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Abstract
In order to guarantee the accuracy of turntable angle measurement, a real-time compensation method for
turntable positioning precision based on harmonic analysis is proposed in this paper. Firstly, the principle
and feasibility of the real-time compensation method are analysed, and a detailed description of harmonic
compensation is provided herein. Secondly, we analyse the relationships between the surface number of
the polygon with the compensation order of the harmonic function and its corresponding compensation
accuracy. The effects of the iterations number and the data width on calculation accuracy in the coordinate
rotation digital computer (CORDIC) algorithm are analysed and the quantization models of the approxi-
mation error and rounding error of the CORDIC algorithm are established. Then, the calculation of the
harmonic error function and real-time compensation processes are implemented on a field programmable
gate array (FPGA) chip. The resource occupation and time delay of the phase angle calculation and the
harmonic component calculation are discussed separately. Finally, the validity of the harmonic compensation
method is proven through comparing the compensation effect with that of linear interpolation and the poly-
nomial compensation method. The influences of the compensation order, the iterations number and the data
width on the compensation results are demonstrated by simulation. A test platform with a laboratory-made
FPGA circuit is built to evaluate the effect of real-time compensation with the harmonic function and the
positioning error compensation can be performed within 760 ns. The results confirmed the effectiveness of
the harmonic compensation method, revealing an improvement of the positioning precision from 54.21′′ to
1.63′′, equivalent to 96.99% reduction in positioning error.
Keywords: harmonic function, positioning error, compensation, real-time, CORDIC.
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1. Introduction

The turntable is an important device in high precision measurement and metrology, and
as suchit is widely used in aeronautics, industrial and medical treatment [1]. The positioning

Copyright © 2022. The Author(s). This is an open-access article distributed under the terms of the Creative Commons Attribution-
NonCommercial-NoDerivatives License (CC BY-NC-ND 4.0 https://creativecommons.org/licenses/by-nc-nd/4.0/), which permits use, dis-
tribution, and reproduction in any medium, provided that the article is properly cited, the use is non-commercial, and no modifications or
adaptations are made.
Article history: received February 10, 2022; revised April 26, 2022; accepted June 8, 2022; available online July 28, 2022.

https://doi.org/10.24425/mms.2022.142269
http://www.metrology.wat.edu.pl/
mailto:zhuweibin@cjlu.edu.cn
mailto:huangyao@nim.ac.cn
mailto:huangyao@nim.ac.cn


Y. Zhou et al.: ANALYSIS AND APPLICATION OF REAL-TIME COMPENSATION OF POSITIONING PRECISION . . .

precision of the turntable is influenced by the error of posture, component size and so on.
Therefore, it is essential to improve the positioning precision by means of compensation methods
so as to meet the high accuracy requirements of angle measurement.

The positioning precision compensation methods can be divided into two kinds: hardware
compensation and software compensation. Hardware compensation can be generalized as in-
creasing the number of reading heads. In 1998, Probst [2] proposed a method which used 16
non-uniformly distributed reading heads and reduced the uncertainty of measurement to less
than 0.01′′ (𝑘 = 2). In 2001 and 2003, the Equal-Division-Averaged method was presented by
Watanabe [3, 4] and 5 reading heads were used to reduce the uncertainty of measurement to
±0.02′′. In 2014, Watanabe [5] proposed a method which he used 8 non-uniformly distributed
reading heads, and the accuracy of ±0.03′′ at any given angle was achieved. In 2018, Huang [6]
established the EDA model which used 4 reading heads, and the uncertainty of measurement was
±0.05′′ (𝑘 = 2). Although high positioning precision can be achieved by increasing the number
of reading heads s or changing the layout position, the cost and complexity of an angle measuring
system also increases accordingly. In addition, the number of reading heads that can be arranged
on a turntable is also limited.

Comparing with hardware compensation, software compensation [7] has numerous advan-
tages, such as lower cost, greater flexibility and higher positioning precision. Therefore, the
software compensation method has gradually become the research focus in recent years. In 2009,
Dhar [8] proposed a neural network-based error compensation method, and the turntable’s posi-
tioning error was reduced down to±6 arcmin. In 2011, a compensation method based on nonlinear
least squares was presented by Guanbin [9], and the positioning error was decreased from 0.008◦
to 28.8′′ by calculating eccentric parameters. In 2012, Lopez [10] used lookup tables that were
built by linear interpolation and Lissajous plot to compensate the turntable positioning errors.
The Single Gimbals Control Moment Gyroscope (SGCMG) compensation method, which can
reduce the systematic cost and positioning error of a circular grating, was proposed by Yu [11] in
2020. Jia [12] proposed a method based on the Fourier expansion-back propagation (BP) neural
network optimized by a genetic algorithm in 2020, and the measurement error was decreased
from 110.2′′ to 2.7′′. In 2021, Du [13] reduced the positioning error of a single reading head
by 93.76% with the first and second harmonic fitting method. In 2021, Gurauskis [14] disclosed
a technique which used polynomial fitting to compensate the encoder’s positioning error and
reduced the error by 98%.

However, each of these methods, as well as other related ones that have not been listed here,
has one general characteristic in i.e. the positioning error compensation process is realized in the
off-line mode with a computer.

In this study we proposed a real-time compensation method that used harmonic analysis.
On the basis of the description of the feasibility of the real-time compensation method and the
principle of harmonic compensation analysis, we discussed the relationship between the surface
number of the polygon with the order of the harmonic function and its corresponding compensation
accuracy. Quantization models of the approximation error and the rounding error were built by
analysing the data width and the iterations number of the coordinate rotation digital computer
(CORDIC) algorithm. A laboratory-made circuit board using a field programmable gate array
(FPGA) was developed to realize the real-time compensation process and the system performance
and resource occupation were analysed. The feasibility of the real-time compensation method
was proved through conducting experiments, and the quantitative models of key parameters were
verified with the circuit. We also discuss the effectiveness of the method and report the effects of
the real-time compensation with the harmonic function.
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2. Principle of real-time harmonic compensation method

2.1. Principle of the real-time compensation method

In practice, the real-time compensation method is realized in two steps of the positioning
error function acquisition and the positioning error compensation. The positioning error function
is obtained through calibration, which is based on the circumferential closure of the turntable.
The characteristic of periodicity and repetitiveness of the turntable positioning error is the basis
to complete real-time compensation through a hardware platform. The schematic of a typical
real-time compensation process is shown as Fig. 1.

Fig. 1. Schematic representation of real-time compensation for positioning error.

As shown in Fig. 1, in the first part of the positioning error function acquisition, we use the
autocollimator and the polygon to implement positioning calibration of the turntable. Due to the
periodicity of the rotating angle, we can calibrate the reference values around a circle with equal
angle-intervals. The values are defined as 𝜃 (𝑛) (𝑛 = 1 . . . 𝑁), where 𝑁 is the surface number of
polygon. Meanwhile, the discrete angle values at the calibrated positions are recorded, defined as
𝜃𝑟 (𝑛) (𝑛 = 0 . . . 𝑁). So, the corresponding positioning error sequence of the turntable, defined
as 𝜑(𝑛) (𝑛 = 0 . . . 𝑁), can be described as:

𝜑(𝑛) = 𝜃 (𝑛) − 𝜃𝑟 (𝑛). (1)

Because angular error compensation at anywhere in the circumference demands the continu-
ous positioning error function, defined as 𝜑(𝜃), and 𝜑(𝑛) is a discrete sequence, it is necessary to
obtain 𝜑(𝜃) with a period of 2𝜋 with a fitting algorithm. The harmonic analysis method can meet
this requirement.

In the second part of the positioning error compensation, differentiated from previous pro-
cessing with a computer, we implement the real-time positioning error compensation based on a
hardware platform. The hardware platform constantly accepts the value of the turntable angle, 𝜃.
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For each value of 𝜃𝑖 , the corresponding positioning error of 𝜑(𝜃𝑖) is calculated by the positioning
error value calculation unit based on 𝜑(𝜃). 𝜃𝑖 and 𝜑(𝜃𝑖) are transmitted to the positioning error
compensation implementation unit simultaneously. Then the compensated turntable positioning
angle value is:

𝜃𝑐𝑖 = 𝜃𝑖 − 𝜑(𝜃𝑖). (2)
It can be seen that during the dynamic angle measurement, the turntable angle values are put

into the hardware platform continuously, and the compensated angle values can be obtained in
real time after online calculation and compensation of the positioning error value.

2.2. Principle of harmonic compensation

During real-time positioning error compensation process it is crucial to obtain 𝜑(𝜃) through
𝜑(𝑛). There are various mathematical methods for fitting the positioning error function including
harmonic analysis [15], neural network [8], polynomial fitting [14], linear interpolation [10], etc.
For the characteristics of the periodicity of the turntable positioning error and the superposition of
multiple influencing factors, the harmonic analysis is selected to fit the positioning error function.

The ideal positioning error function, 𝜑0 (𝜃), can be fitted with infinite-order function compo-
nents:

𝜑0 (𝜃) = 𝐴0 +
∞∑︁

𝑚=1
𝐶m sin(𝑚𝜃 +Φ𝑚), (3)

where 𝐴0 is the direct current (DC) component, 𝐶𝑚 and Φ𝑚 are the amplitude and phase of 𝑚-th
order component, respectively. 𝐶𝑚 and Φ𝑚 can be expressed as:

𝐶𝑚 =

√︃
𝐴2
𝑚 + 𝐵2

𝑚

Φ𝑚 = tan−1 𝐴𝑚

𝐵𝑚

, (4)

where and are the coefficients of 𝑚-th order harmonic component.
In practice, due to the discrete of the time-domain signal and the negligibility of the high-

frequency components, the positioning error function is described as a finite-order compensation
form in general as:

𝜑(𝜃) = 𝐴0 +
𝑚=𝑀∑︁
𝑚=1

𝐶𝑚 sin(𝑚𝜃 +Φ𝑚), (5)

where 𝑀 is the maximum harmonic order of 𝜑(𝜃), and can be calculated [16] with 𝜑(𝑛) as:

𝐴0 =
1

2𝑁

𝑁∑︁
𝑛=1

𝜑(𝑛) cos [𝑚 · 𝜃𝑑 (𝑛)]

𝐴𝑚 =
2
𝑁

𝑁∑︁
𝑛=1

𝜑(𝑛) cos [𝑚 · 𝜃𝑑 (𝑛)] , 𝑚 = 1, 2, . . .

𝐵𝑚 =
2
𝑁

𝑁∑︁
𝑛=1

𝜑(𝑛) sin [𝑚 · 𝜃𝑑 (𝑛)] , 𝑚 = 1, 2, . . .

, (6)

where 𝜃𝑑 (𝑛) are the values around a circle with the equal angle-interval and can be described as:

𝜃𝑑 (𝑛) =
2𝜋𝑛
𝑁

, 𝑛 = 0, 2, . . . , 𝑁. (7)

The positioning error function of 𝜑(𝜃) can be determined combining (4), (5) and (6).
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3. Analysis of positioning error compensation function

3.1. Surface number of the polygon

We used the harmonic analysis method to fit the continuous positioning error function. The
fitting accuracy is directly affected by the maximum harmonic order. Since the period of 𝜑(𝜃) is
2𝜋, the following relationship holds:

𝜑(𝜃 + 2𝜋) = 𝜑(𝜃). (8)

Inverse discrete Fourier transform (IDFT) is then adapted to process (8), and we can get:
𝑀∑︁
𝑚=0

𝐹 (𝑘𝑚) 𝑒𝑖𝑘𝑚(𝜃±2𝜋) =
𝑀∑︁
𝑚=0

𝐹 (𝑘𝑚) 𝑒𝑖𝑘𝑚𝜃 , (9)

where 𝑒𝑖𝑘𝑚𝜃 and 𝑒𝑖𝑘𝑚(𝜃±2𝜋) are the product vectors in the frequency domain space.
When (9) is satisfied, we obtain the following equation:

𝑒±𝑖𝑘𝑚2𝜋 ≡ 1

𝑘𝑚 =
2𝜋𝑚
2𝜋

= 𝑚, 𝑚 = 0, 1, ..., 𝑀
. (10)

Based on the symmetry of the Fourier transform (FT), only half of the sampling frequency
can be intercepted, namely:

𝑀 =
𝑁

2
. (11)

Since the correspondence of the time domain with the frequency domain, when (11) holds,
𝜑(𝜃) in (4) can be shown as:

𝜑(𝜃) = 𝐴0 +
𝑁 /2∑︁
𝑚=0

𝐶𝑚 sin(𝑚𝜃 +Φ𝑚). (12)

It is known from (3) that 𝜑0 (𝜃) consists of infinite order harmonic components, but harmonic
components that are higher than 𝑁/2 order cannot be obtained with an 𝑁-faced polygon. There-
fore, the harmonic components with order greater than 𝑁/2 will be mixed in ones with order
lower than 𝑁/2, and then the precision of each order component coefficient will be affected.

Δ𝐴0 =

∞∑︁
𝑖=1

𝐴𝑖𝑁

Δ𝐴𝑚 =

∞∑︁
𝑖=1

(𝐴𝑖𝑁−𝑚 + 𝐴𝑖𝑁+𝑚), 𝑚 = 1, 2, . . .

Δ𝐵𝑚 =

∞∑︁
𝑖=1

(𝐵𝑖𝑁−𝑚 − 𝐵𝑖𝑁+𝑚), 𝑚 = 1, 2, . . .

, (13)

where Δ𝐴0, Δ𝐴𝑚 and Δ𝐵𝑚 are the error values resulting from harmonic mixing for 𝐴0, 𝐴𝑚 and
𝐵𝑚 respectively.

It can be seen that when 𝑁 decreases, more high-order components will be mixed in the
low-order components. Eventually, the calculated error of 𝐶𝑚 and Φ𝑚 increases which leads to
the reduction of the accuracy of fitting the positioning error function.
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3.2. Calculation parameters of the harmonic function

As shown in Fig. 1, the compensation process of positioning error is performed on the
hardware platform, the real-time ability and precision of the method are crucial. The CORDIC
algorithm is adapted to resolve the compensation value with 𝜑(𝜃), and its accuracy is mainly
bound by the limited rotational iterations number and the limited data width [17].

3.2.1. Approximate error

The CORDIC algorithm implements the calculation by rotational iterations and approximation
of the angle, and the error caused by the limited rotational iterations number, defined as 𝑛, is
called the angle approximation error. Setting the target angle as 𝛾, the angle approximation error
is shown in Fig. 2.

Fig. 2. Schematic diagram of the approximation error.

The rotation angle value of each iterative process of CORDIC is defined as:

𝛼𝑖 = arctan(2−𝑖). (14)

The angle value which is obtained by 𝑛 time iterations is expressed as:

𝛽 =

𝑛∑︁
𝑖=1

𝑑𝑖 · 𝛼𝑖 . (15)

In (15), 𝑑𝑖 is the rotational direction identifier. When there is clockwise rotation, 𝑑𝑖 = −1
while 𝑑𝑖 = +1 when it is counterclockwise. Because 𝑛 is limited and 𝛼𝑖 is fixed, there exists
an approximate error, defined as 𝛿1, which is between the calculated value 𝛽 after 𝑛 rotational
iterations and the exact angle value 𝛾. It means that 𝛾 is in the range of [𝛽 − |𝛿1 |, 𝛽 + |𝛿1 |]. Since
the target angle 𝛾 is a random value, 𝛿1 meets the uniform distribution. The maximum value of
the angle approximation error after 𝑛 rotational iterations can be expressed as:

𝛿1 max = arctan 2−𝑛 < 2−𝑛. (16)

As shown in (4), the acquisition of 𝜑(𝜃) requires the calculation of each order harmonic
component which is shown as sin(𝑚𝜃 + Φ𝑚). The 𝛿1 affects the calculation accuracy of sin(𝛾),
and introduces the amplitude approximation error which is defined as 𝛿2 and described as follows:

𝛿2 = sin(𝛾) − sin(𝛾 + 𝛿1)

= −2 cos
(
𝛾 + 𝛿1

2

)
sin

(
𝛿1
2

)
. (17)
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The maximum value of 𝛿2 is:

|𝛿2 max | ≤ 2 sin
(
𝛿1 max

2

)
< 2−𝑛. (18)

It can be seen that the approximation error can be deduced by increasing the value of 𝑛, and
the larger the value of 𝑛, the smaller the value of 𝛿1 and 𝛿2.

3.2.2. Rounding error

The calculation process for each order harmonic component of 𝜑(𝜃) with the CORDIC
algorithm not only introduces the approximation error, but also introduces the rounding error due
to the limited data width, defined as 𝑏.

The 𝑖-th rotational iteration process of CORDIC can be expressed by the rotational iteration
vector 𝑣(𝑖) as follows:

𝑣(𝑖 + 1) = 𝑃(𝑖) · 𝑣(𝑖), (19)
where 𝑃(𝑖) is the transformed matrix of the modulus. If we define 𝑄 [∗] as the rounding operator,
subsequently, 𝑄 [𝑣(𝑖)] is the vector of 𝑣(𝑖) after the rounding and can be described as:

𝑄 [𝑣(𝑖)] = 𝑣(𝑖) + 𝑒(𝑖), (20)

where 𝑒(𝑖) is the vector of the rounding error which is introduced by the 𝑖-th rotational iteration.
The relationship among 𝑣(𝑖), 𝑒(𝑖) and 𝑄 [𝑣(𝑖)] is shown in Fig. 3.

Fig. 3. Schematic diagram of the rounding error.

The vector 𝑒(𝑖) is composed of 𝑒𝑥 (𝑖) and 𝑒𝑦 (𝑖) and the following relationship holds:

𝑒(𝑖) ≡
[
𝑒𝑥 (𝑖), 𝑒𝑦 (𝑖)

]
. (21)

The sizes of 𝑒𝑥 (𝑖) and 𝑒𝑦 (𝑖) depend on the data width, the maximum rounding error, defined
as 𝜀, in the fixed-point calculation is expressed as:

𝜀 = 2−𝑏−1. (22)

Therefore, the range of values of (21) is:{
|𝑒𝑥 (𝑖) ≤ 𝜀 |��𝑒𝑦 (𝑖) ≤ 𝜀

�� . (23)

Combining (22) and (23), the maximum value of the total rounding error introduced by the
𝑖-th rotational iteration is:

|𝑒(𝑖) | ≡
√︃
𝑒𝑥 (𝑖)2 + 𝑒𝑦 (𝑖)2 ≤

√
2𝜀. (24)
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The total rounding error in the rotational iterations is composed not only the rounding error
introduced by the current rotational iteration but also by the previous ones. Defining as the
calculated value after the 𝑖-th rotational iteration before rounding, which consists of the true value
and the rounding error introduced by previous rotational iterations, gives:

𝑄 [�̂�(𝑖 + 1)] = 𝑃(𝑖) · 𝑄 [�̂�(𝑖)] + 𝑒(𝑖 + 1). (25)

If 𝑒(0) = 0, the total rounding error vector, defined as 𝐸 (𝑛), is expressed as follows:

𝐸 (𝑛) = 𝑄 [�̂�(𝑛)] − 𝑣(𝑛) = 𝑒(𝑛) +
𝑛−1∑︁
𝑗=1

{𝐵( 𝑗) · 𝑒( 𝑗)} , (26)

where 𝐵( 𝑗) is the cumulative multiplicative value of 𝑃(𝑖). The maximum value of the total
rounding error which introduced by 𝑛 rotational iterations is:

|𝐸 (𝑛) | ≤ |𝑒(𝑛) | +
𝑛−1∑︁
𝑗=1

�����𝑛−1∏
𝑖= 𝑗

𝑃(𝑖) · 𝑒( 𝑗)
�����

≤
√

2𝜀
1 +

𝑛−1∑︁
𝑗=1

‖𝐵( 𝑗)‖


≤ 2−𝑏−0.5
1 +

𝑛−1∑︁
𝑗=1

𝑛−1∏
𝑖= 𝑗

(
1 + 2−2𝑖

). (27)

From (27), it is known that the |𝐸 (𝑛) | is proportional to 𝑛 and 𝑏.

4. Implementation of the real-time compensation method with a harmonic function

As can be seen from Fig. 1, although the positioning error function acquisition is obtained
offline, the positioning error compensation should be completed in real-time. Therefore, the
hardware platform on which carry out the real-time compensation function should have the char-
acteristics of high processing speed and low system time delay. The flow chart of the positioning
error compensation part based on harmonic analysis is shown in Fig. 4.

Positioning error compensation includes three units: an angle value acquisition unit, a posi-
tioning error value calculation unit and a positioning error compensation implementation unit.
The current value of 𝜃𝑖 is acquired by the angle value acquisition unit and then sent to the posi-
tioning error value calculation unit. Based on 𝜑(𝜃) and 𝜃𝑖 , the compensation value for 𝜃𝑖 , 𝜑(𝜃𝑖),
is determined by calculation of the phase angle and error component, as well as accumulation of
each error component. At last, the compensated turntable positioning angle value, defined as 𝜃𝑐𝑖 ,
is obtained through the subtraction operation of 𝜃𝑖 and 𝜑(𝜃𝑖).

During the calculation process of the phase angle and error component, the parallel structure
is adapted and the CORDIC algorithm with pipelined structure is used in order to reduce the
delay time and ensure the real-time performance of this compensation method.

According to the requirements of the parallel and pipeline structure, an FPGA is selected
as the hardware platform. We employed a Cyclone EP4CE115F29C7 from Altera which has the
114480 logic element (LE) resources and 3981312 available Memory Bits. The laboratory-made
FPGA circuit is shown in Fig. 5.
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Fig. 4. Diagram of the real-time compensation process.

Fig. 5. Laboratory-made electronic board for implementation
of real-time compensation.

Since the angle value acquisition is a mature technology, and the positioning error compen-
sation implementation unit and the error component accumulation part, in which there is the
positioning error calculation unit, contains only simple adders, only the phase angle calculation
part and the error component calculation part are analysed in detail below.

4.1. Calculation of the phase angle

In the phase angle calculation part, the compensation order of 𝑚, the look-up table (LUT) of
Φ𝑚 and the current turntable angle of 𝜃𝑖 are input and the angle of 𝑚𝜃𝑖 + Φ𝑚 corresponding to
each order harmonic component is output. 𝜃𝑖 is put into the multiplier and the parallel structure
is used to output 𝑚−order angle values of 𝑚𝜃𝑖 simultaneously. The 𝑚 is input into LUT and the
corresponding angle values of Φ𝑚 to each order harmonic component are output at the same
time. When we input 𝑚𝜃𝑖 and the corresponding Φ𝑚 into 𝑚 adders respectively, 𝑚 components
of 𝑚𝜃𝑖 +Φ𝑚 are obtained simultaneously. The structure is shown in Fig. 6.
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Fig. 6. Schematic diagram of phase angle calculation.

A parallel structure is used in Fig. 6 where 𝑚 is the compensation order. Since the calculation
is performed simultaneously, the increment of 𝑚 does not increase the system time delay while it
increases the complexity of the circuit which leads to the increment of FPGA resource occupation.

The situations with different compensation orders of 𝑚 are simulated with Quartusii. The
resources occupied and the time delay of the phase angle calculation part are shown in Table 1.

Table 1. The effect of compensation order on hardware circuits.

m 2 4 6 8 10 12

LE 16578 22435 27962 36107 43563 49711

Delay cycle 5 cycle 5 cycle 5 cycle 5 cycle 5 cycle 5 cycle

Delay time 100 ns 100 ns 100 ns 100 ns 100 ns 100 ns

As seen in Table 1, as 𝑚 increases, the LE hardware resources of the FPGA grow, and the
occupied LE resource shows an approximately linear relationship with 𝑚. When 𝑚 = 12, 43.4%
of LE resources are occupied. Because of the parallel structure, the calculation of each order
harmonic component is performed simultaneously. 𝑚 is independent of the time delay which
is always 5 cycles. Because the 50 MHz crystal oscillator is used in the laboratory-made FPGA
circuit, the time delay corresponding to one cycle is 20 ns and 5 cycles mean 100 ns successively.

According to (13), the higher the compensation order 𝑚 is, the higher is the accuracy of the
real-time compensation method. Therefore, a larger value of 𝑚 should be selected, but at the same
time the affordability of hardware resources should be considered.

4.2. Calculation of the harmonic component

In the harmonic component calculation part, the CORDIC algorithm is used to obtain sin(𝑚𝜃𝑖+
Φ𝑚) which is the compensation function component.𝐶𝑚 is multiplied with sin(𝑚𝜃𝑖+Φ𝑚) through
the multiplier to obtain each order harmonic component𝐶𝑚 sin(𝑚𝜃𝑖+Φ𝑚). The pipeline structure
which is used in the FPGA for the CORDIC algorithm is shown in Fig. 7.

In Fig. 7, 𝑛 is the number of rotational iterations. Input angle value 𝑧0 = 𝑚𝜃𝑖 +Φ𝑚, which is
equivalent to 𝛾 in Fig. 2, and its corresponding 𝑥0 and 𝑦0 for rotational iterations are subjected to
crossover operations. The 𝑥𝑖 and 𝑦𝑖 are processed to obtain 𝑦𝑖+1 and 𝑥𝑖+1 respectively. 𝑧𝑖 is rotated
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Fig. 7. Pipeline structure of the CORDIC algorithm.

to get 𝑧𝑖+1 and the sign judgment signal, which 𝑑𝑖 is used to determine the positive and negative
in the 𝑥𝑖 and 𝑦𝑖 operations. After 𝑛time iterations, the final output value is 𝑦𝑛 = sin(𝑚𝜃𝑖 + Φ𝑚),
where 𝑧𝑛 approaches to zero.

Variations in 𝑛 and 𝑏 have an impact on the hardware resource occupied and the extent of
system latency. In this paper, we use a 24-sided polygon, so 𝑀 is limited to 12 based on (11). 𝑚 is
set equal to 12 and the values of 𝑛 and 𝑏 are selected accordingly. The analysis results with using
Quartusii are shown in Table 2.

Table 2. Effect of 𝑛 and 𝑏 on hardware circuits.

n 15 16

b 30 32 30 32

LE 45648 47602 47594 49711

Delay cycle 15 cycle 15 cycle 16 cycle 16 cycle

Delay time 300 ns 300 ns 320 ns 320 ns

As can be seen from Table 2, the increment of the bit width will increase the LE resource
occupation, but will not increase the system latency. The extent of system latency in this part
is only related to the rotational iterations number. The bigger is the 𝑛, the larger is the system
latency.

Moreover, an increment of 𝑛 and 𝑏 can reduce the arithmetic error while it increases the
complexity of the hardware circuit and the amount of resources occupied. The error which is
generated during the compensationof the positioning error should be less than the angle resolution
of the circumferential goniometric system which is defined as 𝑅 and can be described as

𝑅 =
360
𝑠 · 𝑙 , (28)

where 𝑙 is the number of circumferential lines on the grating code disk; 𝑠 is the periodic subdivision
number in one grating pitch. In this paper, 𝑙 = 16384 and 𝑠 = 1024, so the upper limit of the
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approximation error is
arctan(2−𝑛) < 𝑅 = 2.146 × 10−5. (29)

From (29), it is known that 𝑛 = 16 satisfies the required accuracy, and according to (27) and
the required accuracy, 𝑏 = 30 and 32 can satisfy the accuracy requirements. The delay time of
each part in this case is shown in Table 3.

Table 3. Time delay for each hardware compensation unit.

Compensation unit Angle value
acquisition

Positioning error
value calculation

Positioning error
compensation

implementation

Delay cycle 9 cycle 25 cycle 4 cycle

Delay time 180 ns 500 ns 80 ns

It is known from Table 3 that the compensation method on the FPGA platform requires a 38
cycle delay. Because the time delay of 1 cycle is 20 ns, the time delay of 38 cycles corresponds to
760 ns which means that the proposed compensation method has a high real-time characteristic.

5. Experiment and data analysis

The effectiveness of the continuous positioning error function which is fitted with the harmonic
analysis method should be proved first. The linear interpolation method, the polynomial method
and the harmonic analysis method are used to fit the continuous positioning error function
respectively and the compensation results are compared. Then, the effects of parameters of 𝑚, 𝑛
and 𝑏 on the accuracy of 𝜑(𝜃) are tested. Finally, the real-time compensation process with 𝜑(𝜃)
is performed on a turntable, and the effectiveness and feasibility of the compensation method we
proposed is verified.

In this paper, the positioning error sequence of a turntable of 𝜑(𝑛) is obtained by using
the combination of an autocollimator and a 24 faced-polygon. The calibration process is shown
in Fig. 8.

Fig. 8. Schematic diagram of the calibration process.

In the first step of the calibration process, the turntable is rotated to make one of the surfaces
of the polygon, which is coaxial with the grating disk, aligned with the autocollimator (𝑛 = 0).
On this condition, the angular position is regarded as relative zero and the positioning error
which is measured by the autocollimator is recorded as 𝜑(0). Then, the turntable is rotated for
the angle of 2𝜋/𝑁 to make the next working face of the polygon aligned with the autocollimator.
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The positioning error is 𝜑(1). After 𝑛 time rotations, the turntable returns to the relative zero
position and the positioning error value sequences of each position, recorded as 𝜑(𝑛) (𝑛 = 0 . . . 𝑁),
are obtained.

In this calibration process, the high-precision instruments are the guarantee of the accuracy
of obtained 𝜑(𝑛). Table 4 lists the specifications of the main instruments and devices used in the
experiment.

Table 4. Specifications of main instruments and devices.

Instrument name Model Precision
Autocollimator ELCOMAT3000 −1000′′ ∼ +1000′′ 𝑈𝑖 = 0.25′′

Polygon 24-sided polygon ±1′′

Grating disk R10851(MicroE) 16384 inscribed lines Grid pitch: 20 μm

Reading head Mercury’s sensor Rotary: up to ±2.1′′

Turntable High precision air flotation turntable Repeatability: 0.3′′ Accuracy: ±0.5′′

5.1. Validation of the harmonic compensation method

The 24-faced polygon is adapted in Fig. 8 to obtain the positioning error sequence of 𝜑(𝑛).
To prove the validation of harmonic compensation, the linear interpolation method [10] and the
polynomial method [14] are used to construct compensation functions separately and then the
compensation results are compared with the harmonic analysis compensation method.

In the experiment, the odd-number-faced data of 𝜑(𝑛) are selected as the original data to
establish 𝜑(𝜃) with the linear interpolation method, the polynomial method and the harmonic
analysis method, respectively while the even-number-faced data of 𝜑(𝑛) are selected as the
reference values to verify the effect of methods. The value of 𝜑(𝜃) fitted with the three methods
are sampled at even-number-faced angle positions and then subtracted from the corresponding
value of 𝜑(𝑛), respectively. The results of the experiment are shown in Fig. 9.

Fig. 9. Comparison of compensation results of the three fitting methods.
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It can be seen from Fig. 9 that the compensation precision of linear interpolation and the
polynomial method are fluctuated greatly due to the small number of calibration points within
the circumference, with maximum errors of 6.83′′ and 4.43′′ and the average errors of 2.36′′

and 1.30′′, respectively. The 𝜑(𝜃) constructed by the harmonic analysis method matches the
positioning error of the turntable in principle, and achieves a higher precision with the maximum
error of 2.67′′ and an average error of 1.08′′.

5.2. Effects of parameters

The 𝜑(𝑛) which is obtained from the 24-faced polygon is used to construct the corresponding
𝜑(𝜃). The effects of 𝑚, 𝑛 and 𝑏 on the error introduction of the compensation process are analysed
with MATLAB.

The 𝜑(𝜃) with different values of 𝑚 are sampled at 𝜃𝑑 (𝑛) and compared with 𝜑(𝑛) which is
obtained by calibration. The results are shown in Fig. 10.

Fig. 10. Influence of 𝑚 on compensation accuracy.

It can be seen in Fig. 10 that the higher 𝑚is, the closer 𝜑(𝜃) and 𝜑(𝑛) are and the smaller
the range of the error curve is. The accuracy of 𝜑(𝜃) improves slowly with increasing 𝑚. When
𝑚 ≥ 6, the fitting error of 𝜑(𝜃) fluctuates in the range of [−2.02′′,−0.34′′] while when 𝑚 ≥ 10,
the error does not decrease significantly with the increase of 𝑚.

The accuracy of 𝜑(𝜃) is also related to the iteration number and bit width. The effects of 𝑛 and
𝑏 on the approximation error and rounding error are analysed using MATLAB, and the results
are shown in Fig. 11.

Fig. 11a shows the effect of 𝑛 and 𝑏 on the rounding error. The rounding error decreases
with the increasing 𝑏 and then improves the accuracy of 𝜑(𝜃). When 𝑏 < 26, the rounding error
increases with the increment of iteration number 𝑛 and when 𝑏 ≥ 26 bits, the rounding error is
approximately equal for different 𝑛.

Fig. 11b shows the effect of 𝑛 on the approximation error. With the increment of 𝑛, the
approximation error converges rapidly, and shrinks by approximately half with each 1 added to 𝑛

of the process.
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a) b)

Fig. 11. Schematic diagram of the approximation error and the rounding error.

Comparing the magnitudes of the two types of errors, we can conclude that the approximation
error has a greater impact on the accuracy of 𝜑(𝜃). So, increasing the rotational iterations number
should be considered the first way to improve the accuracy of 𝜑(𝜃).

5.3. Reliability analysis of harmonic compensation

In order to continue the verification of e effectiveness of the harmonic compensation func-
tion for application in the turntable goniometric systems, we built a test platform based on the
calibration setup shown in Fig. 8 with a laboratory-made FPGA circuit to evaluate the effect
of real-time compensation with 𝜑(𝜃). We use the calibration setup to obtain the corresponding
𝜑(𝑛) and construct 𝜑(𝜃) with the harmonic analysis method. Combined with Fig. 10 and Fig. 11,
𝑚 = 10, 𝑛 = 16, and 𝑏 = 32 are chosen for the test; the real-time compensation using the harmonic
function is performed on the laboratory-made circuit board which output the compensated angle
value 𝜃𝑐 directly. The test platform is shown in Fig. 12.

Fig. 12. Photograph of the test platform.
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Due to the parallel structure adapted in Fig. 6, the change of compensation order of 𝜑(𝜃) does
not affect the amount of time delay. The time delay of the positioning error compensation process
in the test platform presented in Fig. 12 is 38 cycles or 760 ns. It shows that the method has high
real-time characteristics.

The compensated positioning error of the turntable, defined as 𝑒(𝜃𝑖), is obtained through the
calibration setup with the autocollimator and the polygon, shown as Fig. 8, and the continuous
positioning error function 𝝋(𝜽) is calculated with the harmonic analysis algorithm, shown
as Formula (12). The compensation function of 𝝋(𝜽) is downloaded to the laboratory-made
FPGA circuit, shown in Fig. 5, and used to compensate the positioning error in real-time.
The results are shown in Fig. 13.

Fig. 13. Comparison of the positioning error before and after compensation.

After being compensated with 10th order harmonic function, the positioning error fluctuates
within [−0.66′′, 1.63′′] and the maximum positioning error is reduced from 54.21′′ to 1.63′′.
That means the effect of reducing 96.99% of the positioning error has been achieved.

Fourier spectrum analysis was performed on the positioning errors shown in Fig. 13; the
results of the analysis are shown in Fig. 14.

It can be seen from Fig. 14 that in the error function before compensation, the higher is the
order of the harmonic component, the smaller is the amplitude. It is in line with the amplitude
distribution of the turntable positioning error.

In the error function after compensation, comparing with the original one, all of the amplitudes
of components of the first 10 orders have been reduced after compensation, especially those of
the first 4 orders. Since the corresponding error sources for the first 4 orders are relatively single,
more than 95% of the positioning error of those can be reduced by compensation. Meanwhile,
about 76% of the positioning error of first 6 orders can be suppressed with harmonic function
compensation.

Combined with Fig. 11 and Fig. 14, it can be seen that to further improve the positioning
precision of the turntable, it is preferred to consider increasing the number of iterations. Secondly,
the method of increasing the order of 𝜑(𝜃) can be considered. Since the rounding error is smaller
than the approximation error, the amount of error that can be reduced by increasing the 𝑏 is small
when 𝑏 ≥ 26.
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Fig. 14. Results of spectrum analysis of positioning errors.

6. Conclusions

For improving the positioning precision of the turntable, a real-time compensation method
with harmonic analysis was proposed.

First, we studied the principle of real-time compensation and the harmonic analysis. Then,
the surface number of the polygon, number of rotational iterations and data width were analysed
and the corresponding quantitative error models of harmonic function error, rounding error and
approximation error were established, separately. Next, we proposed a hardware construct for the
positioning error real-time compensation method, and analysed the resource consumption and
system latency of the phase angle calculation part and the harmonic component calculation part in
relation to the key parameters𝑚, 𝑛 and 𝑏. This method occupies 43.4% LE resources of the FPGA,
and diminishes the system latency to less than 760 ns. Comparing with other mainstream software
compensation methods which use a host computer to compensate the positioning error off-line,
this method has a better real-time performance. Finally, experiments were performed with a test
platform with a laboratory-made FPGA circuit to verify the real-time performance, feasibility
and effectiveness of the harmonic positioning error compensation method. The effectiveness
of the compensation method is verified by comparing the compensation effects of the linear
interpolation and polynomial methods. The harmonic analysis method we proposed has the best
effect: maximum error of 2.67′′, and the average error of 1.08”.

The results proved with the harmonic compensation method proposed in this paper improved
the positioning precision of the turntable from 54.21′′ to 1.63′′, equivalent to 96.99% reduction
in the positioning error.
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