Lx
2.1 IQ(X,)’)V(X’Y)dXdy:ZIQK(XK)VK(XK)dXK
k=13

Q

where: Lg denotes the span of the K-th arch, vk and v are functions, satisfying vk (xg (x, y)) =
v(x,y) for (x,y) € mx N Qo, see ii) in the previous page;
— the K-th arch is optimal if the elevation function vk satisfies the condition known in the
literature as the mean squared slope condition by Rozvany and Prager:

1

2

Lk
d
(2.2) f (k) dxg | = VIm sk = K
0

- de

Expression on the left hand side of the first Eq. (2.2) defines the norm in the space of square-
integrable functions (L? space). In the remainder of this Section, we use the notation || - ||; to
denote this norm.
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The primary optimization problem, (P;), with the primary variable v € V, and the dual
optimization problem, (P,), with the dual variable {Q; ... Qk} € X, are respectively given by

Z =sup{fquQ ‘VEV}
Q
where:
(P1)
v(x,y), v(x,xy) =0, for (x,y) el
dv
V= 1v| liskll < VL, si(xp) = d—xi (xk(x,y)), for (x,y) € m N €y and
K=1,...,k
k
7, = inf{z VLK IOk l2| (@1 0x) € 2}
K=l
(P) where:
kK Ix &
2=40Qn...,0k) ZIQK(xK)dv—K(xk)dxsz for any v withv =0 atT
Xk
K=17% Q

Functions Qg have clear mechanical interpretation following from the equilibrium equations
concerning a single arch subjected to the load gk and axial forces Nk only. Full derivation of
the formulae is dropped, as this is a classical topic in the theory of bar structures. The equations
read

dvg dOk

Qg (xk), dig

where: Hg denotes the horizontal thrust at pinned supports of an arch, ¢k is an angle of slope
of vk, see Fig. 1c).

Assuming that vop and (Q1,opts - - - » Qk,opt) Stand for the solutions to (P1) and (P,) respec-
tively, one may show, using also the Eq. (2.3) above, that Z; = Z, = Z. We skip the proof of
this fact, referring the reader to [4] and literature cited therein. Here, we only mention that the
optimal volume of an archgrid is given by

(2.3) Qk(xk) = Ngsingg(xg) = Hk

+gx =0, for K=1,...,k

2
(2.4) Vopt = —Z
o0

The formula for optimal cross-section area reads,
1

272
L)

0o
Ok.op(xk))” + (HKL—;

Nk, opt(XK) 1
(2.5) Agopl(rg) = —2—= = — |(
(o)) (o)

The expression for optimal horizontal thrust takes the form

Ok,
(2.6) Hg opt = %
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Applying the latter in the first Eq. (2.3), and calculating the || - || norm at both sides of thus
obtained formula, we finally arrive at the mean squared slope condition, see Eq. (2.2).

t

Fig. 1. a) load ¢ = ¢q(x,y) over domain €, whose boundary coincides with line of supports I', b)

archgrid elevation function v = v(x,y) — shown in transparent grey, single arch elevation functions

V{,V2...,VK,... —shown as thick black lines, and arch loads ¢, ¢> . . ., gk - . ., ¢) arch segment subjected

to load gg balanced by reaction components Vg and Hg (horizontal thrust) and axial stress resultant

Nk (xg); arch cross-section area, Ax (xg ), varies along the arch xg-axis according to the formula
Ak (xk) - 09 = Nk (xk)
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2.2. The second-order cone programming approach

The main objective of this paper is computational, hence the need for reformulation of
expressions from Sec. 2.1 in terms of linear algebra. We choose a mesh of n nodes in Qg at
which the elevation of surface v is sampled, and we write u € R”" for the vector of elevations —
measured in meters — and f € R” for the load vector — measured in newtons. Vector f satisfies
the counterpart of Eq. (2.1),

n

[ ameaxdy = Y fuuw =1 7u

Q N=1

where: symbol T denotes the transposition of a vector.

Now, we consider an arbitrary K-th arch (K = 1,.. ., k). Its elevation function vk is sampled
at nodes located along the x g -axis (boundary nodes included). The number of sampling points,
p(K), may differ for K = 1,.. ., k, as any such number depends on the placement of the given
arch in the archgrid. Thus, arch elevation vectors ug € RP&K) contains different number of
components, but each vector uj, ...uy is a subvector of u, and such that u}< = ui(m =0
(elevation of the points located at the boundary I' is equal to 0). In the discrete approach, the
K-th arch is represented by a collection of straight bars located on the plane 7k ; the number of

bars in this collection equals mg = p(K) — 1, see Fig. 2.

Z A

A[:n;_» JJ A :,-_——] A:,‘

Fig. 2. K-th arch composed of mg straight bars linking the sample points at the arch elevation function
VK

Next, we reformulate the mean squared slope condition of Rozvany and Prager in Eq. (2.2):

2.7) ekl = VLk.  litxllz = \/ ()" + () o (1)

where: || - || now stands for the Euclidean norm in a finite-dimensional real space.

We emphasize that the first Eq. (2.7) represents the discretized form of the entire integral
(not just the integrand) on the left hand side of the first Eq. (2.2). For this, the components of
vector tx € R (K = 1,...,k) are defined as a forward finite differences of the elevation
function vk (slope of vk ) multiplied by the square root of the spacing.
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Explicitly,
2 1
“k "Mk ). [l
Al K
Ik 3 o
2 Ug — Uk 2
Tk —a | VA%
(2.8) tx = ) = A%
t”.”( :
K 1+mg mg
Uk “k ). [amx
AmK K
K ]
where: A}o Aé, cees A'K"K is the sequence of spacings between successive sampling points along
the xg-axis.

Similarly tou, . . ., ug, also the lengths of £, . . ., £, may not be equal. The span of the K-th
arch is
L =Ag + Ay +...+ AKX

l : ‘ i
[l = : = .
Ik VLk

Vectors u and ¢y, . . ., t; are constrained by Eq. (2.8). This is accounted for by introducing the
matrices Bx € R™K*" such that

and we consider vector I € R,

(2.9) Byu =tk

and we note that matrix Bx (K = 1,..., k) takes the place of the differential operation in
Eq. (2.2). We note, however, that the unit of components in vector £k in Eq. (2.8) is the (meter)'/?
in contrast to Eq. (2.2), where the values of sk are no unit numbers. We therefore conclude, that
the components of matrices By are measured in 1/(meter)!/2. From the mathematical standpoint,
Egs. (2.7) and (2.9) define k second-order (quadratic) cones; the K-th cone, Cx € RI*mx
(K =1, ...,k),is given by

(2.10) Cx = {(VLk. Bxu)| IBkull, < Lk}

In what follows, we refer to Ck as the primal cone.
With this, the discrete counterpart of the primal optimization problem (P;) reads

lemax{fTu| ueU}

u-{u

N where:
(P1)

u € R" and uy =0 if N-th node is placed at I';
(VLt. Bxku) € C, forall K =1,....k
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Dual optimization problem is typically derived by the use of Lagrange multiplier technique.
We recall it here with a goal to determine the dual variables (T, ..., T), being the discrete
counterparts of (Qy, ..., Qx), and, consequently, to calculate of the cross-section area vectors
Ay, ...,Ay. To this end, we first notice, that by the Cauchy—Schwarz inequality,

h" (Bxu) < ||k, | Bkull, forall h € R™¥

This, specified for & with ||kl = 1, and combined with the set builder condition in Eq. (2.10),
gives
Lk —h" (Bgu) > 0 forall h € R™¥ such that ||k, = 1

Next, we define the Lagrange function associated with (P)). Namely, we write
k
2.11) L@ AT ... T =fTu+ ) Ax (VLk ~hr(Biw))
K=1

k
=fTu+ ) (NLx = (T Buw)
K=1

where: 1 € R¥, Ak > 0, and Axh = Tx € R (K =1,...,k) are the Lagrange multipliers
(dual variables).

Pairs (Ak, Tx) belong to dual cones Cy (K = 1,..., k) and since the primal cones, Ck,
defined in Eq. (2.10), are quadratic, then Cy = Ck, see [2]. Therefore, from Eq. (2.10) we
conclude that

(2.12) ITkll, < Ag foral K =1,...,k
Moreover, the sum in Eq. (2.11) is non-negative. Hence,
ffu< L@ ATy,....Ty)
for all # admissible in (P}). Maximizing both sides of this inequality over u € U, we get

k k

(2.13) 72<gA, Ty,...,Ty) = § Ak LK+maqu(f— § (BK)TTK)

u
K=1 K=1

k
k . T

0 f B Tk =

ZZ/lK Te+ i ngl( k) Tk =f

k=1 +00  otherwise
where: g(A,Ty,...,Ty) is the dual function of the Lagrangian £, and the constraint on
(T, ...,Ty) replaces the second expression in Eq. (2.3).

Function g is now minimized over A. This, by making use of Ineq. (2.12), leads to 1x =
|[Tkll> for all K = 1,..., k. Consequently, 71 < Z,, where Z, is the solution to the dual
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optimization problem in the discrete setting

k
7 = min{z VLK 1Tk, |(Ty, ..., Ty) € @}
K=1

A where:
(P2)
Ty € R" for all uy = 0 if N-th node is placed at I;

K
O =<(Ty,...,Ty) T
Bg) Tx=f

and, similarly to Sec. 2.1, we have Z; < Z, = Z. Explanation of this fact is postponed to
Sec. 2.3.
Optimal volume of the archgrid, Vo, follows from Eq. (2.4). Moreover, having (f’z) solved,

one may calculate optimal horizontal thrust Hg op forall K = 1,..., k,
[7.ond]
2.14) H = 2
( BT Ik

as well as optimal cross-section areas, now represented by vectors A g, op for K—th arch,

1

K,opt 1

) { 2 212
Ak opt . 1 1 ([ Tropt (”TK"’Pt |2)
Ak opt = ; with Ag ooy = — + , etc.
: 0o [Al Lk
K
AKX
K,opt

In light of the remarks on units of the components of vector f and matrices Bk, we conclude
that the elements of Tk op (K = 1..., k) are measured in newton X (meter)!/2. Therefore, to
get the proper discrete counterpart of Eq. (2.5), we define the vector

€ R™K

representing the values of function Qg opi, measured in newtons. Note that [|Tk optll2 in the
calculations of Ak opt and [|Qk optll2 in Eq. (2.5) are both measured in newton x (meter)!/2.
2.3. Discussion of the optimal solution

From the duality theory, it follows that 71 < 7, and below we show that, factually, 21 = 7.
Our argument rests on the assumption that the set ® in (#,) is not empty, i.e. for fixed load
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vector f, there exist at least one collection (T'y, ..., Ty) for which the set builder condition
makes sense. With this, we write

215)  Zy=mingr, 1, L@AT . Ti) = L (8 dops Tropis - - - T.opt)

where: u is arbitrary.
Next, we notice that

(2.16) 21 = maxy L (#, Adope, Topt - - - Tropt)

k k
= max, {fTu + > ax Y (VEKITk opill = (T o) (BKu))}
K=1 K=1

and, for fixed u, the sum involved in Eq. (2.16) achieves its maximum value if
2.17) Tk op = agBgu forall K=1,...,k

where: ag > 0.
Consequently, the problem

k k
2 = max, {fTu + ) axliBxulz ), (Vi - ||BKu||z)}
K=1

= K=1

0 if («/EBKu) =Ck

+o0o  otherwise

= maxy fTu+{

coincides with (P}). Thus

A

4 T
Z :f Uopt = L (uopt» Aopts Tl,opt» cee Tk,opt) =7

which follows from Eq. (2.15) with u = uqp.
From Egs. (2.9) and (2.17),

(2.18) Txopt = akti,ope forall K =1,....k
Hence, if ax = [Tk, optll2/ VLK = Hk opt» se€ Eq. (2.14), then Eq. (2.18) becomes
TK,Opt = HK,OpttK,Opt forall K = ], ey k

being the discrete counterpart of the first Eq. (2.3). Also, recall that Tk opr = Ak oph for
arbitrary k with ||k]l; = 1, see Eq. (2.11), and Ak opt = IITk,optll2- Thus,
1
h=——tg oy forall K=1,...,k

VLk

and

‘2:@ forallK =1,...,k

which again provides the discrete variant of the Rozvany—Prager condition, see Eq. (2.7).

HtK,opt
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3. Numerical examples

Numerical simulations in all examples presented in the paper were performed on a laptop
computer equipped with the Intel Core i7-4600U CPU @ 2.10 GHz (2 processors), 8 GB
RAM, 64-bit Windows 10 Pro, and MathWorks MATLAB R2021a with MOSEK optimization
toolbox version 9.2.

For conic optimization problems, an interior-point type optimizer based on the so-called
homogeneous and self-dual algorithm is available in MOSEK, see [19] for the documentation
containing technical details on this algorithm. The input data for the minimum volume problem
was prepared as required by the formulation of the primary discrete setting (P;), while the dual
approach (P,) was automatically defined, and solved, by MOSEK through a built-in routine.
For the convenience of the reader, in Fig. 3 we present the flow chart of MATLAB procedures
for solving (P)), and (P5).

(USER

= Definition of

= Distribution of » sampling points in Q

= Load vector feR”

= Layout of & arches

= Allocating vectors u1, ..., #r in the vector of unknown elevations ueR”

(MATLAB) J,

= Calculating A1eR*V_ . AreRF®
= Calculating L1, ..., Lk

= Identifying eR™, ..., treR™

= Setting quadratic cones C1, ..., Ck

MOSEK J,

» Solving (1) for u
= Solving () for 11, ..., Tk

MATLAB J,

= Calculating A1eR™, ..., AkeR™
= Calculating ., ..., Hr

V

End

Fig. 3. The flow chart of numerical procedures in MATLAB and MOSEK. Symbols used in the chart
coincide with those in Sec. 2. We emphasize that MOSEK is a third-party, add-on toolbox of routines for
conic optimization
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3.1. Example 1: square domain

In this example, we consider the Q = [0,2L] X [0,2L] square domain and two load cases:

— g = const. acting above the entire  (load case 1), see Fig. 4;
— g = const. acting above the middle part [0.5L, 1.5L] x [0.5L, 1.5L] c Q (load case 2),
see Fig. 5.
Results obtained with help of the SOCP approach put forward in this paper are compared with
the conclusions from the study in [5], where the minimum volume problem was solved in the
continuous setting; see Table 1 for the collected results. More precisely, the elevation function
v has been approximated in terms of the Fourier (trigonometric) and Legendre (polynomial)

(b)

25 T T T
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et s SN
oSSR,
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it onlter s SO
LU ALSEISSSS oo
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ll["l i s s i, 2
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s
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5 e

0 A .
0 0.5 1 1.5

Fig. 4. a) Optimal archgrid elevation function v for load case 1 in Example 1, b) optimal cross-section
area functions for arches at x = 0.2L (bottom line), x = 0.6L (middle line), and x = L (top line)
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Fig. 5. a) Optimal archgrid elevation function v for load case 2 in Example 1, b) optimal cross-section
area functions for arches at x = 0.2L (bottom line, Agpt = 0), x = 0.6L (middle line), and x = L (top line)
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series in the orthogonal coordinates. For this reason, the comparison of results is limited to the
orthogonal layout of arches.

Table 1. Square domain Q with g = const. above the entire domain (load case 1) and g = const. above the
middle part of the domain (load case 2). Comparison of results obtained for different numerical approaches

load | number of arches dlscrfate approach COHtln}lOllS approach contl?uous approach
case alone x and with SOCP, with Fourier with Legendre
J Y [this paper] approximation, [4] approximation, [4]
ar.ch orientations CPU time optimal CPU time optimal CPU time optimal
with respect to x volume volume volume
45 x 45 arches qL? gL ql’
1 0° and 90° 0.5 sec 3‘6770'_0 131 sec | 3.681 0_—0 167 sec 3.6810_—0
3 3 3
p | 100 d00arches |y ol 1368095 | 4784 see | 3.68145 | 9063 see | 3.681 9%
0° and 90 o (o] 0]
3
| 1()OOZ< 1000 agches 216 sec 3.681£ out of B out of B
0° and 90 oo | memory memory
3 3 3
o | xdsarches | coe 1156095 | s00sec | 1.56195 | 1319sec | 156195
0° and 90 oo o} o0
3 3 3
o | 100xd00arches |y o 11560950 | 12458 sec | 1.561 95 | 53442 sec | 15619
0° and 90 oo (o] 0]
3
2 10002< 1000 agches 182 sec 1.561£ out of B out of B
0° and 90 oo | memory memory

3.2. Example 2: circular domain

In this example, we consider the Q = [0, R] X [0, 2x] circular domain and three load cases:
— g = const. acting above the entire Q (load case 1);

— g = const. acting above the middle part [0, 0.5R] X [0, 2x] € Q (load case 2);

— point load Q = gR? acting above the center of Q (load case 3).

Potential directions of arches for the problem (P)) are arbitrary. However, only radial arches
are optimal, i.e. satisfy the mean squared slope condition. Plots in Fig. 6a) show the meridian
lines of optimal elevation functions related to each load case in Example 2, while the plot in

Fig. 6b) shows the layout of optimal arches in load case 1. Analytical solution for the latter
case,

21 gR3

V5 o0

was obtained in [1] through the purely mathematically approach via the measure theory. In
Table 1, we compare (3.1) with suboptimal results obtained by the SOCP.

(3.1 Vopt =
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(a)

0 02 04 06 08 1
L alL’
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Fig. 6. a) Optimal meridian lines in Example 2: load case 1 (solid line), load case 2 (dashed line), load
case 3 (dash-dotted line), b) scheme of optimal layout of arches in load case 1

Table 2. Circular domain Q with ¢ = const. above the entire domain (load case 1).
Comparison of Vopt in (3.1) with realistic suboptimal results, Vsocp obtained by SOCP

load number of radial discrete approach with SOCP
case arches spanning Q Vsocp Vsoce/Vopt — 1
R3
1 18 arches 2,995 6.59%
a0
R3
1 36 arches 2.905 4% 3.38%
g0
gR®
1 72 arches 2.858— 1.71%
o0

4. Conclusions

Variational approach to the Rozvany—Prager problem of spanning a given domain with an
k-element archgrid of minimum weight (equivalently, minimum volume) involves two, mutu-
ally dual formulations. The complete solution includes a scalar field v representing the archgrid

elevation function and a k-component vector field (Qy, . . ., Q) having a clear mechanical inter-
pretation following from the equilibrium equations for single arches. In the discrete approach,
these fields are respectively replaced by u and (T'y, . . ., Tk). Specific mathematical features of

the discrete optimization problem allows for reinterpreting it from the second-order cone pro-
gramming (SOCP) point of view. Such a line of action turns out to be extremely robust in terms
of the CPU time, if compared to the continuous approach based on the Fourier or Legendre
series. The robustness of the computational algorithm manifests itself also in its capability to
make a clear-cut distinction between optimal and non-optimal parts of the structure. The latter
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are redundant from engineer’s point of view as they do not carry any load, see Example 1, load
case 2. Optimal archgrid consists only in these members for which the mean squared slope
equals 1. Adding new arches, or removing any of the existing ones, would result in member
force redistribution and reshaping of the entire archgrid. As a consequence, the volume of a
structure would increase.
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Optymalne ksztaltowanie siatek tukowych w ujeciu programowania
stozkowego drugiego stopnia

Stowa kluczowe: konstrukcje o minimalnej objetosci, optymalne siatki fukowe, siatki Rozvany’ego—
Pragera, programowanie stozkowe

Streszczenie:

Praca dotyczy projektowania siatek tukowych ze wzgledu na minimum ci¢zaru (albo, réwnowaznie,
minimum objetosci) materiatu uzytego do ich konstrukcji. Tematyka zostala wprowadzona do literatury
naukowej przez G.I.N. Rozvany’ego i W. Pragera w latach 70-tych XX wieku, kiedy autorzy sformutowali
zadanie ksztaltowania najlzejszej, rozpigtej nad danym obszarem ptaskim, konstrukcji fukowej zdolnej
przenies¢ obciazenie o danej intensywnosci do linii podpér znajdujacej si¢ na brzegu obszaru. Forma
architektoniczna przekrycia przybiera posta¢ siatki oddalonych od siebie tukéw podpartych przegubowo
na obu koricach. Co za tym idzie, z mechanicznego punktu widzenia, zadanie statyki kopuly jest rozwazane
w ramach teorii powlok siatkowych, a nie powlok o budowie ciagle;j.

Zadanie minimum objetosci siatek lukowych nalezy do szerokiego nurtu zagadnien topologicz-
nej optymalizacji konstrukcji. Scislej, siatki tukowe Rozvany’ego—Pragera sa szczegdlnym przyktadem
konstrukcji Pragera, ktére z kolei naleza do ogélnej kategorii konstrukcji Michella. Cechy rézniace
wspomniane koncepcje projektowania optymalnego najtatwiej wskaza¢ postugujac sie kryterium petnego
wytezenia konstrukcji. W rozumieniu tego kryterium, konstrukcja pretowa jest optymalna w sensie Mi-
chella, jezeli w kazdym jej punkcie stan naprezenia odpowiada granicy sprezystosci przy $ciskaniu, o ¢,
badZ rozcigganiu, —or (W pracy przyjeto konwencje dodatniego znakowania naprezert Sciskajacych).
Taka sytuacja jest mozliwa jedynie wtedy, gdy prety uktadu nie podlegaja zginaniu i $cinaniu, a dziatajace
na uklad obciazenie zewn¢trzne jest w calosci przejmowane przez sily osiowe w pretach. W przypadku
konstrukcji Pragera i siatek tukowych Rozvany’ego—Pragera zaktada si¢ dodatkowo, Ze naprezenia w calej
konstrukcji przybieraja wartosci tego samego znaku — tzn. sa wylacznie Sciskajace, badZ rozciggajace.
W pracy rozwazamy zadanie konstrukcji z pretéw Sciskanych, zakladajgc tym samym o ¢ = o > 0 oraz
or =0.

Kryterium pelnego wytezenia odnosi si¢ do pojedynczych pretéw, a wiec algorytmy komputerowe
oparte o to kryterium pozwalaja na znalezienie ram optymalnych w sensie Michella i Pragera. Projekto-
wanie siatek tukowych Rozvany’ego—Pragera wymaga innego podejscia, w ktérym miejsce pojedynczego
preta zajmuje fuk ptaski, przybierajacy w ujeciu dyskretnym ksztatt linii tamanej, ztozonej z wielu pretéw
prostych i podpartej przegubowo na obu koricach. Z tego wzgledu, kryterium pelnego wytezenia wymaga
przeformutowania do postaci uwzgledniajacej budowe takiego elementu tukowego. W rezultacie, dosto-
sowanie algorytméw numerycznych zorientowanych na projektowanie konstrukcji Michella do potrzeb
wynikajacych ze specyfiki siatek tukowych Rozvany’ego—Pragera nie jest intuicyjne.

Celem pracy bylo opracowanie algorytmu numerycznego optymalizacji w sensie Rozvany’ego—
Pragera w ujeciu programowania stozkowego drugiego stopnia. W tym celu wykorzystano mozliwosci
Srodowiska MATLAB wzbogaconego o pakiet bibliotek optymalizacyjnych MOSEK. Proponowane nowe
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spojrzenie na zadanie minimum objetosci pozwolilo na zapisanie procedur obliczeniowych znacznie szyb-
szych, niz stosowane dotychczas, co z kolei umozliwito analize konstrukcji ztozonych z bardzo duzej liczby
pretéw (rzedu ~ 109). Otrzymane wyniki wykraczaja poza potrzeby przemystu konstrukcji inzynierskich,
ale znaczaco wspomagaja rozwazania teoretyczne zagadnien optymalizacji w ujeciu ciaglym.

W pracy korzystamy z nast¢pujacych oznaczen: Q — okreSla przekrywany obszar parametryzowany
wspotrzednymi (x, y); I — linie podp6r znajdujaca si¢ na brzegu Q; v — powierzchni¢ nad Q, na ktérej
lezg osie tukéw; n — liczbe weztéw w zbiorze Q U I', w ktérych wyznacza si¢ wyniosto§¢ powierzchni
v; u € R — wektor wyniostosci; f € R"™ — wektor obciazeni dzialajacych prostopadle do Q; k — liczbe
tukéw siatki; L — rozpieto$¢ K-tego tuku (K = 1,...,k); tx = Bgu, gdzie Bk jest dang macierza —
wektor tangensow kata nachylenia pretéw K-tego tuku wzgledem Q. Ze wzgledu na kierunek dziatania
obcigzenia zaktadamy, Ze osie tukéw lezg w ptaszczyznach prostopadtych do Q i dowolnie zorientowanych
wzgledem uktadu (x, y). Dodatkowo, wprowadzamy oznaczenie

Ck = {(VLk. Bku)|IBkull, < Lk}

na okreslenie K-tego stozka drugiego stopnia, przy czym || - || jest norma euklidesowg wektora. Formuta

IBkull> = VLk

noszaca w literaturze nazwe warunku Sredniokwadratowego nachylenia, zastgpuje kryterium pelnego
wytezenia.

Zadanie optymalizacji siatek tukowych Rozvany’ego—Pragera przybiera dwie postaci — pierwotna
i dualng. W realizacji numerycznej zadania programowane jest zadanie pierwotne, tj. zadanie maksyma-
lizacji pracy obciazenia zewngtrznego po kinematycznie dopuszczalnych wektorach wyniostosci — tzw.
zmiennych pierwotnych:

2 =max{fTu|ueU}
gdzie:
o u € R" oraz ug =0 jezeli N-ty wezel znajduje sii¢ na I’
=u
(\/Lk, Bk u) e C, dlakazdegoK =1,...,k
natomiast zadanie dualne jest formutowane i rozwigzywane automatycznie w procedurze pakietu MOSEK.

W wyniku rozwigzania zadania pierwotnego otrzymuje si¢ optymalny wektor #qpt, pozwalajacy obliczy¢
optymalna objetos¢ siatki

2.7
Vopt = —f 7 topt,
opt O'Of opt
za$ rozwiazanie zadania dualnego okresla optymalne wartosci zmiennych dualnych (T opt - - .. Tk, 0pt)s

na podstawie ktérych oblicza si¢ optymalne pola przekroju poprzecznego pretéw tworzacych tuki siatki.
Zmienne dualne sa zwigzane z wektorem obcigzenia wzorem

k
Z (BK)T TK,opt :f~

K=1
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