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The axial crumpling of frusta in the axisymmetric “concertina” mode is examined.
A new theoretical model is developed in which the inward folding in both cylinders
and frusta is addressed. The results were compared with previous relevant models as
well as experimental findings. The flexibility of the model was substantiated by its
capability of describing and estimating the inward folding in frusta in general as well
as in cylinders as a special case. A declining trend of the eccentricity dependence
with the D/t ratio was found in contrast with a previous theory which suggests total
independency. ABAQUS 14-2 finite element software was employed to simulate the
thin tube as a 3-D thin shell part. Numerical simulations of the process were found
to, firstly, underestimate the theoretical values of inward folding in general, secondly
anticipate more underestimations as the tubes become thinner and/or have larger apex
angle, and finally anticipate as low as 300 apical angle frusta to revert its mode of
deformation to global inversion.

Nomenclature
D smaller diameter of frustum
hi, hy,  plastic half-wavelengths
h crushed length
m1, my  eccentricity factor for hy, hy
M, fully plastic bending moment per unit length
P mean crushing force
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thickness of tube

volume of frustum

B energy dissipated due to plastic bending
energy dissipated due to plastic stretching
inward displacement of the fold
arbitrary coordinate

tensile yield strength

axial displacement of crushing
semi-apical angle of frustum

angle of rotation of leg AB

angle of rotation of leg BC
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1. Introduction

The crushing of short and right prismatic thin-walled structures is of major
interest in the field of energy absorption for their relatively high specific energy
of deformation. Different shapes of axisymmetric ductile tubes result in different
modes of collapse when axially crushed in quasi-static or dynamic tests. Axisym-
metric (or concertina) mode is more likely to occur than a non-symmetric (or
diamond) mode in relatively thick tubes undergoing a plastic crumpling process,
see Fig. 1.

Fig. 1. Axisymmetric mode of deformation [1]

In this figure, an eccentricity (with reference to the tube generator) relating the
inward and outward parts of the folds is evident. When a tube starts to deform into
axisymmetric fold, it may revert to a diamond fold as collapse proceeds.

In Alexander [2] analysis, the material is assumed to be rigid perfectly-plastic
one. In this analysis, the author postulated three plastic hinges and the region
between these hinges are exhibiting plastic circumferential stretching. The wave
length of the fold — to be — was obtained by minimizing the external work consumed
by one-fold formation. Later, many authors adopted a more realistic mechanism of



www.czasopisma.pan.pl P N www.journals.pan.pl
N
S
POLSKA AKADEMIA NAUK

Modeling of the axial crumpling of conical shells 617

folding wherein only outward folding is assumed [3—-8]. However, experimental ob-
servations confirm that the material is capable of folding to both sides of the original
radius of the cylinder. Wierzbicki et al. [9] were the first to account for the inward as
well as outward displacement of the tube generator. To achieve that, they developed
a model of tube crushing which contains two “Super-folding” elements of equal
lengths. The eccentricity parameter has had to be assumed in advance as well as
three stationary plastic hinges have to be instantaneously formed. Though arbitrary
and indeterminate, the so-called eccentricity factor introduced by Wierzbicki et
al. [9] was essential to describe the physical behavior of concertina mode of tube
deformation and folding. The load-deflection history has been analyzed and the
mean crushing load was estimated as well. Following the arguments of Wierzbicki
et al. [9], the eccentricity factor was derived by Singace et al. [10] and values of the
critical angles required for the formation of the inward and outward folds obtained
from the analysis were substantiated by experiments. Both of works [9, 10] were
not valid for the first fold, rather they assumed its existence in advance.

Truncated circular cones (or frusta) are favorable for its stability regarding
plastic behavior during axial crushing. An undetailed analysis was carried out by
Postlethwaite and Mills [11], which was based on Alexander’s method [2]. They
reported the formula for the mean crushing force as:

P =6Yt\i(D +25sina) +5.69Y* tan a . (1)

Mamalis et al. [12] proposed a theoretical model to predict the energy dis-
sipated and the mean crushing load for thin walled circular frusta deformed in
concertina mode. Their model was essentially based on plastic hinge-stretching
concept of material deformation. As external and internal convolutions are alter-
natively formed, the mean crushing load was averaged as:

P=6Yt (VDt + 0.95¢ tan a/) 2

and the wave length of convolutions are
1 +si 2nDt
hy = sina |2n ’ (3a)
2cosa \/ V3
1 —si 2nDt
hy = sina: 27Dt (3b)
2cosa \f V3

Later on, Mamalis et al. [13] were able to predict the deformation history of the
crushing process of frusta as well as cylinders in concertina mode of deformation.
Experiments conducted on Aluminum conical frusta by Gupta et al. [14] have
revealed the transformation of deformation mode from diamond to rolling and
stationary plastic hinges at about 45° semi-apical angle. The inward inversion
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of the smaller end and/or the outward inversion of the large end were found by
Alghamdi et al. [15] to occur in frusta with 60° semi-apical angle and a few of 45°
angles. Mohamed et al. [16] simulated and analyzed the dynamic crushing of thin
frusta. They found that the flow stress, thickness and angle have more influence on
energy absorption by the shell than the bottom diameter and height of the cones.
They argued that as the semi-apical angle decreases, the shell becomes more and
more steep and undergoes more deformation and hence more energy is absorbed
and as the angle increases the shell undergoes less deformation and hence less
energy is absorbed.

To the author’s knowledge, no effort was made to describe and quantify the
inward radial displacement of the tube generator of conical frusta. Thus, a general
and simplified analysis whereby inward folding of conical frusta as well as cylinders
is presented in the pages to follow.

2. Analytical model

The axial crushing process is usually performed by flat platens. While the
platen exerts only normal forces on the walls of cylinder prior to buckling, both
normal and lateral forces are exerted on the walls of a frustum. In view of the
oblique loading on the walls of frusta, externally-radial stresses are built up and
promoting an inward folding. The kinematics governing the formation of one fold
thus requires three moving plastic hinges as well as a three straight link mechanism
in order to allow for inward folding, as shown in Fig. 2. In this mechanism, plastic
hinges are moving such that the inward displacements AA; and CCj satisfy the
boundary conditions, i.e.,

AA| =xsing, (4a)
CCy =xsinvy, (4b)

Fig. 2. A modified model of tube collapse
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so that at the end of a fold, they will be equal, i.e.

AA; = lim (xsinB) =xcosa, (52)
,8—>%—a

CCy= lim (xsiny)=xcosa (5b)
y—5+a

The energy dissipated due to plastic bending is:

7= Ta
WBZ/7T(DA+DB)MPdﬁ+/7T(DB+Dc)Mpd’y, (6)
pB=0 y=0
where
Yt?
w, =Y @)
14 2\/5
Dy =D —2x,sinBsin (8 +a), (8)
Dg=D+2(h; —xsinp) (sin(B+a)) = D¢ +2hysin (y — @), 9)
Dc=D+2(hi+hy—xsiny)sina — 2xsinysin(y — a), (10)
DCO:D+2(h1+h2)sina/. (11)
Thus
w ﬂYtz[ﬂD x{mcosa+2sina(l+sina)}
B=—— -
V3
+ (h1 + hy) {cosa + (n +2e) sina} | (12)

and the energy dissipated due to stretching, neglecting its effect of thinning of the
cross-section, is:

Ws = Wi+ whe,
hy
wit= [y i
oY= et(Y)m (D +2ysina)t=dy,
y=0
where: ]
n{Dp -2 (hi —y)sin(B+a)}

1
(D +2ysina)

er(y) = lim

B—5-a

:2y(1—sina)72xcosa/. (13)
D +2ysina

The location at the leg AB, where the strain is reversed, has to be determined
by letting
e1(y) =0
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so that
Xcosa
y=n-= T—sina’ (14)
—sina
Thus
Vi
W;‘B = / Yei(y)m (D +2ysina)t*dy
=0
hy
+ / Yei(y)n (D +2ysina) tdy
y=y1
= 7Yt {h{(1 - sin@) - 2hjx cos @ + 2x*(1 +sina)} . (15)
Similarly
ho
wBC = / Yer(y)m (D¢, — 2y sina) tdy,
y=0
where
) n{D¢c +2ysin(y —a)}
er(y) = lim - -1
y—+a b4 (DCO - 2y Sin a/)

_ (I +sina)(2y — 2x cos a)

16
D¢, - 2ysina (16)

Again, the location at the leg BC, where the strain is reversed, has to be
determined by letting

e2(y) = 0.
So that
y=y)=xcosa. (17)

Thus

y2

ch = / Yer(y)n (D¢, — 2ysina) rdy
=0
hy
+ / Yer(y)m (D¢, —2ysina) tdy
y=y2

=nYt(1l +sina) (h% — 2hyx cos a + 2x7 cos? ) . (18)
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Summing up, the total energy dissipated in compression or extension is:
Ws = a¥t{hi(1 - sina) - 2h1x cos @ + 2x*(1 + sin @)

+ (1 +sina) (h% — 2hox cos @ + 2x° cosz) } (19)

The energy for plastic dissipation is supplied by the axial compressive force,
thus, the mean crushing force is:

— W,
P = We +Ws , (20)
h
where
h=(h +hy)cosa. (21)
Substituting equations (12), (19) and (21) in Eq. (20)
_ 1 Ye?
P= i i) cosa n\/g {nD —x{mcosa+2sina(l +sina)}
+ (hy + hy) {cosa + (7 + 2a) sin a/}}
+ ﬂYt{h%(l —sina) — 2hjx cos @ + 2x*(1 +sin @)
+ (1 +sin@)(h3 — 2hax cosa + 2x* cos” @) }|. (22a)
Using short notation
_ —C2x+C3 (h1+h2)+C4h%—C5h1x+C6x2+C7h%—Cgh2x+C9x2
P= . (22b)
h1+h2
where
2Y#’D Ye?
Clzﬂ—, C2=H—{7T+2(1+sina/)tana},
V3 cosa V3
Yt? Yt
C=""C (14 (r+20)tane}, Ci=2"(1<sina),
V3 cos @
2nYt (23)
Cs =2nYt, Ce = il (1 +sina),
cos @
Yt
C; = d (1 +sina), Cg =2nYt(1 +sina),
cos &

Co =2nYt(1 +sin@) cos .
Minimizing the mean crushing force, i.e.,
oP 9P 0P _
dx  Ohy  dhy



www.czasopisma.pan.pl P N www.journals.pan.pl
N
SN
FOLSRA A ADEMIA NAUK

622 Riyah N. KITER, Mazin Y. ABBOOD, Omar H. HASSOON
Thus
—-Cy — Cshl + 2C6x — Cghz + 2C9x =0, (24a)
(h1 + h2) {2Cahy = Csx} — {C) = Cax + C4hi — Cshix + Cex*
+ C7h; — Cshax + Cox*} = 0, (24b)
(h1 + h2) (2C7hy — Csx) — {C) = Cox + C4hy — Cshix + Cex?
+ C7h; — Cshox + Cox*} = 0. (24¢)

Solving equations (24) numerically, the three parameters can be computed and
the mean crushing force in equation (22) is determined.
The eccentricity parameters related to each half-wave length are

my = X cosa, (25a)
hi

my = X cos . (25b)
hy

The same procedure can be applied for the first fold (or lobe), in which no
plastic hinge is formed at the smaller end of the frustum, see Fig. 2. The energy
dissipated due to plastic bending becomes:

T

s
T-a Fta

WB=/ﬂDBMpdﬂ+/ﬂ(DB+Dc)Mpdy
B=0 ¥=0

Yt?
= L{D(3n +2a) —x {37 +2a)cosa + 8sina(l +sina)}

43

+ 4 (hy + hy) {cosa + (7 + 2a) sin a}}
and that due to stretching is the same as:
Ws = ﬂYt{h%(l —sina) — 2hyx cos @ + 2x>(1 + sin @)
+ (1 +sina@) (h% — 2hyx cos @ + 2x? cos? )}

Thus

=l
I

1 nYt? . .
{D(37r +2a) —x{(3n +2a)cosa + 8sina(l +sina)}

(h1 + hy)cosar | 44/3
+ 4 (hy + hy) {cosa + (7 + 2a) sin a/}} + nYt{h%(l —sina)

— 2hixcosa +2x>(1 +sina) + (1 +sina) (h% — 2hpx cos @ + 2x% cos? a)}

C1 - sz + C3 (h1 + ]’lz) + C4h% - C5h1x + C6x2 + C7h% - Cghzx + C9)C2
h1 +I’l2
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where
YD
=217 (Br+2a),
4V3 cos a
Yt?
Cy = L ((Br +2a) +8 (1 +sina) tana)} ,
43
nYr?
C3;=— {1l + (7 +2a)tana},
V3
Yt
Ci= L (1 -sina),  Cs=o2nv1,
cos &
2nY't Yt
Co=TL(1+sine), C3=2""(1+sina),
cosa cosa
Cg =2nYt(1 +sina), Co =2nYt(1 +sina) cos a.

3. Numerical study

In order to anticipate the inward folding (or lateral deflection) of thin tubes
under axial compressive load and verify the theoretical results, ABAQUS 14-2
implicit finite element software was employed for this task with one step analysis.
The material properties of the thin tube which used in this model are considered as
elastoplastic materials, using isotropic elasticity, standard von Mises yield criterion
and an associated flow rule; with yield strength oy, = 300 MPa, mass density,
p =7830 kg/m3, Poisson’s ratio, v = 0.3, modulus of elasticity, £ = 207 GPa, and
linear hardening modulus of 1000 MPa. This tube is simulated as a 3-D thin shell
part with different angle of frustum (between O to 25.8 degree). As the main factor
of this study is D /t, different values of D/t were studied. The ratio of D/t as taken
between 20 to 80. The model consists of three parts: upper surface, lower surface,
and the thin tube placed between these surfaces. The two surfaces were modeled as
rigid bodies to eliminate their stresses and deflections. The lower surface is totally
fixed while the upper surface is allowed to move vertically in z-direction along the
tube length as shown in Fig. 3. The upper rigid surface has been given an 80 mm
displacement in z-direction with 1 sec time.

For purpose of determining a proper mesh size that gives accurate results and
allows reducing the required CPU time, different mesh sizes were analyzed as
shown in Fig. 4. In this figure, the value of lateral deflection was linear after 3 mm
mesh size. Thus a 3 mm mesh size (2772) elements a 4-node doubly curved thin
or thick shell, reduced integration (S4R) was selected for this model. However, a
4-node 3-D bilinear rigid quadrilateral (R3D4) element type was selected for the
two rigid surfaces. As the surface contact is not specified, a general contact has
been assumed between all surfaces. This includes the contact between upper and
lower surfaces with the cylinder and also between all surfaces of generated folds.
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Fig. 3. 3D modeling and mesh model of the crushing process

*
b
a

Lateral deflection (mm)
o

3 4 5 6
Element size (mm)

—_
19 o

Fig. 4. Mesh sensitivity curve of buckling process

4. Results and discussion

Special cases are examined as follows:
i. Setting x = 0, equations ((24b) and (24c¢)) are reduced to

2C3h1 (hy + ho) = (C1 + Cald + Ci2) = 0, (26a)

2Chy (hy + ) — (cl + Ok + c7h§) ) (26b)

which in turn are solved as equations (3) reported by Mamalis et al. [12].
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ii. Setting @ = 0, equations (24) are reduced to
it
h=hy=hy=2x - ——, (27a)
43
ntD  mt
20— —= + —x—4x?=0. (27b)
V3 V3
Solving equation (27) for x and A,
it nDt at |?
X = + - , (28a)
8V3 V443 [8\5 ]
h [ nt ]2
—=4|—-|—=] . (28b)
2 V4v3 183
From equation (25), the eccentricity parameter is:
1 1
m=mi=my == —— (29)
h 2 MD _ 4

T

Equation (29) suggests plotting the theoretical together with numerical values

U, Magnitude

+4.297e+01
+3.939%+01
+3.581e+01
+3.223e+01
+2.865e+01
+2.507e+01
+2.149%e+01
+1.791e+01
+1.432e+01
+1.074e+01
+7.162e+00
+3.581e+00
+0.000e+00

Fig. 5. 3D modeling of the crushing process and cross section of the model

of the eccentricity parameter vs. D/t ratio for different values of semi-apical angle
of the frusta. Simulations of the axial buckling of frusta having different semi-
apical angles are conducted to verify this dependency. A typical example of the
simulations is shown in Fig. 5 for the case of cylinder. In Fig. 6, the numerical
simulation always underestimates the value of the eccentricity parameter, although
with a trend similar to that of theoretical analysis. This underestimation may be
attributed to the pre-assumed straight folds used in the analysis, rather than the
semi-circle folds actually produced in experiments. The higher the apex angle of a
frustum and/or the D /f ratio, the more underestimating is the numerical simulation.
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In frusta with high apical angle, the mode of deformation is normally transiting from
folding to inversion; Actually, beyond approximately 30°, the present simulation
exhibited global inversion of the frusta, although higher values of 45° and 60° were
reported by Gupta et al. [14] and Alghamdi et al. [15], respectively.

038 0.7
07 ¢ Num. ===Theo.
T'Ei‘ ' T’Ei 0.6 1 ¢ Num. ===Theo.
5 0.6 B
£ o5 |
5054 ° 0 - g
=] ° g .
8 g 04 4 . N
2 04 A 2 S
03 - 03 -
0.2 T T T 02 : — :
15 35 55 75 95 15 35 55 75 95
D/t Dt
(a) @ = 0 degree (b) @ = 8.6 degree
05 - 0.4
— ¢ Num. ==Theo. :1 + Num. ===Theo.
8 04 &
B g 03 -
g . g by
2 03 - ¢ ¢ . g . R
15 *
“ 02
02 -
0.1 . . . 0.1 . ; .
15 35 55 75 05 15 35 55 75 95
D/t D/t
(c) @ = 17.2 degree (d) @ = 25.8 degree

Fig. 6. Eccentricity parameter for cylinders

In view of the meagre literature on the topic of inward folding, the present
analysis was compared with previous experimental work in Fig. 6, although an ex-
tensive oncoming experimental program will be performed for full comprehension
of the inward folding mechanism as well as for comparison purposes.

Fig. 7 displays the values of the eccentricity parameter deduced presently from
equation (29) and compared with those measured experimentally by Singace et
al. [10] as well as the theoretical values estimated by Singace et al. [10]. In view of
the inadequate experimental data, especially for other higher D /¢ ratios associated
with the concertina mode of failure, it is fair to conclude that these experimental
data are satisfactorily encompassed by the two theories. It should be stated that the
theoretical estimate of Singace et al. [10] is constant at m = 0.65, irrespective of D /¢
ratio; a trend which is not followed by experimental data. Further experimentation
is thus needed.
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0.6 L .
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=
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=

0 T T T T T ]
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Fig. 7. Eccentricity parameter for cylinders

5. Conclusions

An eccentricity (with reference to the tube generator) relating the inward and
outward parts of the folds exists both in cylinders and frusta. While there is little
information regarding this topic in cylinders, almost no mention was made for frusta
whatsoever. A new model wherein an analysis of the inward folding produced in the
axial crushing of frusta was presently built and compared with previous relevant
models as well as experimental findings. The present model was substantiated by
its flexibility and capability of describing and estimating the inward folding in
frusta in general as well as in cylinders as a special case. The analysis suggests a
declining trend of the eccentricity dependence with the D /¢ ratio in contrast with
a previous theory which suggested a total independency. Numerical simulations of
the process were found to:

 underestimate the theoretical values of inward folding in general,

* anticipate more underestimations as the tubes become thinner and/or have

larger apex angle, and

* anticipate as low as 300 apical angle frusta to revert its mode of deformation

to global inversion.
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