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An innovative measurement setup for the dielectric characterisation of fibres in a terahertz
time-domain spectrometer using an HDPE elliptical lens for coupling into the fibres has been
built and validated by measurements of several different types of samples. The setup is based
on a commercial all fibre-coupled terahertz time-domain spectrometer. Measurements of the
effective refractive index have been conducted on polypropylene-based three-dimensional
printing filaments, silica glass rods, and a polytetrafluoroethylene cord of lowered density,
covering the frequency range of approximately 100 GHz to 1 THz. The theoretical part of
the work includes numerical calculations performed via the finite difference eigenmode
method and the characteristic equations of a uniform circular dielectric waveguide for a few
guided modes, from which it is clear that primarily the fundamental mode propagates along
the fibre. Details on model-based phase corrections, crucial to the accurate determination of

the effective refractive index of dispersive fibres, have been presented as well.

1. Introduction

The development of waveguides for the terahertz
frequency range (0.1-10 THz) is an active research area.
Especially, dielectric guiding structures have attracted
considerable attention as THz radiation is strongly
attenuated by water vapour in open structures such as metal
wires. Methods of coupling such waveguides to terahertz-
time-domain spectrometers (THz-TDS) and studying their
propagation properties, e.g., determining the effective
refractive index, have been well-documented [1-9]. A
recent review paper of the progress in terahertz fibres
should also be noted [10]. There is also growing interest in
improving dielectric characterisation methods at sub-THz
frequencies [11]. The coupling methods discussed in the
literature include direct illumination with the THz-TDS
beam [1], which is viable when dealing with large-core
fibres, parabolic mirrors [5], hyper-spherical lens [2], or
symmetric-pass lens [6]. However, to the best of the
authors’ knowledge, a setup using an elliptical lens has not
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yet been reported before, and filling this gap is the goal of
this paper. The main advantage of the setup over others is
the ease of alignment, as the elliptical lens acts as a support
and aid in aligning the ends of the fibre under test with the
optical axis. The second purpose of the paper is to provide
details of a raw THz-TDS result post-processing for the
unambiguous effective refractive index determination of
dispersive structures. The post-processing includes solving
characteristic equations of a uniform circular dielectric
waveguide. It is shown that model-based phase corrections
are crucial to the accurate determination of the effective
refractive index of dispersive fibres.

The organization of the paper is described as follows.
In section 2, fundamental dispersion relations for a uniform
circular dielectric waveguide are summarized. The
experimental setup and design of the elliptical lens are
described in section 3. In the following section, the fibre
measurement procedure, and the extraction of the effective
refractive index are discussed in detail. In section 5, the
measurements and computation results are provided,
followed by a discussion of their validity and conclusions.
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2. Fundamental dispersion relations for a circular
dielectric waveguide

Dielectric fibres support multiple propagating modes
[12]. The fundamental mode of propagation is the HE;
mode, which interestingly does not exhibit a cut-off
frequency [13]. Mode effective refractive indices can be
calculated numerically from dispersion relations (also
known as characteristic equations), the most relevant of
which will be described in this section to provide a
theoretical background for comparisons with the experi-
mental results presented in the paper.

The dispersion relation for the HE;; mode of a uniform
circular dielectric waveguide surrounded by air is given by
[12]

(@) | Kn(q:9) [kflr'l(ma) k3Kn(q20)

pin(P1@)  qKn(q.a)l |piJn(P1@)  q2Kn(q29) W
2

- (%n) (pr? + 43272,

where n is the first mode index denoting the number of
cyclical variations with the azimuthal coordinates, as well
as the order of the Bessel functions, J,, (K,) is the Bessel
function of the first kind (modified Bessel function of the
second kind) and order n, J;, and K, are their derivatives, a
is the radius of the fibre, k; and k, are the propagation
constants inside and outside the waveguide which are
given by

ki = w\/to€oNmat» 2
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where w is the angular frequency and €, (i) is the vacuum
permittivity (permeability), and n,,,; is the index of
refraction of the waveguide material. The symbol £ in (1)
is the mode longitudinal propagation constant, which is
related to the mode effective refractive index n,¢¢ by

B = wnepry/ Mok - “)

The symbols p; and g, in (1) are the transverse
propagation constants inside and outside the waveguide,
respectively

P = \/wzﬂoeonfnat - B2, (5)
qz = \/.82 — w?uo€g . (6)

For the mode index n =0, (1) decouples into two
distinct dispersion relations, namely
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for TMom modes, with m denoting the root number.

The cut-off frequency for TEo; and TMo; modes, which
determines the single-mode operation band is given by
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where c is the speed of an electromagnetic wave in vacuum.
Exemplary plots of the effective refractive indices of HE i,
TEo1, and TMy; modes for a dielectric fibre of a = 1 mm,
Nmar = 2 surrounded by air are shown in Fig. 1.

Fig. 1. Exemplary frequency dependence of the effective
refractive index ngsy for HE11, TEor and TMor modes of
a dielectric fibre with the material refractive index
Nmae = 2 surrounded by air and the radius a = 1 mm.

3. Experimental setup
3.1. Overview

The built experimental setup is shown in Fig. 2.
It uses a Tera K15 all fibre-coupled terahertz time-domain
spectrometer with a long scan range of 1600 ps [14]. The
path of the beam is as follows. The divergent beam from
the emitter E is focused onto a plane wave by a 50 mm
focal-length plano-convex aspheric lens L1 made of
polymethyl pentene (PMP) polymer [14]. Lens L2 is an in-
house-developed high-density polyethylene (HDPE)
elliptic lens with a hole enabling the placement of the fibre
F at its primary focal point. The absorber A blocks any
radiation that does not couple with the fibre and acts as an
additional support. Lenses L2’ and L1’, which are the
counterparts of lenses L2 and L1, couple the fibre output to
the detector D.

3.2. Elliptical lens design

The design of the elliptical lens, the cross-section of
which is shown in Fig. 3, proceeded as follows. Polymers

Fig. 2. Photo of the built experimental setup. E — emitter; L1,
L1’ —aspheric polymethyl pentene (PMP) collimating
lenses, L2, L2’ — elliptical collimating lenses, F — silica
glass rod, A — 10 mm thick absorber, D — detector.
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such as PMP are widely used in terahertz systems due to
their high transparency at (sub-)THz frequencies.
However, for this work, high-density polyethylene (HDPE)
was chosen as it is more readily available and nearly as
transparent as PMP (see Fig. 11 in Ref. 14). The
permittivity of HDPE in the 0.1-1 THz range is virtually
non-dispersive and amounts to € =~ 2.33 (refractive index
Nmar = 1.53), which was determined as part of this work
via measurements of a disk-shaped sample. The initial
design parameter was the height of the lens (equal to two
lengths of the semi-minor axis, a), which was fixed to 2 in
(50.8 mm), where the diameter of the TPX lens (L1 and
L1’) was ca. 1.5 in (38.1 mm). A height of 2 in was chosen
(instead of 1.5 in), so that the beam would not overlap the
lens surface at high incidence angles. The length of the lens
semi-major axis, b, was found via the equation [15]

(10)

As per the design, the length of the semi-major (minor)
lens axis is 33.615 mm (25.4 mm). This puts the two foci
of the lens at 22 mm from the geometric centre of the lens.
The depth of the holes for insertion of the fibre is 9.6 mm,
so that the plane of contact between the fibre and lens is
located 2 mm from the focal point. The depth of the hole in
the lens can be increased in further studies aimed at
optimizing the coupling between the fibre and the lens.

=0} () =] 22 b=233.¢

/

Fig. 3. Geometry of the designed and fabricated elliptical lens.
The hatched area corresponds to the hole for inserting the
fibre. O — centre of the lens, F1, F2 — focal points. All
dimensions are given in mm.

4. Measurement and post-processing procedures

Electric field amplitude time traces of pulses transmitted
through fibres of several different lengths were recorded

with a constant step of 33%1“5. Pulses resulting from

secondary reflections were either insignificant or well-
separated from the main pulse, which passes once through
all components of the optical path. Whenever an appreciable
signal background slope was present, it was recorded by
taking a measurement with the emitter pulse blocked and
subtracted from the measured trace. All time traces were
additionally post-processed using the Tukey window with
the cosine fraction »=0.1 before their Fourier spectra
E(w) were computed. To obtain a single spectrum of the

refractive index n(w) and the absorption coefficient a(w),
it is necessary to obtain the spectrum Eg,, (w) of a sample
of length Lg,,, and the reference spectrum E'ref (w) of a
sample of length of L,.r < Lgg,. Assuming that the
absorption is not significant, the optical constants n(w) and
a(w) are related to the complex transmission function

Esam(w) .
=4n 11
Eref(w) [T |exp (iAg) (11)
by the formulae [13]
=1 —CAd) 12
n(w) =1+ oAL (12)

where AL = Lggym — Lref and c¢ is the speed of an
electromagnetic wave in vacuum, and

a(w)——ﬂn
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The absorption coefficient a in (13) is related to the
imaginary refractive index k (1 = n + ik) by [16]
ac
=30 (14)
Three kinds of materials were characterized in the built
setup: Teflon (PTFE) cord, silica glass rods, and white
polypropylene (PP)-based three-dimensional (3D) printing
filament. The PTFE and PP samples were measured via the
so-called cutback method, i.e., each fibre was successively
shortened and re-measured. Measured sample lengths and
diameters are summarized in Table 1. The optical constants
were determined for each pair [Eg, (@), Eref (w)] of
spectra corresponding to fibres of the same material but of
different lengths, i.e., each sample measurement served as
a reference measurement for all samples of higher length.
The method is based on the assumption that the coupling
coefficients between the lens and fibre remain unchanged
for the different sample lengths.

Table 1
Sample dimensions.

Material Diameter (mm) Lengths measured (mm)
282,251.5,220.9, 189.4, 157,
PTFE 2 127,97, 67.5
Silica glass 2 90, 70, 50, 30
PP 1.75 116.1, 101.1, 70.2, 55.6, 40, 28.1

The correct determination of the refractive index of
dispersive structures requires careful reconstruction of the
optical phase [17]. The experimental optical phase A¢
recovered via (11) is limited to the [0, 27r] range. Before it
can be used in (12), phase unwrapping is applied to map it
to a continuous range of values, after which it should
extrapolate to zero at low frequencies [17]. However, in
practice, the phase in the low frequency range is scrambled
due to instrumental noise. This is especially relevant for the
measurement scheme that was chosen as two sample
transmission spectra are available. Consequently, A¢ (f) is
offset by an unknown number of multiples of 27, although,
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in general, the offset can be an odd multiple of = because
the unwrapped phase can take a value of +m at zero
frequency, assuming m is the threshold value for the
unwrapping algorithm. For non-dispersive materials, it
follows from (11) that Ag varies linearly with frequency.
Thus, the constant phase offset, later denoted as ¢, can be
easily determined through linear regression and
subsequently subtracted from A¢. As will be demonstrated
in the following section, for significantly dispersive
materials, this method is not sufficient. However, by
modelling Ag, for example via characteristic equations, the
correct phase offset can be determined.

Equation (12) can be reformulated and the refractive
index- and frequency-dependent optical phase A¢(n, f)
can be expressed as

2nAL
Ap(n,f) = — 1)Tf~ (15)

The plot of A¢p (f) appears as a straight line even though
n may change significantly (e.g., by tens of percent). The
influence of changes in n on A¢ is much more pronounced
if the spectral deviation of n.¢r from np,, (compare
Fig. 4), i.e., the quantity Aq,')(neff) — A (Nypq) 1s analysed,
where n,,,; is assumed to vary much more slowly with
frequency than n.sr and is therefore approximated as a
constant.

Figure 4 shows the phase difference A¢(ngss) —
A¢p(n,,..) calculated for the PTFE cords with lengths of
Lsgm =282 mm and L,.r = 157 mm, artificially offset by
different values of the phase offset ¢y = {—15x, ... ,—11x},
together with the theoretical phase difference calculated for
the HE 1| mode via the characteristic equation (1) assuming
Nmar = 1.28. In all experimental curves shown in Fig. 4, a
constant phase offset of ¢, = —6r is already accounted for.
The value of ¢, was found via linear extrapolation of the
unwrapped phase in the frequency range of 0.28 THz-0.7
THz. By comparing the experimental curves with the

Fig. 4. Phase difference of Aqb(neff) — Ap(nyge) for PTFE
measurements with 1,4, = 1.28 and Lgg,, =282 mm,
Lyey = 157 with artificial offsets in the range of
[=15m, —11m] (solid lines). The quantity of Aqb(neff)
was calculated after accounting for a phase offset of
¢o =—6m found via linear extrapolation. Adding an
additional phase offset ¢pq = —137 is necessary for the
phase difference to coincide with the theoretical phase
difference (dashed line) for the HE11 mode computed
using the characteristic equation (1).

theoretical one (which is known to extrapolate to 0 at low
frequencies), the additional phase offset ¢ equal to —137
needs to be accounted for. It should be noted that neglecting
¢ results in a significant change in the value of the
extracted refractive index, as shown in Fig. 5. The values
of ¢y was determined for all the pairs of the measured
samples and accounted for in the computation of the 1,
curves presented in the following section.

Fig. 5. Effective refractive index of the PTFE fibre computed
for Legm =282 mm, Lyr =157 mm with and without
accounting for the additional phase offset ¢pg = —13 7
found via comparison with the HE1; mode characteristic
equation (compare Fig. 4).

5. Results

The experimentally obtained frequency dependences of
the effective refractive index of the PTFE cord, the PP-
based 3D printing filament and silica glass rods are shown
in Figs. 6—8. These results are accompanied by theoretical
ones obtained via two different methods. One is the
application of characteristic equations (1), (7), and (8) of
the HE i, TEop1, TMo; modes, respectively, the dispersion

Fig. 6. Example experimental results of the effective refractive
index for the porous PTFE fibre extracted from data
measured for pairs of fibres of lengths of 157 mm and
282 mm, 97 mm and 127 mm, 67.5 mm, and 97 mm vs.
frequency (solid lines). The dispersion relations of
modes HE11, TE11, and TMoi computed via characteristic
equations (1), (7), and (8) are plotted in dashed lines. The
dotted horizontal line is the material refractive index
Nmae = 1.28 assumed in the computations. Empty circles
and squares are results obtained via FDE computations.
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Fig. 7. Example experimental results of the effective refractive
index for the PP-based 3D printing filament extracted
from data measured for pairs of fibres of lengths of
556 mm and 116.1 mm, 55.6mm and 101.1 mm,
28.1 mm, and 101.1 mm vs. frequency (solid lines). The
dispersion relations of modes HEi11, TE11, and TMoi
computed via characteristic equations are plotted in
dashed lines. The dotted horizontal line is the material
refractive  index Npye=1.6 assumed in the
computations. Empty circles and squares are results
obtained via FDE computations and pertain to the HE1;
and TMo1 modes, respectively.

Fig. 8. Example experimental results of the effective refractive
index for the silica glass rods extracted from data
measured for pairs of lengths of 50 mm and 70 mm,
30 mm, and 70 mm vs. frequency (solid lines). The
dispersion relations of modes HE1, TEi1, and TMo
calculated via characteristic equations are plotted in
dashed lines. The dotted horizontal line is the material
refractive index n,,,4; = 1.95 assumed in the calculations.
Empty circles and squares are results obtained via FDE
calculations and pertain to the HE11 and TMo1 modes,
respectively.

relations of which are plotted with a dotted line in Figs. 6-8.
The value of the material refractive index n,,,;, which was
assumed to be a constant for the characteristic equation
computations, is plotted with a dotted horizontal line.

The other type of theoretical results was obtained using
the finite difference eigenmode (FDE) method imple-
mented in the Ansys Lumerical MODE solver, which can
calculate a 2D cross-sectional spatial profile of modal
fields, as well as the frequency dependence of the propa-
gation constant. This method was used to compute the

effective refractive index of HE; and TE modes for the
PTFE and silica glass fibres only. In all computations, the
fibre was assumed to be surrounded by air.

The HEi; modal fields of the silica glass rod at
frequencies of 100 GHz, 200 GHz, and 1 THz are shown in
Fig. 9. The fields significantly extend beyond the rod at
100 GHz and become increasingly confined as the frequency
increases. This is reflected in the saturation of the ng;(f)
curves to the value of n,,,; depicted in Figs. 6-8.

The absorption coefficient (13) for the PTFE cord vs.
frequency is shown in Fig. 10 alongside the absorption
coefficient of bulk PTFE [18]. As it can be seen, the studied
PTFE cord is clearly less lossy than its bulk counterpart (at
least in the range of 0.4—1.1 THz), which will be discussed
in the following section.

(@)

(b)

(©)

Fig. 9. Electric field intensity at 100 GHz (a), 200 GHz (b),
and 1 THz (c) of the fundamental HE|; mode in a cross-
section of a silica glass rod with a diameter of d =2 mm
and an assumed material refractive index of n,,,4; = 1.95
calculated using the Ansys Lumerical FDE solver.
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Fig. 10. Spectrum of the absorption coefficient (13) of the
PTFE cord plotted alongside the absorption coefficient
of bulk PTFE [18].

6. Discussion

Comparisons of the extracted effective refractive
index spectra n(w) with the theoretical dispersion relations
shown in Figs. 6-8 allow to conclude that essentially
fundamental mode propagation occurred in all studied
materials, with the caveat that multimode propagation at
higher frequencies cannot be ruled out, since the effective
refractive indices of modes TEoi;, TMo; (and other higher-
order ones) become close to n.rr of the HEi1 mode.
Consequently, in all cases, the waveguide dispersion
increases rapidly with decreasing frequency as the modal
fields become less and less confined within the fibre. It is
well known that as the frequency decreases, the mode area
of the guided wave increases (see also Fig.9), and the
effective refractive index of the guided wave tends to the
refractive index of the fibre cladding [19], which is air for
the studied samples. What is more, the assumption of the
constant n,,,; turned out to be sufficient to model the
experimentally determined n.¢r via the characteristic
equation (1). However, the agreement of the results with
theory is visibly better for the silica rods than for the two
plastic fibres, which could be attributed to the poorer
sample quality (bending, inhomogeneity, diameter varia-
tions) or possibly the higher material dispersion.

For the fused silica rods, the extracted material
refractive index value of n,,; =1.95 is in very good
agreement with the literature [20]. However, for the PP-
based filament, the value of n,,,; =1.6 is higher than
literature values for PP [21,22] (Myqe = 1.49). This
discrepancy suggests that the studied material was not pure
PP but contained additives. This was partially confirmed by
the separation of two phases of different density and colour
observed during heating the PP filament up to 265 °C.
Also, the fibre bending increases the effective refractive
index [23], which may theoretically lead to an
overestimation of n,,,;, however, it was kept at a minimum
in the experiments and it was assessed that its influence on
Nmar Was negligible.

With regard to the PTFE fibre, n,,,; is equal to 1.28,
which may at first be surprising since all known solid (i.e.,
free of air pores) materials have n > 1.41 at microwave and
terahertz frequencies. However, the studied fibre appeared
to be solid (no air pores were visible) even under micro-

scope inspection with a magnification of about 300. This
fact can be explained if it is assumed that the material is in
fact expanded PTFE (ePTFE), which contains sub-micron
air pores [24] which may not be discernible assuming a
human eye resolution of 250 um. Indeed, the material
density quoted by the manufacturer is 1.5 g/cm?®, whereas
the literature density value for PTFE is in the range of 2.1—
2.2 g/cm®. Assuming that the refractive index is additive on
a molar fraction basis [25, 26], one can estimate n = 1.31
as described below.

Additivity of the molar refraction NV of a binary
mixture on a molar fraction basis can be expressed by the
equation

NV = N1V1x1 + NszXz, (16)

where N is the function of the refractive index n, V = % 1S

the molar volume, x is the mole fraction of the component
i, M is the molar mass, and p is the density. Assuming the
linear mixing rule V =x;V; +x,V, and x; +x, =1,
N can be determined if densities, molar masses, and
refractive indices of the components are known. According
to the simplest mixing rule of Arago-Biot, N = n [26], thus
taking pprrg = 2.15 g/em’, Mprrg = 100.016 g/mol [27],
Nprpe = 143 [18], Mg =1,  pair = 1.225e-3 g/lem?,
M- = 28.97 g/mol, one arrives at n = 1.31, which is only
2.7% higher than the value of 1.28 obtained via the
characteristic equation modelling (see Fig. 6).

An additional indication of the existence of air pores is
the fact that the measured absorption coefficient (see
Fig. 10) is significantly lower than that of bulk PTFE.

The supporting absorber (denoted A in Fig.2)
negligibly affected the transmitted pulse, as it can be seen
in the example time traces shown in Fig. 11. The absorption
of radiation that did not couple to the fibre somewhat
decreases the ripples in the time-domain, and, presumably,
the absorber can be forgone completely, if this is tolerated.
The ripples on the trailing edge of the main pulse in Fig. 11
may be attributable to a secondary reflection from the TPX
lens, as each pass introduces a delay of only approximately
23 ps. Secondary reflections from the HDPE lens can be
ruled out since it has been experimentally determined that
a single pass through a full lens (i.e., one without the hole
for the fibre) introduces a delay of as much as 136 ps.

Fig. 11. Comparison of time-domain pulse traces transmitted
through the setup shown in Fig. 2 with a 90 mm length
silica glass rod sample, with (solid line) and without
(dotted line) the absorber.
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A final comment should also be made on the possible
influence of diffractive limits on the results. At 100 GHz,
the Abbe diffraction limit is slightly below 3 mm, which is
higher than the diameter of the fibres (1.75 mm and 2 mm).
This causes a large fraction of the focused beam not to
couple into the fibre. In theory, this will not significantly
influence the measured effective refractive index and
absorption coefficient if the coupling coefficient is similar
for different fibre lengths. In practice, however, the
diffractive limit is likely to have made the repeatability of
the coupling at low frequencies to deteriorate. This may
explain the variability of the transmission spectra at low
frequencies which in some cases made it impossible to
extract the effective refractive index even though it was
possible for longer fibres (see Fig. 6). Additionally, to rule
out the possibility that the uncoupled radiation would reach
the detector, all experiments were carried out with a 10 mm
thick absorber.

7. Conclusions

An innovative measurement setup for the dielectric
characterisation of fibres in a THz-TDS spectrometer based
on an HDPE elliptical lens has been built and validated
by measurements of a few different types of fibres.
Comparisons of the measured effective refractive index
with numerical simulations allow to conclude that it was
essentially the fundamental HE;; mode that propagated
through the fibre. The nature of the extracted dispersion
relations was influenced primarily by waveguide dispersion.
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