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Pitch and yaw motion control of 2 DoF helicopter
subjected to faults using sliding-mode control

M. RAGHAPPRIYA and S. KANTHALAKSHMI

This paper presents a fault-tolerant control scheme for a 2 DOF helicopter. The 2 DOF heli-
copter is a higher-order multi-input multi-output system featuring non-linearity, cross-coupling,
and unstable behaviour. The impact of sensor, actuator, and component faults on such highly
complex systems is enormous. This work employs sliding mode control, which is based on
reaching and super-twisting laws, to handle the problem of fault control. Simulation tests are
carried out to show the effectiveness of the algorithms. Various performance metrics are ana-
lyzed and the results show SMC based on super-twisting law provides better control with less
chattering. The stability of the closed-loop system is mathematically assured, in the presence of
faults, which is a key contribution of this research.

Key words: fault tolerant control, sliding mode control, reaching law, super-twisting, sensor,
actuator and component faults

1. Introduction

With the growing use of helicopters in civic and industrial applications such
as transportation, air-sea rescue, firefighting, military, and surveillance, key con-
cerns such as safety and reliability are becoming increasingly important. Heli-
copters are nonlinear by nature, with intrinsic unstability, cross-coupling effects,
unmodeled dynamics, and parametric uncertainties. Its versatility originates from
its unique maneuvering characteristics, which include the ability to fly long dis-
tances at low altitudes, take off and land quickly, fly at low speeds with excellent
stability, and hover throughout operations to meet specific needs. Furthermore,
the flight control issue is loaded with complexities. Flight stability can be dis-
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rupted by altitude, load, environmental conditions, complex systems, nonlinear
aerodynamics, and changes in flight conditions. Various sensors, measurement
systems, and actuation systems are integrated into these systems to make them
completely functional. These measurement systems are susceptible to faults and
uncertainties, resulting in decreased system performance, safety, and reliability.
Faults in measurement and actuation systems can have disastrous implications if
they are not addressed effectively [11, 12].

To solve stability concerns and improve system performance in the face of
faults and uncertainties, a Fault-Tolerant Controller (FTC) must be designed
[2, 4, 21]. A fault-tolerant controller is a control system that can ensure system
safety in the event of faults occurring in the system while performing regular
control functions [19]. Numerous research works have been carried out in the
field of FTC for aerial systems [20]. In the presence of uncertainty, Sliding Mode
Control (SMC) is one of the most effective strategies [3]. SMC improves the
system’s robustness and compensates for changes in parameters. It is not reliant
on a precise mathematical model and can accurately track the reference model.
The following researches highlights the various structures of sliding mode control
for a 2 degrees of freedom (DOF) helicopter.

A robust control technique using sliding mode control based on tracking
from external disturbance observer is designed in [17] for a linear model of he-
licopter. A fault-tolerant adaptive sliding mode control method for a multirotor
helicopter is discussed in [18]. The virtual control part and the control alloca-
tion part together makes up the control structure. The control allocation part
distributes virtual control signals to fault-free and faulty actuators for minor ac-
tuator faults. When multiple faults occur simultaneously, the adaptive method is
activated to compensate for the virtual control signal generated by the control
allocation component. An adaptive FTC method for non-linear MIMO systems
with uncertainties subjected to actuator faults is presented in [10]. This method
uses sliding mode control and the actuator fault is represented as a loss of ef-
fectiveness. The fault is modeled as multiplicative factor of control signal. The
method is simulated for 2 DOF helicopter and robotic manipulator system. [7]
developed an augmented sliding mode control for tracking control in Quadrotor
Unmanned Aerial Vehicles (QAV) under propeller damage and actuator fault
conditions. The developed controller is built using two FTC methodologies, both
passive and active, and the benefits and drawbacks are compared with and without
faults.For a 3 DOF helicopter system with actuator drift and oscillation faults as
well as saturation, a fault estimation based FTC is devised in [6]. The actuator
faults are integrated into the system as a non-differentiable fault function and the
system states are estimated using unknown input observer. Based on estimated
states, an adaptive sliding mode controller is designed to mitigate the effects of
actuator faults. A neural network based classification method and a fuzzy based
control method is designed in [15] for 2 DOF helicopter with different types of
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actuator faults. A nonsingular terminal sliding mode control based passive FTC is
explored in [14] for a 3 DOF helicopter system. The FTC presented takes care of
actuator failure in pitch and yaw motors. The challenge of trajectory tracking for
a quadrotor unmanned aerial vehicle experiencing simultaneous actuator faults,
external disturbances, and actuator saturation limitations is addressed in [8] using
an observer-based robust adaptive fault tolerant control technique. The unmea-
sured states are estimated using a fuzzy state observer. An integral sliding mode
control is designed based on estimated states.

A robust anti swing tolerant control scheme is developed in [9] for an un-
manned helicopter with sensor faults. A sensor fault estimator is designed based
on the non-linear motion model of helicopter and the estimated states are used
for the design of robust control based on sliding mode control and back stepping
technique. An non-linear FTC for hypersonic vehicle with multisensor faults is
presented in [1]. To diagnose sensor faults, a backstepping adaptive sliding mode
observer is utilized, and the estimation findings are used to construct a non-linear
FTC to compensate for multi-sensor faults. [13] proposed an active fault-tolerant
control scheme for a quadrotor with velocity sensor faults. External-loop Pro-
portion Differentiation (PD) control law and internal-loop Proportion Integration
Differentiation (PID) control law are used in a two-level control scheme. Using
a Luenberger observer-based residual generator, fault detection is accomplished.
A fault-tolerant control law is developed by integrating the external-loop PD
control law with the outcome of fault estimation. Based on robust integral back-
stepping approach using sliding mode [5], the control strategy is formed for a
quadrotor system in the presence of sensor faults. [16] examines the sliding mode
fault-tolerant control of an unmanned aerial vehicle, taking into account sensor
and actuator failures. The parameters of the SMC are designed using RBF neu-
ral network algorithm. The faults dealt includes faults in accelerometer sensor,
gyroscope sensor and actuators.

The motivation behind this work is to design FTC based control for a 2 DOF
helicopter system in the presence of faults and parameter uncertainties. Among the
faults affecting the system, besides sensor and actuator faults, component faults
are also considered. To mitigate the effects of faults, two variants of sliding mode
control are designed and their performance is compared. The major contribution
of this work is highlighted below.

• Design of reaching law SMC and super twisting SMC for a non-linear 2
DOF helicopter system.

• The control scheme designed can tolerate three different types of faults
i.e., sensor, actuator, and component faults represented as additive and
multiplicative models.

• Performance analysis is made between reaching law SMC and super twisting
SMC based on the simulated results.
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• Lyapunov-based stability analysis is carried out to ensure the stability of
the helicopter system with FTC control.

2. Preliminaries

2.1. 2 DOF helicopter modeling

The 2 degrees of freedom in the helicopter are the pitch angle and yaw angle.
Figure 1 shows the schematic of 2 DOF helicopter. The setup comprises a body,
two propellers, two DC motors and two encoders for the helicopter pitch and
yaw angles. A permanent base platform supports the helicopter body attached to
the yoke. The front propeller, which controls the altitude of the helicopter nose
around the pitch axis, is driven by the pitch DC motor. The back propeller is
controlled by the yaw DC motor, which controls the horizontal motions of the
helicopter around the yaw axis. Pitch and yaw encoders are used to measure the
true pitch and yaw angles of a helicopter, respectively.

Figure 1: 2 DOF helicopter

The free body diagram of 2 DOF helicopter is shown in Fig. 2. 𝐹𝑝 and 𝐹𝑦 are
thrust forces exerted across the pitch and yaw axis, respectively. 𝑟𝑝 and 𝑟𝑦 are the
distances at which the torque acts from the respective axis. 𝐹𝑔 is the gravitational
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Figure 2: Free body diagram of 2 DOF helicopter

force and 𝑙𝑐𝑚 is the distance at which the centre of mass acts from the helicopter
body. The Euler’s-Lagrange equation is used to derive the non-linear motion
model of the helicopter system. The Lagrangian is

𝐿 = 𝑇 −𝑉, (1)

where 𝑇 is the total kinetic energy and 𝑉 is the total potential energy.
The total kinetic energy is given by

𝑇 =
1
2
𝐽𝑒𝑞,𝑝 ¤𝜃2 + 1

2
𝐽𝑒𝑞,𝑦 ¤𝜓2 + 1

2
𝑚heli𝑙

2
𝑐𝑚

[ ¤𝜃2 + ¤𝜓2 cos2 𝜃
]
. (2)

The total potential energy due to gravity is given by

𝑉 = 𝑚heli𝑔 sin 𝜃𝑙𝑐𝑚 . (3)

Non-linear dynamics are captured using generalized coordinates that describe
the system behaviour. Thus the Euler-Lagrange equation is written as[

𝜕2

𝜕𝑡𝜕𝑛
𝐿

]
−
[
𝜕

𝜕𝑛
𝐿

]
= 𝑄𝑛 , 𝑛 ∈ [𝜃, 𝜓], (4)
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Table 1: Nominal parameters of helicopter

Symbol Description Value Unit
𝐾𝑝𝑝 Thrust force constant of yaw propeller 0.204 N · m/V
𝐾𝑝𝑦 Thrust torque constant of pitch axis from yaw propeller 0.0068 N · m/V
𝐾𝑦𝑝 Thrust torque constant of yaw axis from pitch propeller 0.0219 N · m/V
𝐾𝑦𝑦 Thrust torque constant of yaw axis from yaw propeller 0.0072 N · m/V
𝐵𝑝 Equivalent viscous damping about pitch axis 0.800 N/V
𝐵𝑦 Equivalent viscous damping about yaw axis 0.318 N/V
𝑚heli Total moving mass of the helicopter 1.3872 Kg
𝑙𝑐𝑚 Center of mass length along helicopter body from pitch axis 0.186 mv
𝐽𝑒𝑞,𝑝 Total moment of inertia about pitch axis 0.0384 𝐾𝑔 · 𝑚2

𝐽𝑒𝑞,𝑦 Total moment of inertia about yaw axis 0.0432 Kg · m2

𝑉𝑚,𝑝 Pitch motor voltage ± 24 V
𝑉𝑚,𝑦 Yaw motor voltage ± 15 V

𝑄𝜃 and 𝑄𝜓 are the generalized forces corresponding to generalized coordinates.
Based on the torque acting on pitch and yaw axis, 𝑄𝜃 and 𝑄𝜓 becomes

𝑄𝜃 = 𝐾𝑝𝑝𝑉𝑚,𝑝 + 𝐾𝑝𝑦𝑉𝑚,𝑦 − 𝐵𝑝 ¤𝜃 , (5)

𝑄𝜓 = 𝐾𝑦𝑝𝑉𝑚,𝑝 + 𝐾𝑦𝑦𝑉𝑚,𝑦 − 𝐵𝑦 ¤𝜓 . (6)

Substituting equation (1), (2) and (3) into equation (4), the nonlinear equations
of motion of the helicopter system is derived as

(𝐽𝑒𝑞,𝑝 + 𝑚heli𝑙
2
𝑐𝑚) ¥𝜃 = 𝐾𝑝𝑝𝑉𝑚,𝑝 + 𝐾𝑝𝑦𝑉𝑚,𝑦 − 𝐵𝑝 ¤𝜃 − 𝑚heli𝑔𝑙𝑐𝑚 cos 𝜃

− 𝑚heli𝑙
2
𝑐𝑚 sin 𝜃 cos 𝜃 ¤𝜓2, (7)

(𝐽𝑒𝑞,𝑦 + 𝑚heli𝑙
2
𝑐𝑚 cos2 𝜃) ¥𝜓 = 𝐾𝑦𝑝𝑉𝑚,𝑝 + 𝐾𝑦𝑦𝑉𝑚,𝑦 − 𝐵𝑦 ¤𝜓

+ 2𝑚heli𝑙
2
𝑐𝑚 sin 𝜃 cos 𝜃 ¤𝜃 ¤𝜓. (8)

The above equations are modified for simplification as

𝐽𝜃 ¥𝜃 = 𝐾𝑝𝑝𝑉𝑚,𝑝 + 𝐾𝑝𝑦𝑉𝑚,𝑦 − 𝑞𝜃 , (9)

𝐽𝜓 ¥𝜓 = 𝐾𝑦𝑝𝑉𝑚,𝑝 + 𝐾𝑦𝑦𝑉𝑚,𝑦 − 𝑞𝜓 , (10)

with the following notations defined as

𝐽𝜃 = 𝐽𝑒𝑞,𝑝 + 𝑚heli𝑙
2
𝑐𝑚 , (11)
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𝐽𝜓 = 𝐽𝑒𝑞,𝑦 + 𝑚heli𝑙
2
𝑐𝑚𝑐𝑜𝑠

2𝜃 , (12)

𝑞𝜃 = 𝐵𝑝 ¤𝜃 + 𝑚heli𝑔𝑙𝑐𝑚 cos 𝜃 + 𝑚heli𝑙
2
𝑐𝑚 sin 𝜃 cos 𝜃 ¤𝜓2, (13)

𝑞𝜓 = 𝐵𝑦 ¤𝜓 − 2𝑚heli𝑙
2
𝑐𝑚 sin 𝜃 cos 𝜃 ¤𝜃 ¤𝜓. (14)

The non-linear state space model has the form ¤𝑥 = 𝑓 (𝑥) +𝑔(𝑥, 𝑢). By considering
the position and velocity coordinates, the nonlinear state-space model of the
helicopter is framed as


¤𝜃
¤𝜓
¥𝜃
¥𝜓

︸︷︷︸
¤𝑥

=



¤𝜃
¤𝜓

1
𝐽𝜃

[−𝑞𝜃 + 𝑤]

1
𝐽𝜓

[−𝑞𝜓 + 𝑤]

︸              ︷︷              ︸
𝑓 (𝑥)

+



0 0
0 0
𝐾𝑝𝑝

𝐽𝜃

𝐾𝑝𝑦

𝐽𝜃
𝐾𝑦𝑝

𝐽𝜓

𝐾𝑦𝑦

𝐽𝜓


[
𝑉𝑚,𝑝

𝑉𝑚,𝑦

]
︸                   ︷︷                   ︸

𝑔(𝑥,𝑢)

. (15)

The state vectors are pitch angle 𝜃, yaw angle 𝜓, pitch velocity ¤𝜃, and yaw velocity
¤𝜓. Thus 𝑋 = [𝜃 𝜓 ¤𝜃 ¤𝜓]𝑇 . Pitch motor voltage 𝑉𝑚,𝑝 and Yaw motor voltage 𝑉𝑚,𝑦
are the two inputs 𝑢𝜃 , 𝑢𝜓 to the helicopter. The two measured outputs are the pitch
angle and yaw angle. The output vector is given by

𝑦 = [𝜃 𝜓]𝑇 + 𝑣. (16)

The model is augmented with two lumped disturbance factors 𝑤 and 𝑣, to address
the problem of parametric uncertainties and unknown disturbances. Wind effects,
atmospheric turbulence, gyroscopic torques, and couplings induced by the front
and rear propellers are some of the unmodeled variables and disturbances affecting
the system.

2.2. 2 DOF helicopter fault modeling

Sensor faults, actuator faults and component faults are the faults which are
predominantly affecting the helicopter. For control and stabilization of helicopter,
precise location and attitude data are required from the sensors. Sensors in au-
tonomous helicopters can malfunction in a variety of ways. Gain reduction or
loss of precision, persistent offset or bias, sensor drift or frozen sensor are all
types of sensor faults.

Out of all the sensor faults mentioned, this paper deals with the sensor drift
which occurs mostly due to temperature changes or any changes in the calibration
of sensor. Drift is modeled as a vector 𝑏 𝑗 that affects the system measurements.
Pitch and yaw angle, which are measured by pitch and yaw encoders, are the
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helicopter outputs. Thus, the system output with the presence of sensor fault gets
changed as

𝑦 = [𝜃 𝜓]𝑇 + 𝑏 𝑗 ,∀ 𝑗 = 1, 2, ....𝑛, (17)

where 𝑛 denotes the number of sensors. Here 𝑏 𝑗 is a column vector.
Actuators are critical components of the helicopter system because they pro-

vide a link between control commands and physical activity. A failure of an
actuator in a helicopter can be harmful since it might cause the helicopter to
lose control and crash. Actuator faults can occur as a result of float failure, lock
failure, hard over faults, or partial faults such as hydraulic leakage, supply voltage
change, or a stuck actuator owing to a lack of lubrication. The type of actuator
fault dealt in this paper is loss of control effectiveness of actuator. The loss of
control effectiveness of actuators is denoted by a factor 𝑙𝑘 where 𝑘 denotes the
number of actuators. Thus, actuator fault for pitch and yaw propeller is modeled as

𝑢 𝑓 = diag[1 − 𝑙1 1 − 𝑙2] [𝑢𝜃 𝑢𝜓]𝑇 . (18)

Component faults are primarily defined as changes in the physical parameters
of the system, such as mass, aerodynamic coefficient, centre of gravity, or damping
constant. A change in the parameter of the system state equation is considered as
component fault. This is denoted as Δ𝑥.

2.3. Problem formulation

Consider a nonlinear helicopter system with model uncertainties and faults as

¤𝑥(𝑡) = 𝑓 (𝑥(𝑡),Δ𝑥(𝑡), 𝑏 𝑗 , 𝑡) + 𝑔(𝑢(𝑡), 𝑙𝑘 ) + 𝑑 (𝑡), (19)

where 𝑥(𝑡) is the state vector, 𝑢(𝑡) is the control input, and 𝑓 is the nonlinear
function. 𝑑 (𝑡) implies the bounded unknown disturbances acting on the system.
𝑏 𝑗 is the vector representing the sensor bias fault where the magnitude of bias 𝑏 𝑗
is 0 ¬ 𝑏 𝑗 ¬ 1. The loss of control effectiveness of actuator is represented as 𝑙𝑘
where 𝑘 denotes the number of actuators. 𝑙𝑘 satisfies 0 ¬ 𝑙𝑘 ¬ 1 with the fault
free case of actuator indicated with the value 𝑙𝑘 = 0 and the complete failure
has 𝑙𝑘 value as 1. Δ𝑥(𝑡) denotes the change in the system state due to change
in system parameters. The generic model denoted represents the system with
sensors, actuator and component faults.

3. Controller design

The overall FTC strategy is depected in Fig. 3. 𝑟𝑖 denotes the system setpoint.
In a traditional SMC design, there are usually two phases. The first step entails
creating a sliding surface that ensures the desired system tracking performance.
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Figure 3: FTC Strategy for 2 DOF Helicopter

The second step entails selecting a suitable control strategy for driving the relevant
sliding variable onto the proposed sliding surface and then maintaining the sliding
motion within a close proximity to the sliding surface. Let 𝜃𝑑 and 𝜓𝑑 represents
the desired system trajectory of pitch and yaw angle respectively. The tracking
error is given by

𝑒̃ = [𝑒𝜃 𝑒𝜓]𝑇 = [𝜃𝑑 − 𝜃 𝜓𝑑 − 𝜓]𝑇 . (20)

The sliding surface for accurate tracking of the pitch and yaw angle is chosen
as 𝑠 = [𝑠𝜃 𝑠𝜓]𝑇 with

𝑠𝑖 = 𝑐𝑖 𝑒̃𝑖 + ¤̃𝑒𝑖 , 𝑖 ∈ [𝜃, 𝜓], (21)

where 𝑐𝑖 is the coefficient of Hurwitz polynomial. 𝑐𝑖 should be chosen strictly
positive which ensures that the closed loop system is asymptotically stable during
the ideal sliding mode.

To investigate the sliding motion associated with the sliding function, compute
the time derivative as follows.

¤𝑠𝑖 = 𝑐𝑖 ¤̃𝑒𝑖 + ¥̃𝑒𝑖 , 𝑖 ∈ [𝜃, 𝜓], (22)

¤𝑠𝑖 =
{
¤𝑠𝜃
¤𝑠𝜓

=

{
𝑐𝜃 ¤𝑒𝜃 + ¥𝜃𝑑 − ¥𝜃
𝑐𝜓 ¤𝑒𝜓 + ¥𝜓𝑑 − ¥𝜓 (23)

After choosing the sliding surface, the challenge is to come up with an appropriate
control law that will make the sliding surface desirable.
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There are two parts in the control law: continuous control and discontinuous
control. The continuous control which stabilizes the ideal system is designed by
making ¤𝑠𝑖 = 0.

𝑐𝑖 ¤̃𝑒𝑖 + ¥̃𝑒𝑖 = 0. (24)

However, the helicopter is bound to be affected by external disturbances 𝑑 (𝑡)
which is modeled as 𝑤 and 𝑣. Thus error dynamics will now become

𝑐𝑖 ¤̃𝑒𝑖 + ¥̃𝑒𝑖 = 𝑑 (𝑡). (25)

As a result of these external disturbances, the tracking error and derivative will
not converge to zero. Thus to compensate for these external disturbances and to
retain desired sliding motion, a discontinuous control is designed.

3.1. Reaching law SMC based FTC

A sliding surface 𝑠 = 0 design with relative degree one with respect to the
control makes up the first order sliding mode control. Convergence occurs in
finite time after the states reach the surface. The discontinuous control signal
using constant rate reaching law is given by

¤𝑠𝑖 = −𝜉𝑖sgn(𝑠𝑖), 𝑖 ∈ [𝜃, 𝜓], (26)

where 𝜉 is the constant rate and sgn is the signum function. The value of 𝜉
determines the switching heights and chattering. Thus combining the continuous
and discontinuous control, the control signals to be fed to the helicopter are
determined as

𝑉𝑚,𝑝 = 𝐾1
[
𝐾𝑦𝑦𝐽𝜃 [𝑐𝜃 ¤𝑒𝜃 + ¥𝜃𝑑 + 𝜉𝜃sgn(𝑠𝜃)] + 𝐾𝑦𝑦𝑞𝜃

− 𝐾𝑝𝑦𝐽𝜓 [𝑐𝜓 ¤𝑒𝜓 + ¥𝜓𝑑 + 𝜉𝜓sgn(𝑠𝜓)] − 𝐾𝑝𝑦𝑞𝜓
]
, (27)

𝑉𝑚,𝑦 = −𝐾1
[
𝐾𝑦𝑝𝐽𝜃 [𝑐𝜃 ¤𝑒𝜃 + ¥𝜃𝑑 + 𝜉𝜃sgn(𝑠𝜃)] + 𝐾𝑦𝑝𝑞𝜃

− 𝐾𝑝𝑝𝐽𝜓 [𝑐𝜓 ¤𝑒𝜓 + ¥𝜓𝑑 + 𝜉𝜓sgn(𝑠𝜓)] − 𝐾𝑝𝑝𝑞𝜓
]

(28)

with
𝐾1 =

1
𝐾𝑝𝑝𝐾𝑦𝑦 − 𝐾𝑝𝑦𝐾𝑦𝑝

. (29)

The chattering phenomenon, which is characterised by tiny oscillations at the
system’s output, is the primary disadvantage of the conventional sliding mode.
System’s rapid dynamics and discontinuity in the control signal are the major
causes of chattering.
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3.2. Supertwisting SMC based FTC

Another second-order sliding mode control termed super twisting control is
used to reduce the chattering phenomenon inherent in reaching law. In second
order sliding mode control, the second derivative of the sliding variable is used. It
provides for the convergence to zero of both the sliding variable and its derivative
in finite time. Through a continuous control acting discontinuously on the sliding
variable’s second time derivative, the super twisting method zeros the sliding
variable and its first time derivative in a finite time thereby reducing chattering.
The control method is robust to the effect of parameter uncertainties. The control
technique is also impervious to disturbance and noise because it does not require
derivative feedback of the sliding variable. The system states can be made to
approach the equilibrium point in a finite amount of time using super-twisting
sliding mode control. The super twisting discontinuous control which eliminates
chattering while preserving robustness is given by

¤𝑠𝑖 = −1.1𝜉𝑖sgn(𝑠𝑖) −
√︁
𝜉𝑖
√︁
|𝑠𝑖 |sgn(𝑠𝑖) , 𝑖 ∈ [𝜃, 𝜓] (30)

From the equations, the pitch and yaw control signal from super twisting control is

𝑉𝑚,𝑝 = 𝐾1

[
𝐾𝑦𝑦𝐽𝜃

[
𝑐𝜃 ¤𝑒𝜃 + ¥𝜃𝑑 + 1.1𝜉𝜃sgn(𝑠𝜃) +

√︁
𝜉𝜃
√︁
|𝑠𝜃 |sgn(𝑠𝜃)

]
+ 𝐾𝑦𝑦𝑞𝜃 − 𝐾𝑝𝑦𝐽𝜓

[
(𝑐𝜓 ¤𝑒𝜓 + ¥𝜓𝑑 + 1.1𝜉𝜓sgn(𝑠𝜓)

+
√︁
𝜉𝜓

√︃
|𝑠𝜓 |sgn(𝑠𝜓)

]
− 𝐾𝑝𝑦𝑞𝜓

]
(31)

𝑉𝑚,𝑦 = −𝐾1

[
𝐾𝑦𝑝𝐽𝜃

[
𝑐𝜃 ¤𝑒𝜃 + ¥𝜃𝑑 + 1.1𝜉𝜃sgn(𝑠𝜃) +

√︁
𝜉𝜃
√︁
|𝑠𝜃 |sgn(𝑠𝜃)

]
+ 𝐾𝑦𝑝𝑞𝜃 − 𝐾𝑝𝑝𝐽𝜓

[
𝑐𝜓 ¤𝑒𝜓 + ¥𝜓𝑑 + 1.1𝜉𝜓sgn(𝑠𝜓)

+
√︁
𝜉𝜓

√︃
|𝑠𝜓 |sgn(𝑠𝜓)

]
− 𝐾𝑝𝑝𝑞𝜓

]
. (32)

4. Results and discussions

In this section, simulation results are presented to demonstrate the effective-
ness of the FTC strategies presented in the previous section. The helicopter’s
original position is presumed to be at origin. The system is sampled every 0.005
seconds and simulated for 10000-time instants. Focusing on the faults occurring
in the system, three different faults are tested. These faults are added as additive
and multiplicative faults. Multiplicative faults frequently mix with system states
and/or inputs, whereas additive faults usually appear as offsets. Regardless of
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faults, the goal of the control is to keep the system outputs at the desired value.
The results indicate how controllers operate when sensor, actuator, and compo-
nent faults occur. In addition, various performance metrics like Integral Square
Error (ISE), Integral Absolute Error (IAE), Integral Time Square Error (ITSE),
and Integral Time Absolute Error (ITAE) are calculated in order to statistically
analyse the control performance.

4.1. Sensor fault

Pitch and yaw encoders, which operate as sensors in the system, are used
to measure helicopter outputs. Sensor bias, which impacts the system outputs,
is the fault being investigated. The magnitude of bias vector 𝑏 𝑗 varies between
0 ¬ 𝑏 𝑗 ¬ 1. 𝑏1 and 𝑏2 denotes bias in sensor 1 and 2. Here two scenarios are
considered. In Scenario 1, a 20% bias (𝑏 𝑗 = 0.2) in pitch and yaw encoder is
introduced at 𝑡 = 5000 as an additive fault. At 𝑡 = 5000, Scenario 2 introduces a
multiplicative fault of 20% bias (𝑏 𝑗 = 0.2) in pitch and yaw encoders.

The motion tracking performance of helicopter under scenario 1 is demon-
strated in Fig. 4. The desired position 𝑟𝑖 is chosen as [𝜃 𝜓]𝑇 = [1 2]𝑇 . As seen,

Figure 4: System outputs with additive sensor fault
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the system is disrupted from its desired position after a fault occurs. To offset the
fault, both controllers boost the control input to the helicopter and strive for orig-
inal tracking performance. Supertwisting FTC outperforms reaching law FTC in
terms of tracking performance. In terms of control effort, it is evident from Fig. 5,
chattering is significantly reduced in supertwisting control when the sensor fault
occurs.

Figure 5: Controller action for additive sensor fault

In scenario 2, the bias in sensor is introduced as multiplicative fault. The
multiplicative character of faults has a greater impact on system outputs. The
variation of pitch and yaw angles, as well as the control effort necessary to keep
the system in the desired position, are shown in Fig. 6.
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Figure 6: Helicopter outputs and controller signal for multiplicative sensor fault

4.2. Actuator fault

The actuators in the helicopter system are the pitch and yaw propellers, driven
by pitch and yaw motor respectively. The control signals fed to these actuators
are the voltage signals required to drive these motors. Thus actuator fault is
represented as loss in control effectiveness of actuators. The magnitude of loss in
control effectiveness is chosen as 𝑙1 = 0.3 and 𝑙2 = 0.3. Thus faulty control signal
𝑢 𝑓 is introduced into the system at 𝑡 = 5000. Again two scenarios are presented.

In scenario 1, 𝑢 𝑓 is given as an additive signal. The output for scenario 1
is depicted in Fig. 7. Once the fault occurs, a large deviation from the original
position is witnessed and the controllers attempt to bring the outputs back to
their original position. The Fig. 7 also depicts the control effort put in by both
controllers, where large chattering is encountered by the fault control developed
from reaching law.

The faulty input signal 𝑢 𝑓 is injected as a multiplicative fault in scenario 2.
Fig. 8 and Fig. 9 represents the helicopter states and the control effort generated
by 2 controllers for the actuator fault. Again the supertwisting controller portrays
better performance and minimum chattering.
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Figure 7: Helicoptor output and control signal for additive actuator fault

Figure 8: Helicoptor states for multiplicative actuator fault
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Figure 9: Controller output for multiplicative actuator fault

4.3. Component fault

Change in equivalent viscous damping about the pitch and yaw axis of
helicopter is considered as component fault. Thus viscous damping becomes
𝐵𝑝 = 0.5𝐵𝑝 and 𝐵𝑦 = 0.5𝐵𝑦 from the nominal value at 𝑡 = 5000. Multiplicative
fault tends to be more disruptive than the additive component fault as seen from
Fig. 10 and Fig. 11. Multiplicative faults produces overshoots and takes larger
time to settle. Also the controller action as shown in Fig. 12 is more prone to
chattering for component fault.

4.4. Stability analysis

Consider a quadratic Lyapunov function,

𝑉 =
1
2

(
𝑠2𝜃 + 𝑠2𝜓

)
. (33)

The Lyapunov function’s derivative is calculated as

¤𝑉 = 𝑠𝜃 ¤𝑠𝜃 + 𝑠𝜓 ¤𝑠𝜓 . (34)
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Figure 10: Helicoptor states for additive component fault

Figure 11: Helicoptor states for multiplicative component fault
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Figure 12: Controller output for component fault

Combining equations (23) and (26), the sliding function for reaching law becomes,

¤𝑠𝜃 = 𝑐𝜃 ¤𝑒𝜃 + ¥𝜃𝑑 − ¥𝜃 + 𝜉𝜃sgn(𝑠𝜃), (35)

¤𝑠𝜓 = 𝑐𝜓 ¤𝑒𝜓 + ¥𝜓𝑑 − ¥𝜓 + 𝜉𝜓sgn(𝑠𝜓) (36)

substituting ¥𝜃 and ¥𝜓 from system equations (9) and (10)

¤𝑠𝜃 = 𝑐𝜃 ¤𝑒𝜃 + ¥𝜃𝑑 + 𝜉𝜃sgn(𝑠𝜃) −
𝐾𝑝𝑝𝑉𝑚,𝑝 + 𝐾𝑝𝑦𝑉𝑚,𝑦 − 𝑞𝜃

𝐽𝜃
, (37)

¤𝑠𝜓 = 𝑐𝜓 ¤𝑒𝜓 + ¥𝜓𝑑 + 𝜉𝜓sgn(𝑠𝜓) −
𝐾𝑦𝑝𝑉𝑚,𝑝 + 𝐾𝑦𝑦𝑉𝑚,𝑦 − 𝑞𝜓

𝐽𝜓
. (38)

Input voltages for pitch and yaw motor𝑉𝑚,𝑝 and𝑉𝑚,𝑦 is substituted from equations
(27) and (28). Thus equation (34) becomes

¤𝑉 = −𝑠𝜃 (𝜉𝜃 |𝑠𝜃 |) − 𝑠𝜓 (𝜉𝜓 |𝑠𝜓 |), (39)

𝜉𝜃 and 𝜉𝜓 is chosen as positive constants which satisfies that the Lyapuvov function
becomes negative definite. Following the similar steps, the lyapunov function for
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supertwisting control becomes negative definite when 𝜉𝜃 > 0 and 𝜉𝜓 > 0.

¤𝑉 = −𝑠𝜃 (1.1𝜉𝜃 |𝑠𝜃 | +
√︁
𝜉𝜃
√︁
|𝑠𝜃 | |𝑠𝜃 |) − 𝑠𝜓 (1.1𝜉𝜓 |𝑠𝜓 | +

√︁
𝜉𝜓

√︃
|𝑠𝜓 | |𝑠𝜓 |). (40)

4.4.1. Sensor fault

Sensor fault is sensor drift which affects the system measurements. Thus
system equations (9) and (10) becomes,

𝐽𝜃 ¥𝜃 = 𝐾𝑝𝑝𝑉𝑚,𝑝 + 𝐾𝑝𝑦𝑉𝑚,𝑦 − 𝑞𝜃 + 𝑏1 , (41)

𝐽𝜓 ¥𝜓 = 𝐾𝑦𝑝𝑉𝑚,𝑝 + 𝐾𝑦𝑦𝑉𝑚,𝑦 − 𝑞𝜓 + 𝑏2 , (42)
where 𝑏1 and 𝑏2 denotes drift in pitch and yaw encoder. The Lyapunov function
for reaching law is

¤𝑉 = −𝑠𝜃 (𝜉𝜃 |𝑠𝜃 | + (𝑏1/𝐽𝜃)) − 𝑠𝜓 (𝜉𝜓 |𝑠𝜓 | + (𝑏2/𝐽𝜓)). (43)
For supertwisting control,

¤𝑉 = −𝑠𝜃
(
1.1𝜉𝜃 |𝑠𝜃 | +

√︁
𝜉𝜃
√︁
|𝑠𝜃 | |𝑠𝜃 | + (𝑏1/𝐽𝜃)

)
− 𝑠𝜓

(
1.1𝜉𝜓 |𝑠𝜓 | +

√︁
𝜉𝜓

√︃
|𝑠𝜓 | |𝑠𝜓 | + (𝑏2/𝐽𝜓)

)
. (44)

Remark 1 To ensure stability under sensor fault conditions, the values of 𝜉𝜃 and
𝜉𝜓 must satisfy 𝜉𝜃 > |𝑏1/𝐽𝜃 | and 𝜉𝜓 > |𝑏2/𝐽𝜓 |.

4.4.2. Actuator fault

Actuator fault is considered as loss of control effectiveness of actuators which
is represented as 𝑙𝑘 where 𝑘 denotes the number of actuators. If 𝑙𝑘 = 0, then there
is no fault and 𝑙𝑘 = 1 denotes complete actuator failure. System with actuator
fault is considered as

𝐽𝜃 ¥𝜃 = 𝐾𝑝𝑝 (𝑉𝑚,𝑝 − 𝑙𝑉𝑚,𝑝) + 𝐾𝑝𝑦 (𝑉𝑚,𝑦 − 𝑙𝑉𝑚,𝑦) − 𝑞𝜃 , (45)

𝐽𝜓 ¥𝜓 = 𝐾𝑦𝑝 (𝑉𝑚,𝑝 − 𝑙𝑉𝑚,𝑝) + 𝐾𝑦𝑦 (𝑉𝑚,𝑦 − 𝑙𝑉𝑚,𝑦) − 𝑞𝜓 . (46)
Thus Lyapunov function for reaching law is

¤𝑉 = −𝑠𝜃 (𝜉𝜃 |𝑠𝜃 | − 𝑙 (𝑠𝜃 + (𝑞𝜃/𝐽𝜃)) − 𝑠𝜓 (𝜉𝜓 |𝑠𝜓 | − 𝑙 (𝑠𝜓 + (𝑞𝜓/𝐽𝜓)). (47)
For supertwisting, the Lyapunov function becomes

¤𝑉 = −𝑠𝜃 (1.1𝜉𝜃 |𝑠𝜃 | +
√︁
𝜉𝜃
√︁
|𝑠𝜃 | |𝑠𝜃 | − 𝑙 (𝑠𝜃 + 𝑞𝜃/𝐽𝜃))

− 𝑠𝜓 (1.1𝜉𝜓 |𝑠𝜓 | +
√︁
𝜉𝜓

√︃
|𝑠𝜓 | |𝑠𝜓 | − 𝑙 (𝑠𝜓 + 𝑞𝜓/𝐽𝜓)). (48)

Remark 2 To guarantee stability in the event of an actuator fault, the values of
𝜉𝜃 and 𝜉𝜓 must satisfy 𝜉𝜃 > 𝑙 |𝑞𝜃/𝐽𝜃 | and 𝜉𝜓 > 𝑙 |𝑞𝜓/𝐽𝜓 |.
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4.4.3. Component fault

Change in equivalent viscous damping of pitch and yaw axis is considered as
Φ1 and Φ2. System with component fault is represented as

𝐽𝜃 ¥𝜃 = 𝐾𝑝𝑝𝑉𝑚,𝑝 + 𝐾𝑝𝑦𝑉𝑚,𝑦 − (𝐵𝑝 +Φ1) ¤𝜃 − 𝑞𝜃1 , (49)

𝐽𝜓 ¥𝜓 = 𝐾𝑦𝑝𝑉𝑚,𝑝 + 𝐾𝑦𝑦𝑉𝑚,𝑦 − (𝐵𝑦 +Φ2) ¤𝜓 − 𝑞𝜓1 . (50)

For reaching law, the Lyapunov function is

¤𝑉 = −𝑠𝜃 (𝜉𝜃 |𝑠𝜃 | − (Φ1/𝐽𝜃) ¤𝜃) − 𝑠𝜓 (𝜉𝜓 |𝑠𝜓 | − (Φ2/𝐽𝜓) ¤𝜓). (51)

For supertwisting control,

¤𝑉 = −𝑠𝜃
(
1.1𝜉𝜃 |𝑠𝜃 | +

√︁
𝜉𝜃
√︁
|𝑠𝜃 | |𝑠𝜃 | − (Φ1/𝐽𝜃) ¤𝜃

)
− 𝑠𝜓

(
1.1𝜉𝜓 |𝑠𝜓 | +

√︁
𝜉𝜓

√︃
|𝑠𝜓 | |𝑠𝜓 | − (Φ2/𝐽𝜓) ¤𝜓

)
. (52)

Remark 3 To ensure stability under component fault conditions, the values of 𝜉𝜃
and 𝜉𝜓 must satisfy 𝜉𝜃 > |Φ1/𝐽𝜃 | and 𝜉𝜓 > |Φ2/𝐽𝜓 |.

5. Conclusion

In this paper, SMC based on reaching law and super-twisting law is applied
to a 2 DOF helicopter as a fault tolerant control strategy. The helicopter system is
subjected to various fault conditions in sensors, actuators, and system components
which are modeled as additive and multiplicative models. Results shows super-
twisting SMC ensures good tracking and control capability with less chattering.
Also, the stability of the entire closed-loop system is ensured even in the presence
of faults.
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