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Uniform exponential stabilization of distributed
bilinear parabolic time delay systems
with bounded feedback control

Azzeddine TSOULI and Mostafa OUARIT

In this paper we deal with the problem of uniform exponential stabilization for a class
of distributed bilinear parabolic systems with time delay in a Hilbert space by means of a
bounded feedback control. The uniform exponential stabilization problem of such a system
reduces to stabilizing only its projection on a suitable finite dimensional subspace. Furthermore,
the stabilizing feedback control depends only on the state projection on the finite dimensional
subspace. An explicit decay rate estimate of the stabilized state is given provided that a non-
standard weaker observability condition is satisfied. Illustrative examples for partial functional
differential equations are displayed.
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1. Introduction

The study of functional differential equations with time delay is motivated
by the fact that the modelling of many evolution phenomena, arising in physics,
biology or engineering sciences, often involves a time delay in the state variables.
Many sources may induce delays such as the sensors or actuators response latency,
the transmission time of information, or the computational time interval. The
presence of time delay in the control or state variables, often encountered in
engineering controlled systems, generally represents a source of instability which
makes the use of an adequate feedback law necessary to remedy such disturbance.
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Stabilization of delayed systems has drawn the attention of many researchers. In
the finite dimensional framework, time delay systems have been widely studied
(see e.g. [3,4,11, 13] and the references therein). In [3], a robust H. control
has been designed to guarantee the robust stabilization of a cooperative driving
system with time delay based on Lyapunov stability theory. An LMI approach
was used in [4] to design adequate control laws leading to asymptotic stability
of a linear retarded system. In [11], the exponential stabilization for a class
of time varying delayed systems via impulsive control have been investigated.
The problem of stabilization of a class of bilinear systems with delayed state
and saturating actuators have been addressed in [13]. In the case of infinite
dimensional systems, delayed systems have been considered for various purposes.
In [8,9], the author considered optimal control problems involving parabolic delay
partial differential equations. The authors in [12] studied the stabilization problem
for a class of linear invariant systems governed by an abstract retarded functional
differential equation with time delay in a Banach space. Asymptotic stabilization
of semilinear distributed parameter control systems with time delay has been
considered in [5].

In this paper, we deal with the question of feedback stabilization of distributed
bilinear parabolic systems with time delay » > 0, described as follows:

dz(t)
=Az(t)+v(t)Bz(t —=r), t>0,
2 = Az(0) + V(DB = 1) 0
2(1) = ¢(1), t€[-r, 0]
Here z(t) denotes the state which lies in a Hilbert space H endowed with the
inner product (.,.) and its corresponding norm ||.||. Moreover, we assume that

the linear operator A: D(A) ¢ H — H (generally unbounded) generates a
strongly continuous semigroup of contractions S(¢) on H (see [16,21]), that is
A is dissipative (i.e., (Ay, ¢¥) < 0,V € D(A)). For z € C([-r,+oo[, H) and
t > 0, we define the function 7’ as the element of the Banach space of continuous
functions C = C([-r,0], H) given by z'(0) = z(t + 8) for 8 € [-r,0], defined
from [—r, 0] with values in H. The space C is equipped with the supremum norm
lvllc = sup ||y (6)] and ¢ € C denotes a given initial function. The operator B
0e[-r,0]
is a bounded linear operator defined from H into H, whereas t — v(t) is a scalar
function which represents the control. In the sequel, we will present an appropriate
decomposition of the state space H and system (1) using the spectral properties
of the operator A and apply this approach to study the stabilization problem of
system (1). This idea was previously used for linear systems in [1, 15,17, 19].
Motivated by the above discussion, we will consider the strong stabilization
problem for distributed bilinear systems with delay. In [7], it has been shown that
if the spectrum o (A) of A can be decomposed into 0, (A) = {1 : Re(2) > —y}
and o3(A) = {1 : Re(1) < —y}, for some vy > 0, such that o,(A) can be
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separated from o (A) by a simple and closed curve I, then the state space H may
be decomposed according to

H=H,®H,, 2)

where H, = P,H, H; = PsH, P, is the projection operator given by

1
Pu= -1 / (A - A)da, 3)
27
T

and Py = I — P,. The projection operators P, and P; commute with A, and we
have A=A, + A, with A, = P,A and A, = P,A. Forall z € H, we set z, = P,z
and z; = P,z. In addition, we suppose that the operator of control B satisfies:

B =B, + By, (4)

with B, = P,BP, and B; = P;BP, (see [20]). It has been shown in [6], under the
spectrum growth assumption:

i IS 1)

t—+o0 t

= supRe(o (Ay)), (5)

where S(¢) denotes the semigroup generated by A; in Hj, that system (1) is
strongly stabilizable (i.e. there exists a control law that assures ||z(?)|| — O as
t — +o0) with the following rational decay rate estimate

Izt =0 (%) as t - 400

using the continuous feedback control
v(1) = =p(Buzu(t = 1), zu(1)), Y1 >0, p>0,
provided that the assumption:
(BuSu(t =r)¢,Su(t)¢) =0, Vi>r = ¢ =0, (6)

is satisfied. The main objective of this paper consists in using the decomposition
method (2) to study the uniform exponential stabilization of system (1) with an
explicit decay rate estimate of the stabilized state. For this purpose, we consider
the case where (4) holds, and so the system (1) can be splitted into the following
two subsystems:

Tl - a4y Bzt —r), 130, o

zu(1) = @u(1), t€[-r, 0],
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and dzu(n)
Zs(t
Cit = ASZS(l) + V(I)BSZS(I - r)’ t > 0’ (8)
Zb(t) = ()OS(t)’ t e [_ra O]a

in the spaces H, and H; respectively, with ¢(t) = ¢,(t) + ¢s(2), Vt € [-r,0],
where ¢, € C, := C([-r,0],H,) and ¢, € Cs := C([-r,0], Hy).

The rest of this paper is organised as follows: In the next section, we will
present some definitions which will be needed in our analysis. In Section 3, we
will study the existence and uniqueness of the global mild solution of system (1).
Furthermore, we will establish a useful estimate which will be used in the uniform
exponential stabilization problem. Section 4 is devoted to the main results. More
precisely, we will show the uniform exponential stabilization of system (1) with
an explicit decay rate estimate of the stabilized state under a non-standard weaker
observability condition. Some illustrating examples are presented in Section 5.

2. Some preliminaries

In this section, we recall some basic definitions concerning the asymptotic
behaviour of system (1), which are useful for the forthcoming developments.

Definition 1 [21]. Let T > 0. A function z € C([-r,T], H) is said to be a mild
solution of system (1) if it satisfies:
t
S(1)z(0) + / S(t—71)F(r,z")dr, te€]0,T],
0
()D(t)’ re [_r’ 0],

where the map F: [0, T]| X C — H is defined by F(t,¢) = v(t)Bp(—r), t €
[0, T].

z(1) = )

Definition 2 System (1) is said to be exponentially stabilizable, if there exists a
feedback control v(t) = g(z'), t > 0, where g is a suitable real valued function
defined on C such that

1. z(t) is the unique mild solution on [—r, +0) of system (1).
2. {0} is a stable equilibrium of system (1).
3. There exist two constants o > 0 and M > 0 such that

Izl < Mllgllce™", V1> 0. (10)
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System (1) is uniformly exponentially stabilizable if the estimate (10) holds for
some M and o, which are independent of .

Remark 1

1. The fact that P,, and Py are two projection operators gives

max{|| B, |l || Bs|[} < [IBI|. (11)

2. Note thatif S(t) is a semigroup of contractions, so S, (t) is. Indeed, since S(t)
is a semigroup of contractions, then —A is maximal monotone (see [2]).
Moreover, it is easily seen that —A, is also maximal monotone, so A,
generates a semigroup of contractions S,(t).

3. In this paper, the function g in Definition 2 lies in L*(C) so that the
considered feedback control v belongs to L™ (0, +0).

3. Existence and uniqueness of the global mild solution and decay estimate

The first main result concerns the existence and uniqueness of the global mild
solution of system (1). Moreover, we will provide a decay estimate which will be
required later in our analysis.

Theorem 1 Assume that A generates a semigroup of contractions S(t) and B €
L(H) such that (4) and (5) hold. Then system (1) controlled by the feedback
control law:

_ (Buzu(t — 1), zu(1))
vo(t) = I

0, zille, =0,

,1>0,p>0, |IZ.]l. #0,
P lzullc, 12)

possesses a unique global mild solution 7 € C([-r,+), H), and for any t > 0
the map ¢, — 7!, is Lipschitz continuous from C, to C,. Moreover, for each
T > r, we have

T
/ (BuSu(0 = )zu(t). Su(c)zu(1))]dor

t+T
_ 2
~0 ||Zu(t)||2/ |<B”Z”((] Ulrl)f”(“m do| |, vi=0. (13
Zy P
l» u
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Proof. To show that system (1) admits a unique mild solution by using the
feedback control (12), it suffices to show that the two subsystems (7) and (8) do.
Using the control expression (12), system (7) becomes:

dz, (1) _ t
PR Ayzu(t) +G(z,), t>0, (14)
Zu(t) = @u (1), te[-r, 0],

where the function G: C, — H,, is given by:

(Bug(-1), ¢(0))
- Bu - s G 07
@)= ol 6(=r) N0l #

0, ¢lle, = 0.

To prove that system (14) admits a unique mild solution we will prove that the
function G is globally Lipschitz continuous. First, it can be easily seen that the
function G satisfies the local Lipschitz condition if y = 0 or z = 0. Assume, for
instance, that 0 < ||z||Cu < ||y||Cu, we have

IG(z) - G
I Bz, 20 Buzr) el (Buy (). y ) Buy ()]
NEER
I AR OLES ) ~ Izl (Buz(=r), 2(0)) Buz(=)|
HEER
1212, (Buz(=r), 2(0))Buz(=r) = I2II2, (Buy(=r), y(0))By(=r)|
P V112, 11212,

(15)

/

W“b’” —zlIZ, |

||<BMZ( —r),2(0)) Buz(=r) = (Buy(=r), y(0)) B,y(-7)||
I¥IIZ,

5 lzllg,
< pl|B| W(H)’“cu +1zllg,)

||<BMZ( 1), 2(0)) Buz(=r) = (Buz(~7), 2(0)) Buy(-1)||
12,

||<Buz( =), 2(0))Buy(=r) = (Buy(=r), (0)) B,y (~r)|
I3,

<pllBll

I¥lle, = llzllg,
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2
Cu

2
1(Buz(=r). 2(0)) By (~r) = (Buy(=r), 2(0))Buy(~r)|
e BE

1<Buy (=), 2(0)) By (=r) = (Buy(=r). y(0)) Buy(~1)|
e BE

< 2plIBIPlly - zllg, +plIBII? Iy - zllg,

< K(p, IBIDllz = ylle, -

where K(p,||B|l) := 5pl||B||>. Therefore, the function G is globally Lips-
chitz continuous. Hence (14) possesses a unique global mild solution z, €
C([-r,+0), H,) given by the variation of constants formula:

t

S, (1)z,(0) +/Su(t — o)W, (0)Byzu(o —r)do, te€[0,+00),
Qou(t)’ ' re [—}", O]’

(see [21], Theorem 1.1, p. 37). Let T, > 0. Since R : t +— v, (t)B,z,(t — r)
is continuous in [0, 7,], there exists a sequence (R,) < C'([0,T.], H,) such
that R, — R in C([0,T.], H,). Furthermore, for any z,(0) € H,, one can
find a sequence (x,) € D(A,) such that x, — z,(0) as n — +co in H, (the
existence of such a sequence (x,) is lawful since the operator A, generates

a semigroup of contractions S,(#) in H,, which implies D(A,) = H,). Let
(zun) € C([0,T.], H,) be such that

t

Zun(t) == S, (t)x, + / Su(t —o)Ry(o)do, te |0, T.], (17)
0

Zu(t) = (16)

the unique classical solution of the system

dZun(Z)

. =A,zun(®)+ R, (1), te€]0, T.],

) = Az + Ru(0), 1€ [0, 7. .
Zu,n(o):xn-

That is z,,,(¢) € D(A,) and the function t — z,,,(¢) is continuously differen-
tiable in [0, 7%.] (see [16], Theorem 1.5, p. 187). Let us now show that z,,, — z,
asn — +ooin (C([0, T.], Hy,); ||.||e)- It follows from (16) and (17) with the fact
that S, (¢) is a semigroup of contractions, that for each ¢ € [0, T,], we have
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2un (1) = 2u (D < llxn = zu ()|

+ T, sup |[R,(s)—R(s)|| =0, as n — +co. (19)
s€[0,T:]

Then z,, — z, asn — +oo in (C([0, 7], Hy,); ||.]|). It follows by multiplying
(18) by z,.,(t) and integrating from s to 7. (where s € [0, T.]), that

T,
1zun (T = lzun ()11 < 2/<Rn(0-)’zu,n(0-)>do-a Vsel0, IL]. (20

Furthermore, we get, from (20) via the dominated convergence theorem, that

1712,

<0, Vsel0, T.]. (21)

T. ~ )
2 (TN = lzu()I1? < =2p / (Buzu(o = 1), zu(@)) |

In other words, r — ||z,,(¢)|| is anonincreasing function on [0, +c0). In particular,
from (21), we have

lzu (DI < Nzu (O] < llgullg,, Y1 € [0, +00). (22)
Using now the fact that t — ||z, (#)|| is continuous in [-r, 0], one deduces that
lze < ll@ullg,, Y€ [-r, 0] (23)

Combining (22) and (23), one gets
I Zulle, <ll@ullg,» V1€ [0, +00). (24)

Now we will establish the continuity of z/, with respect to ¢,. To this end, let
t € [0,+00) be fixed and let ¢, € C,. For any initial function ¢, € C,, the
corresponding solution y,(¢) of (7) verifies

2u($) = yu(s) = Su(s) (¢u(0) — @4 (0))

+/Su(s—‘r)(G(z;) -G(yy))dr, Vse |0, 1].
0

Using the fact that G is Lipschitz continuous and that S, () is a semigroup of
contractions, we obtain

N
12u(s) = yu (I < llw = @ullg, + K (p, IIBII)/ 2 = yallg, d7. Vs €0, 1].
0
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It follows from the Gronwall’s inequality, that

Iz, = Villg, < llgu = @ullg, €SB

Thus the mapping ¢, — z, is Lipschitz continuous from C, to C,,.
To show that (8) admits a unique global mild solution let’s consider the map
f: R* X Cy — H, defined by

[ (&, ¢) — v (D) Bsp(-1).

It is easy to see that the function f satisfies:

1/ (2, ¢1) = f (1. 2) |l < plIBlllig1 = ¢2lle,, Vi >0, Vi, ¢ €Cs.
Thus f is globally Lipschitz continuous, so system (8) admits, in C([-r, o), Hy),
a unique global mild solution given by
t
z5(1) = S5(1)z5(0) + / Ss(t —o)v,(0)Bszs(oc —r)do, Vite [0, +00). (25)
0
Therefore, system (1) possesses a unique global mild solution. Let us now show

the desired estimate (13). It follows by the variation of constants formula (16),
that

x () = zy(s) = Su(s)zu(0), Y5 >0, (26)
where

N

X(s) = —p / Suls - o)

0

(Buzu(o —1),z4(0))
EiD

Buz,(0c—r)do.

It yields by Cauchy-Schwartz’s inequality that for any 7 > r, we have

1

- Bu u - s lu 2
el < pvTiBy| [ 1B go | vsero T @)
0 ulley

In view of
(BuSu(o = 1r)z,4(0), 8,(0)z4(0)) = (B,Su(0 —r)z4(0) = Byzu (0 = r), z4(0))
+H(Buzu(o = 1), 2u(0)) = (BuSu(0 = r)z4(0), x (7)), Vo € [r,T],

we obtain
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[(BuSu(o = 1r)24(0), Su ()2 (0N < [ Bl (O) [ ILx (o = 1)l
+ 1Bz (Ol Lx ()] + [(Bz(o7=r), z(0))].

Using (27) one easily gets
[{BuSu (o —1)24(0), Sy (07)z4(0))]

1

9 2
< 2pVTI|B| ||Zu(0)( / '<BuZu<ff| Uﬂl zu(0))] 0)

+ Buzu(o = 1), zu(0))l. (28)
Replacing z,,(0) by z,(¢), VYt > 0in (28), we obtain
[(BuSu(o = r)zu(t), Su(o)zu(1))]

2
< 2pVT|BI? ||zu(t)||(/ KB “Z”(“| 0|’|)2 2u(9))] U)

+ [(Buzu(o +1t=71),z,(0 +1))]|.

Integrating the last inequality over the interval [r, T, and using the Schwartz’s
inequality with the fact that

lzg lle, <Nz, Vo € [t+r, t+T],

lead to

T
/ (BuSu(0 = )2u(t). Su(e)zu (1)) dor

1

2 2
< 2pTH(T = r)IB] ||zu<t)||( / '<B“Z“((’| 0_”)2 (@)l 0')

1

2 2
s (T} ||zu<r>||( / Bl UT|)2 7)) (,)

L

t+T 5 3
< c**<r>||zu<r)( / [(Buzu(0 = 1), 2u())] a) Vis0, (9)

(Al
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where C..(r) := (1 + Z,OTZ1 (T - r)%||B||2) (T - r)% > 0. This ends the proof of
Theorem 1. O

Remark 2
1. In the proof of Theorem 1, dim H, can be finite or infinite.
2. System (1) admits a unique global mild solution for any p > 0.

3. Ifdim H, < +oo, one can easily see that 7, € C'([-r, +0), H,).

4. Exponential stabilization

In the sequel, we suppose that the state space H is decomposable according
to (2) with dim H,, < +o0.
To establish our main result the following lemma will be needed.

Lemma 1 Let H be a finite dimensional Hilbert space. Then, the following as-
sertions

(BS(t—=r)p,S(t)¢p) =0, Yi>r = ¢ =0, (30)

and

T
/ (BS( = 1, SOB|dt > 5r(MIBI v b € H,

(for some T > r and 67(r) > 0), (31)

are equivalent.

Proof. The proof is based on the fact that for ¢ given in H the mapping ¢ +—
(BS(t —r)¢,S(t)¢) is real analytic on [r, +oo[ and so it vanishes for all 7 > r as
soon as it vanishes on some interval (r,T) (see e.g. [10], Corollary 1.2.6, p. 14).
For the rest of proof see [6]. O

The next result provides a sufficient condition for the uniform exponential
stabilizability of system (1) with an explicit decay estimate of the stabilized state
using the feedback control (12).

Theorem 2 Let A generate a semigroup of contractions S(t) on H such that
condition (5) holds, and assume A allows the decomposition (2) of H with
dim H,, < +oo. Let B € L(H) satisfy (4) such that condition (6) holds. Then,
there exists p > 0 such that the feedback control (12) uniformly exponentially
stabilizes system (1).
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Proof. Since dim H, < +oo, from Lemma 1 and the assumption (6), we have (for
some T > r and 67(r) > 0),

/ [(BuSu(0 = 1)2u(0), Su(0) zu(0))|do > S7(r)llzu (DI, V ¢ € Hyo (32)

It follows from (21) that the solution of system (7) satisfies

lzu (2 + DI = llzu(D)]1* <

/I(Buzu(cr r), Zu(0)>|2

EAE
<0, Vis (33)
It yields from (29), that
lzu( + DI = (I <
T 2
< CZ(’;)nzu(r)n'z [ 1B =z su@zmlde | . 64

Combining (32) with the fact that r — ||z,(?)|| is a decreasing function, we
obtain from estimate (34) that

2p6%(r)
- CA(n)

Iz (2 + I = llzu (D)1 llza (2 +T)I1%,

which implies that

2062
(1 + £ ) lzu(t +T? < llzu(D)|2, Ve > 0.

CZ(r)
Thus )
u (kT
2 ((k + 1D)T)||* < M e N.
.\ 2067.(r)
CZ(r)

1 2083(r)
ﬁk(l", )”Z(O)“Z where ﬁ(r p) =14+ TT(’.)

t t
us now set k = [T] (where [?] designates the integer part of T) Since the

Hence, ||z, (kT)|> < > 1. Let
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mapping t — ||z, (?)|| decreases for t > 0, we obtain the uniform exponential
decay

~In(B(r.p))
lzu DIl < VB, p)llgull e ™ ', V=0, (35)
Since the map t — ||z4(¢)|| is continuous on [—r, 0], then
lzsIl < llgslle,, V1€ [-r, O] (36)
Furthermore, according to (5) that the semigroup S;(#) satisfies the inequality
ISs ()| < Me™?', Yt>0 (forsome M,y, > 0), (37)

(see [20]). It follows from (25) by using (36) and (37), that

t—r

llzs(OIl < MIIZs(O)Ile_V*’+pM||B||2€7*re_7*t/ey”st(T)IIdT,

which implies that

t

e ||zs ()l < Mllz;(0)]] +leIBllzey*’/ey*Tllzs(T)lldT

-r
t

< M(1+pr|BIPe”)llgsllg, + pMIIB|>e” / e’ Tlzg(7)lld7. (38)
0
Taking «(t) = €”*'||z(¢)||. Then, the Gronwall’s inequality gives
k() < M(1+ prl|BIPe") [l e?MIEF"t v > 0.
Hence,

lzs()Il < M(1+ prBIPe™")llgsll, e X7, Vi >0, (39)

. Y«
where K(p,v.) := v« — pM||B||*e?*". Takin e |0, ———], we get

K(p,y:) > 0. Therefore, one deduce from (36) and (39) that
1250, < max {1, M(1+ pr||B|[*e”") }Higslle,» V1> 0. (40)
From inequalities (39) and (35), we deduce that the solution of system (1) satisfies

lz(OIl < Hllgllee™, ¥t =0, (41)

where H = H(p,ys,r, ||Bll, M, T, 67) := max{M(1 + pr||B||>e”"), yB(r,p)}

1
M} This ends the proof of Theorem 2. O

and o := min {K(p, Vi), T
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Remark 3

1. The feedback control v, (t) is bounded and we have for eacht > 0, |v,(t)| <
plBIl.

2. The exponential convergence rate o depends onr,p,T,M,y. and 67(r) =

T

int / (BuSu(t = r)z. Su(n)2)]dr.

Z =

3. Note that dim H, = 0, implies z,(t) = 0, YVt > 0. Thus z(t) = z4(t) =
Ss(t)z5(0). Therefore ||z(1)|| < M||zs(0)||le™*", V¢ > 0. Hence system (1)
is uniformly exponentially stable.

4. The fact that the functiont — ||z, (t)|| is nonincreasing on [0, +c0), implies
Iz, = llzu(t = )l, Yt > r. Therefore, the feedback control (12) can be
expressed as:

_ (Buzu(t = 1), z4(1))

, tekEy,
llzu (2 = 1)I?
V(1) = _ <Buzu(t2_ r)’Zu(t», te€E,, (42)
||SDM||C([[—I‘,0],HM)
0’ re IR*’\(E‘l U EZ),
Where E] = {l > r, Zu(t - 7") * 0}; E2 = {t € [O, r]’ ”‘)014”(:([;7,,!0],1.1“) * 0}

and p > 0.
5. The feedback control (12) depends only on the unstable part z,(t).

6. Since the functiont — ||z, (?)||, Yt > 0, decreases, if there is at* > 0 such
that z,,(t*) = 0 then z,,(t) = 0, Vt > t*. In other word, if there isat* > r
such that z,(t*) = O, then for each t > t*, we get v,(t) = 0 and so, in this
case, we have ||z(1)|| = |lzs(D)|| < Me™U) Yt > t*, i.e. system (1) is
uniformly exponentially stable.

7. Ifthereis at* > r such that z;(t*) = O then z,(t) =0, Yt > t* > r. Indeed,
in this case the solution of (8) is written as

t

zs(t) = / Se(t =1\, (1)Bszs(r —r)dr, Yt>1t" >r. (43)

t*
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Thus

t

e"||zs(1)|| < pM||B|>e”*" / " ||zg(T)||dT, (M,p > 0).
0

Using Gronwall’s inequality gives z5(t) =0, Vt > t* > r.

Combining points 6 and 7, we deduce that if there is a t* > r such that
72(t*) =0then z(t) =0, ¥Vt > t* > r.

9. A typical situation where the above decomposition (2) holds is the case

10.

where the operator A is self-adjoint with compact resolvent. In this case
we have only finitely many eigenvalues A such that Re(1) > —y, (y > 0)
each with finite-dimensional eigenspace (see [19]), and ordered so that
Re(11) > Re(A3) > ... Let’s denote by Ay the first eigenvalue with negative
real part. The eigenvectors (¢;)i< <r, associated to A, (r, denotes the
multiplicity of A,,) form a complete set in H, so for all z € H, we have

N ry +o0 Iy
<= Z <Z’ ¢nj>¢nj + Z Z(Z’ ¢nj>¢nj'
n=1 j=1 n=N+1 j=1
The state space H can be decomposed according to H = H, + Hg, where
N
H, = span{¢,;, 1 < n < N,1 < j < ry} so that dimH, = er. For
j=1

+o0 Tn
7€ D(A) = {z € H; Z Iﬂnlzz (2, ¢ )I* < +00}, we have

n=1 j=1

+00 'n
AZ = Z; /ln Z;(Z’ ¢I’lj>¢l’lj = AMZ + ASZ7
n= Jj=

N n +00 n
where A,z = Z/ln Z(z, ¢nj)¢nj and Agz = Z /an(z, ¢nj)¢nj. In
n=1 j=1 n=N+1 j=1

this case, the decomposition assumption and the growth assumption (5)
hold.

Once the decomposition (2) is carried out, the control operator B admits a
decomposition of type (4) provided both subspaces H, and H are invariant
under B. This holds for example for the operator B defined by B = al + P,
where I is the identity operator and a and 3 some real constants. A sufficient
condition for B to possess such a decomposition is that B commutes with
A, that is BD(A) C D(A) and AB = BA.
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5. Applications

In this section, we give two illustrating examples of the previous established
results.

Example 1 Let us consider the following fourth-order partial functional differ-
ential equation:

Az(x,t)  d*z(x,t)  8%z(x,1) 3
N ]
(x,1) € (=m,m) X (0, +00), (44)
z(x,t) = 2sin(x) — sin(2x), (x,1) € (—m,m) X —%, O] .

Here ¢, (x,t) = 2sin(x) and ¢ (x,7) = —sin(2x). The sate space H is defined
A*z(x,t)  0%z(x,1)

. ,oxt T2
for z € D(A) = {z € H*(-m,7); ng(—n) - ij(n), n=0,...3)
is an infinitesimal generator of a semigroup of contractions S(z) defined by

+00
S(t)z = Z eV'(z,¢;)¢;, with eigenvalues explicitly given by 1; = —j* + j2,
=

by H = L?*(-n,n), the operator A is given by Az = —

1
(j € N¥), associated to the eigenfunctions ¢ (x) = T sin(jx),Vj > 1(see[14]).
s

In this case the subspace H, = span{¢;} and S,(¢) = Iy, (identity operator).
Let’s take, for instance, B = Iy, so B, = Iy, and By = Iy_. The solution of (44)
can be written as

2(6,0) = Y a0 (x) = Y (2(6), $ 128 (X), V1 >0,
J=1 Jj=1

and z,(.,7) = a;(t)¢; € H,, Yt > 0. Furthermore, we have
3 ) 3
B,S, |t - 5 o, Su(t)p)=1oll", Vo€ H,, Vt> X

Then, hypothesis (6) is verified. Note that in the case where |7/, | ¢, = 0, for some
t* > 0, we can argue, using Remark 3, that system (44) is uniformly exponentially
stable. Otherwise, we will show that a;(¢) > 0, V¢ > 0. To this end, multiplying
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system (7) associated to (44), i.e.,

al(t)a% (t - %)

ay(t)=-p > , Yt >0, (45)
sup aj(s)
selt—3.1]
by aj := min{aj, 0}, gives
. (G 0ra (r - §)
d(a;(t 1 1 2
—(1()) ) <0, V>0,

0
ds sup a%(s)

selt—3.1]

where p > 0. Then, we get (a;(t))2 < (al‘(()))z, V¢ > 0. Since a1 (0) = 24/, we
deduce that a7 (¢) = 0, V¢ > 0, and hence a;(t) > 0, V¢ > 0. Then the feedback
control (12) is given by:

e 3
3 2
=1 “\'72 (46)
Jol 3
———ai (1), re |0, =|.
L) o. 3]
Moreover, the function a; satisfies:
3
-pai(t), t> 2
a (1) = ; (47)
-pai(t), tel0, =|.
paili), )
In view of (47), we infer that
ai(t) =2\re ™, t>0. (48)
Therfore
lzu(D]l < 2Vme™', >0, (49)

The second component z,(¢) satisfies

+00 4

z5(1) = Z e/ljt<zs(0), ¢j>¢j+ / V%(O-) Z etil=o) <Zs (0' - %) ) ¢]> ¢jd0— .
=

Jj=2 0
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Moreover, using the fact that 1; = — j*+ j? < —1, for any j > 2, we deduce that

t

_ 3 .
lzs()]l < e |zs(0)|| + peZe ’/ e’ ||lzs(o)|[do

[S1[o%)

t

3p ;
e’ (1 + Tpe%) leslle, +pe%e_’/ e’ ||zs(o)||do, Yt >0.
0

N

The last inequality implies that

t

3

¢zl < (1 + fe%) +pet [ e lao)ldo
0

From Gronwall’s inequality, one gets

5
llzs (D)l < Ee‘p’, vt >0, (50)

where p € (0, S ) Combining (49) and (50) we obtain

1+e2
5 —pt
12 2(cnmy < VA + F)e V=0, (51)

where p is small enough.

Example 2 Let us consider the system defined by

0z(x,t) 9%z(x, 1)

1
g / 61()2(x D) dx | 1 +v(D2(x,t - 1)
0

o ox2
(52)
for (x,7) € (0,1) x (0, +c0),
z(x,t) =3 + cos(mx) + cos(27mx) for (x,t) € (0,1) x [-1,0],
: ) 8%z
where ¢;(x) = V2cos(nx). The state space is H = L%(0,1) and Az = Fy) +
X

1
n? /¢1(x)z(x, t)dx)¢1,forallz € D(A) ={z € H*(0,1); Z(0) = z/(1) = 0}.
0
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The spectrum of A is given by the eigenvalues g = 4; =0, 4; = -n?j j > 2,
and eigenfunctions ¢o(x) = 1 and ¢;(x) = V2cos(jnx) for all j > 1. The

operator A generates the semigroup of contractions S(7)y = Z eYil(y, ¢ o

=0
Furthermore, the solution of (52) can be written as:
+00 +00
2(x,1) = Zaj(t)¢j(x) - Z(Z(z), ¢7)20.0)5 (), Vi >0,
j=0 j=0

and z,, (., t)=ao(t)po+a,(t)p1€H,, Yt>0, where ag, a;€C([0, +0),R). Then we
have

(BuSu(t = 1)y, Su(t)y) = [y, g0} > + [y, 6117, ¥y € H, = span{go. ¢1}.

It is easy to see that the assumption (6) is satisfied and the hypotheses of Theorem
2 are all fulfilled. Using the same argument as in the Example 1, if there exists
t* > 0 such that ||z’ || ¢, = 0, then system (52) is uniformly exponentially stable.
Otherwise, the feedback control (12) given by:

a(z)(t) + a%(t)

— B > R
bi(8) = Za(z)(t— D+a(-1) (53)
_£(a3(,) +al(1)), t € [0, 1],

uniformly exponentially stabilizes system (52).

Example 3 The following system models the heat-transfer in the square domain
Q=(0,1)x(0,1)

%(x, ) =Az(x,2) +v(Dz(x,t =7) (x,1) € QX (0, +00),

%(x’ 2 =0 (x,1) € Q x (0, +00), (54)
z(x,1) = (1) (x,1) € QX [-r,0].

Here the term v(7)z(x,t — r) describes the heat exchange between the domain
Q and a surrounding medium of zero temperature in accordance with Newton’s
Law (e.g., [18]). The heat transfer coefficient v is regarded as a bilinear control.
System (54) can be cast into the form (1) by setting z(¢) := z(.,7) € H where
H = L*(Q) and B := I (Identity operator). Moreover, the operator A is taken



www.czasopisma.pan.pl P N www.journals.pan.pl
Y
S~

276 A. TSOULL M. OUARIT

0
as the Laplace operator with domain D(A) = {y € H*(Q): 8_y = 0 on 0Q}.
14

Operator A admits a basis of H made of the following eigenfunctions
D, (x1,x2) = cosnnx; cosmnxy, n,m €N,

respectively associated to the eigenvalues A,,, = —(n?> + m?)n%. Note that for
n=m = 0 we have ®pp = 1 and 1o = 0. Hence, the space H admits the
decomposition

H=H,®H,,

where H, = span {®po}, H; = span {Cbn,m . (n,m) # (0, 0)} and the semi-
group S, (?) is the identity operator. Moreover we have

(BuSu(t =1)¢,Su()p) = ||, Yt >r and ¢ € H,.

Thus, condition (6) is fullfilled. Therefore, the following feedback control expo-
nentially steers the temperature z(x, f) to zero as ¢ tends to infinity:

[ zu(x,t = 1)z, (x, 1) dx
Q

_ t
u, (1) = { =P — for t > 0 s.t. [|Z)llc, #0,
EE

0 elsewhere.

After simple calculations, the expression of the feedback control can be ex-
pressed in terms of the state function z as follows

fz(x,t - r)dxfz(x, t)dx
Q

4r(t) = 242,

0 elsewhere,

for t >0 s.t. ||Z)llc, # 0,

and ||ZZ||éu is given by

2

/ z(x,t —r)dx for t >r,

2
”Zf,“cu =1

sup /(p(x, s)dx for t <r.

t—r<s<0
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6. Conclusion

In this work, we have proposed a bounded feedback control which depends
only on the state projection on an appropriate finite dimensional subspace to study
the uniform exponential stabilization for a class of distributed bilinear parabolic
systems with time delay under a weaker non-standard observability condition.
The rate of exponential convergence is explicitly given. Three examples are also
provided to illustrate the theoretical results.
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