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Design of flexural strengthening based on fib Bulletin 90

Renata Kotynia!, Monika Kaszubska?

Abstract: This paper presents the analysis of intermediate and end debonding failure in slab strengthened
using carbon tapes (Carbon Fiber Reinforced Polymer). The calculations are based on the more accurate
method in the latest fib Bulletin 90. Consideration of additional effects based on three conditions:
basic bond, bond friction and member curvature in the intermediate crack debonding analysis give
the ratios AFy g 4 /AFfrg from 0.01 to 0.11, depending on the cross-section. For comparison in the
simplified analysis of the ratio, Mg 4 / M r 4 is equal 0.76. It is clearly visible the methods requiring more
computational effort give lower values of element effort and allows the design to be more economical.
As the strengthening fulfills the ultimate limit state, it does not meet the serviceability limit state.
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1. Introduction

Reinforcement of reinforced concrete elements for bending with the use of composite
tapes and mats is a commonly used method of increasing the bending load capacity of
elements which, after changing the utility function of the object, show a load capacity
deficiency. The need for reinforcement may also result from the creation of an additional
concentrated or linear load on the floor. The most prevalent failure mode in concrete beams
strengthened in flexure with externally applied FRP is loss of composite action due to
debonding, typically after (and rarely before) steel yielding. Debonding occurs through the
concrete according to one of the following failure modes: intermediate crack debonding, end
debonding, or concrete cover separation. Intermediate crack debonding and end debonding
develop when the bond strength is exceeded. However, they are different with respect to
the starting point of the debonding process, so it should be distinguished into two areas:
the end anchorage region and the rest of the member. The behavior of bond between FRP
and concrete and hence both intermediate crack debonding and end debonding can be
characterized based on the bond shear stress-shear slip relation. Concrete cover separation
develops when a shear crack in the end region of the FRP propagates into a debonding mode
at the level below the internal steel reinforcement [1].

For the analysis of intermediate crack debonding different levels of approximation
are available in [1]: the simplified FRP stress limit method and a more accurate method.
The simplified FRP stress limit method is based on the ultimate FRP strain that has been
defined on the safe side. The more accurate method is based on determining the crack
spacing and on checking the FRP force difference at an element between two adjacent
cracks. The background of this method was formulated by Niedermeier [2] and developed
by Neubauer [3]. The bearing capacity condition is met if the change in force in the strip
in the element between cracks AFygy is lower than the bond strength of the strips to the
concrete: AFrrg on each section between the cracks: AFyrpq < AFyrq. The member is
divided into several sections by means of the flexural cracks (x¢,, X¢r + S7,...) and the
increase of tensile forces in FRP strips on the sections between the cracks is calculated [1]:

(I.D AFrgq = Frea(xer + 57) — Frpa(xer)

The bond strength of the strips to the concrete AFrry is the sum of three effects: the
force from the bilinear bond stress—slip relationship AFyy g, the force from an additional
frictional bond that occurs at the places where debonding has already taken place AFyy ¢
and the component from curvature AFyy c [4-6], Fig. 1:

AFsip + AFfip + AFp ¢

(1.2) AFfRrag =
Yfb
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Fig. 1. FRP force due to basic bond, bond friction and member curvature

The change in force AFyy g is consisted from two parts:

AFS , — AFP
(1.3) AFykp = AF]S;(’B i W@Ed o s Fka’B
\/b%TblkSOkEf’f + Fipq = Frea for Fi p < Frea < Fra
(1.4) AFf g = frok(sr)byty
(1.5) AF;?(’B = \/b;-TblkSOkEftf + Fﬁ,; - Fjl'?c,B
16 FR = % o srff

The first represents the range over which the required transfer length of the bilinear bond
stress—slip model is greater than the length of the element between cracks (s,). The Frgq
force corresponds to the force in the composite at the location of the adjacent crack subjected
to less stress and Fry4 corresponds to the designed composite breaking load. Characteristic
bond stresses as a function of crack spacing are:

ErsorT
A /%;—r (2— ;Tr) for s, <1,
(1.7) Fron(sy) = —

ErsorT
M for Sy > lC
Iy
Ertrs
(1.8) [, = X |20k
2N Ttk

(1.9 Tp1k = 0,37 fem fem
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The second component AFyy r is equal:

0 for  Fypa < Fka,B
1.10) AFpr = 2
( ) AFpir oribr s, 2t0Er | | ThixSok + Fiea _ Frea for FP . < Frpq < Fra
T Erty  bUER  bytrEy e = !
-0,8
(1.11) tork = 10,8ace frp®

The third component AFyy ¢ represents the curvature of the member that influences the
bond of the surface-mounted reinforcement. A convex curvature, as caused by deflection,
causes a change in direction at each concrete element between cracks, which therefore leads
to self-induced contact pressure. This contact pressure on the surface-mounted reinforcement
brings an increase in bond strength. The empirical coefficient x; = 24.3 x 103 N/mm
considers the influence of the curvature on the bond [6]:

Ef— &
(1.12) AFfi.c = 5Kk s <

by

The end debonding analysis for interfacial debonding can be conducted on the basis
of the FRP anchorage capacity and two approaches are presented in [1]. In the first, the
FRP curtailment point is determined following a similar methodology as for curtailment
of internal steel reinforcement according to [7]. In the second the end debonding analysis
is conducted at the flexural crack closest to the point of zero moment or at an arbitrary
concrete element between cracks. The analysis at the flexural crack closest to the point
of zero moment represents the standard situation. Crack develops at the point where the
bending moment equals the cracking moment M,,. In this point the applied moment Mg 4
shall be smaller than the moment resistance Mg4(Ip), with the shift of the tension envelope,
MEgg < Mga(lp). The prestrain of the reinforcement due to the load during strengthening
shall not be considered in this analysis.

&l p(b)Es &% (Ip)Es
(1.13) Mga(ly) = R Apzd + 2Rk Ay
Yrb X Y.

N

The analysis of an arbitrary element between cracks is similar to the more accurate
method in the analysis of intermediate crack debonding. The acting FRP force Fygq should
be lower than the resisting FRP force Frpq, Frpa < Frpa. The resisting FRP force is:

(1.14) Frpa = brty frpa(sr)
k 2FE
(1.15) Froa(sy) = —kpBiy| =L 22
Yrb Iy

Moreover, considering the shift rule in this analysis, it has to be ensured that the cross-
section between the support and the element between cracks being considered possesses
sufficient load-carrying capacity even without the FRP.
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The general equations of the methods used in the paper are presented above. Intermediate
parameters and explanations of variables can be found in the further part of the article. The
example in this article presents the analysis of intermediate and end debonding failure in
slab strengthened using carbon tapes (Carbon Fiber Reinforced Polymer — CFRP). The
calculations are based on the more accurate method published in Fib Bulletin 90 [1].

2. The case study

In the example, the geometry and load condition are used from the real structure. The
slab is located in the residential building in which a wall is required to be constructed
over the first-floor level. The slab is uniformly loaded and simply supported. The slab
is not subject wet environment, the loads are static. The slab can be considered as a
simply supported member over L = 5.9 m span. The bottom reinforcement of the slab
consists of 6 steel bars with diameter @ = 16 mm, the top reinforcement consists of 4 bars
diameter ) = 8 mm. The mechanical, geometrical characteristics and material properties
are: concrete cover — ¢ = 27 mm,; slab’s height — 4 = 185 mm,; tensile bars: — Ag; = 6,
016 = 1206 mm 2; compressive bars — Ay = 4, 08 = 201 mm 2. Jocation of bottom and
top reinforcement — ay1 = 27 + 0/2 = 35 mm; a5, = 31 mm; d = 185 — 35 = 150 mm;
depth of bearing — ¢+ = 200 mm; location of the strip end — ar; = 250 mm; concrete
C35/45, characteristic cylinder compressive strength — fi.x = 35 MPa; design compressive
strength — f.q = afex/ve = 1-35/1.5 = 23.3 MPa (a = 1); characteristic tensile strength —
Jfetm = 3.2 MPa; foix = 0.7+ fom = 0.7-3.2 = 2.2 MPa; elastic modulus — E. = 34000 MPa;
steel reinforcement S400, elastic modulus — E; = 200000 MPa; characteristic yielding
strength — fyx = 400 MPa; design strength — fyq = fix/ys = 400/1.15 = 348 MPa;
strengthening properties, characteristic tensile strength — fr; = 2500 MPa; design tensile
strength— (7 = 1) fra = nfrx/vr = 2500/1.25 = 2000 MPa; modulus — Ey = 160000 MPa;
ultimate strain — er,q = frx/ve/Er = 2500/1.25/160000 = 12.5%0; material factors —
vr = 1.25, ypp = 1.50; thickness — 7 = 1.2 mm, width by; = 100 mm, strip spacing
s < 2h = 370 mm. The assumed stress-strain relationships for the materials used in the
calculations are identical to those in [1,7]. The acting load consists of uniformly distributed
permanent and live loads equal to (for the width of 1 m) G = 6.41 kN/m? and Qy =
2.00 kN/m?, respectively. Moreover, the slab is loaded of 3 m height wall Go; = 5.70 kN/m.
It was assumed that 41% of the wall’s load will be taken by the slab of 1 m width acting zone
~ width of wall +2 slab thickness + span/3 = 2.43 m (1/2.43 = 0.41). The characteristics
bending moment: Mg = 43.85 kN-m. The combination for the ultimate limit state was
obtained according to formula 6.10a [8]. Taking into account: yG sup = 1,35, ¥G,int = 1.00,
vo,1 = 1.50, ¢ = 0.85, yo,1 = 0.7, it is obtained for the ultimate limit state (ULS):

(6.103) 1.35(G1k + 0.4162k) +1.5- 0.7Q1k =13.91 kN/m

(6.10b) 0.85 - 1.35(G 1 + 0.41Gox) + 1.501x = 13.04 kN/m

Gy - L? | O - L? . 041Gy - L?
8 8 8

(2.1)  SLS: Mgy = = 43.87 [kN - m]
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Gig-L* Qug-L*> 041Gy, - L?
+ +
8 8 8
To the cross-section analysis, it is made the following assumptions: the yielding of the
bottom reinforcement (051 = fy4) and the strain in the concrete &, = 3.5%o. The stress in
the top reinforcement is equal to:

(22)  ULS: Mgy =

= 60.52 [kN - m]

X = dg2
(2.3) 052 = Esesno = ES“'JCMTY < fyd
Considering RC rectangular cross-section and the parabola-rectangle constitutive
relationship for the concrete, the equilibrium of internal axial forces gives:

(2.4) 0.8095b fgx + Agr Esen 32

- Asl]gzd =0

The above equation can be transform to quadratic equation in form Ax? + Bx + C = 0.
It gives the depth of the neutral axis and then the strain in the steel reinforcement to
verification earlier assumption:

(2.5) 0.8095bfeqx” + [A2Eseen — Ast fya)x — ApEsEcutsy = 0
(2.6) A = 0.8095bf.q
2.7 B =ApEsec, - Aslfyd
(28) C=-ApnEsec aqn
(2.9) A = B> —4AC
~B+VA
(2.10) x= %_ = 24.3 [mm]
d—x
2.11) 8510 = —Ecu—— = —18.12%0  |gg1| > £ya = 1.74
X
2.12) £20 = Eeu 2 = —0.97%0 |eg| < £ya = 1.74
X

(2.13)  Mga = 0.8095xb fouq(d — 0.4159x) + A Ese520(d — as2) = 59.52 [N - m/m]

For further calculations the calculated bending moment is assumed according to the
formula 6.10a: Mgy = 60.52 KN-m > Mgrg4 = 59.52 kN-m, so the slab needs strengthening.

The first step is to determine the cracks spacing. The cracking moment is equal (assuming
fetmsurf = forms We,0 = 5704166.67 mm?):

h 185
2.14 = 1.6 -——:1.0| = 1.6 -———;1.0]=1.42
( ) Kf; = max ( 6 1000 O) max ( 6 000" 0)
(2.15) Mcr = Kfi formsurt We,0 = 1.42 - 3.21 -5704166/106 =25.91 [kN - m]

Because Mgy = 43.85 kKN-m > M., = 25.91 kN-m, slab is cracking. In this example, 3
CFRP strips per 1m (with spacing: sy = 333 mm) with thickness; #; = 1.2 mm and width
br1 = 100 mm are used. The mean bond stress in the reinforcing bars depends on the type
of bar used. For ribbed rebars and good bond conditions («y,51 = 1):

(2.16) Fosm = Kop1 - 04323 = 1.0.43 - 4323 = 5.28 [MPa]
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The mean bond force is determined via the circumference of the reinforcing steel and
the mean bond stress:

n

(2.17) Figm = ) g ibs i fosm = 6+ 16 - 7+ 5.28 = 1591.73 [N/mm]

i=1
The transmission length of the reinforcing steel is (z5 = 0.85h):

M., 25.91-10°
2.18 Lo= -
2-18) 0= Fyom  0.85-185-1591.73

=103.51 [mm]

The formation of cracks in a strengthened reinforced concrete beam depends on many
factors and indicates considerable scatter. A simplified approximation on the safe side is to
assume it is 1.5 times the transmission length of the reinforcing steel:

(2.19) sy = 1.5 = 1.5-103.51 = 155.27 [mm]

2.1. Design calculations for ultimate limit state (ULS) with passive
CFPR laminates

2.1.1. Intermediate crack debonding

Due to the symmetry of the element, the calculations were made for half of the slab span.
The element was divided in the length section s, (Fig. 3), representing elements between
cracks, starting at the maximum moment. After determining the location of cracks along
the length of the element, determined the tensile force from external loads at the location of
each crack based on the conditions of equilibrium of forces in the section (Fig. 2).

A=360 mm? (3 strips / 1 m)

before strengthening ULS after strengthening
. AL=201 mm? . i Fopg; N ei Foyi
o“Bz (A457§8) 2 { = - "I eoi <2/ Fei
I Ay=1206 mm? 5 ,
® (6#16) ® ° €510, €11 -~ F,,,
i b —'F s
EfJ f

Fig. 2. Strain, stress and forces in RC slab strengthened with CFRP laminates

The bending moment at cracks before and after strengthening, load py = 6.41 kN/m

(assumed only permanent loads), p = 13.91 kN/m (according formula 6.10a [8]) determined
based on:

2
Ol poxcr,i
(2.20) Mo = B xeri - —
2
pl PX. i)
2.21) MEai =5 Yeri = —5"
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The strains (&.,0,;, €51,0,i> €52,0,;) before strengthening in the place of crack formation
was determined by the iteration method, using the equations below:

(2.22) Fo1,00 = Feo,i + Fs2,0,
Mgo;  MEgo,;
2.23 Fs10i = — = -
(2.23) 00 T T 0858
(2.24) F0,i = AsoEses00,i

_sc,(),id
T . Tas2

(2.25) €52,0,i = —&51,0,i
—&¢,0 id
g
—&¢,0,i + €51,0,i
Fs1,0,i

2.2 | = ——
(2.26) E51,0,i A E.
2.27) Feo,i = ki feabxo,i

1000

1mm&&%Q5—-f?aﬁme Ee.0i < 0.002
(228) kl,O,i = 2
- —— for 0.002 c.0.i <0.0035
3000500, or = fe

In general, the considered slab is cracked already for permanent load without wall
(MG1a = 37.65 kKN-m/m > M., and Mg = 27.89 kN-m/m > M_, ). According to [1] the
prestrain (gf,0; at the level of strips) is considered. Based on the equilibrium equations
of moments and forces in the section, the strains &.; in concrete and &¢,; in CFRP strips
and the height of the compressed concrete zone were determined for the sections after
strengthening using the iteration method:

(2.29) Fori+ Frai = —Fei—Fo,
(2.30) Fy1,i(d = kox;) + Frai(h — koix;) — Fyo i (ko,ixi — a2) = MEq,i(Xer,i +ar)
(2.31) Fy1,; = min (Ag1 Es&s1,i5 fyaAst)
(2.32) Fyo; = min (ApEse5; fyaAs2)
(2.33) Frai= ArEgey.i
(2.34) Fei = k1ifeabxi
—&c,i(d — x;)
(2.35) Esl,i = x—l
(2.36) &52,i = —&s1,i(X; — as2)/(d — x;)

1000
1000, ; (0.5 - Tgc’i) for &c.i <0.002

(2.37) ki = )

1 -
3000&.;

for 0.002 < &.; < 0.0035
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8 — 1000,
T for &c,i < 0.002
(2.38) ko = 4(6 — 1000&..;) ,
' 7] 1000s../(3000s,.; - 4) + 2
’ : for 0.002 - < 0.0035
20006, (300080, —2) < é&ci <
—&¢ ih
(2.39) = :

—Ec,i T Efi T EF0,i

The force obtained from iterations for each section are shown in Fig. 3.

19 18 17 16 15 14 13 12 11 10 9 7 5 4 2 [
| | S| sr | sr | sr

I I I I

o
N~ o N~ [0} [o0] [y2] [ce) <~ 2] % [o>] Yo} o
22 g8 d3BEEEERSEE R
rio 2 » € 8 K 8§ 2 & 2 2 = 2 R 3 &8 3 & & %7
0 - hg:‘c\-;t-o.-o--o.-o--o--e-.o--e--.e--e.-.e--e--o--e--o r 0
50 : LT 50
100 T -100
T -150
150
= + -200
=, 200
[T T -250
250 4
T -300
300 + 1 350
350 T + -400
—— [y —¢= F; ©=: F,, -#= F;
400 + -+ 450

Fig. 3. Force in the place of crack formation (results of iterations)

The results of calculations made based on the forces equilibrium in the cross-section at
the place of formation of cracks before and after strengthening allowed to determine the
change in the tensile force AFyg  between successive cracks (Fyeq,; = Fy,;). Following
calculation of the bond strength is carried out for every concrete element between cracks.
First some key parameters were determined. The parameters in the bilinear bond law are
taken as characteristic values [1], so = 0.20 mm and

(2.40) Tp1k = 0.37 Fom fom = 0.37V43-3.21 = 4.35 [MPa]

The effective bond length /, is obtained as:

n |Eftrsok  w \/160000~ 1.20-0.20
2.41 lo= 4= =2 = 147.64
(241 2\/ e 2 435 fm

Characteristic bond stresses as a function of crack spacing s, = 155.27 mm > [,):

E 160000 - 0.20 - 4.35
(2.42) Fyo(s) = | L :\/ = = 340.47 [MPa]
f :
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The component parameters are:

(2.43) AFS 5 = froi(se)bsty = 340.47 - 100 -3 - 1.20/1000 = 122.57 [kN]
SOkEfbftf Srbf
244)  FP p=—T11 - =
( ) fk,B s, Th1k 4
0.20- 160000 - 100 -3 - 1.2 155.27 - 100 - 3
( =77 — 435 ; /1000 = 23.57 [kN]

2
(245  AFfp= \/bjchblkS()kEftf +Fh g - Fip=

\/(3002 -4.35-0.20 - 160000 - 1.2)/10° + 23.57% — 23.57 = 101.24 [kN]
(2.46) ik = 10.8acc f70% = 10.8 - 43 - 0.85 = 0.32 [MPa]

The design tensile force in FRP is equal Fy; = 240.00 kN. The force from the bilinear
bond stress—slip relationship AFy; p and the force from an additional frictional bond
that occurs at the places where debonding has already taken place AFyy r are calculated
according to Eq. (1.10). The component from curvature AFy ¢ is calculated according to
Eq.(1.12). The results for all sections are summarized in Fig. 4. In all sections the condition:
AFfgq < AFyRgq is fulfilled.

¢
19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 f
1 e e e O A O R = e
o}
N~ &N IS M 0O M o ¥ O ¥ 9o v o
nu O W = O «~ O « O uvu O W «— K~ N O O o u
Xio 5 2 8 K 8 2 ¢ 2 e k=283 3 8 3 & K8 8
Z
X, 20 T
k)
&40 T
g
- 60 + T pE— i U S S G
g
*80--.—-.—.—/ﬁ
% == AFgy;, —e= AFpy;
100 +

Fig. 4. The comparison AFygq and AFygg

2.1.2. End debonding

The location of the flexural crack closest to the point of zero moment shall be obtained
under the design loads in the ultimate limit state and without considering the shift of the
tension envelope. The position of the first flexural crack is gained equating Mg 4(xcr) = M.
Finally, for further analysis was assumed x., = 719.11 mm. The tensile force in the FRP
can be anchored, along the bond length, through bond between the FRP and the concrete.
The anchorage length of the strip is the distance between the cross-section considered and
the end of the FRP strip (the distance of the straps from the support ay = 50 mm, support
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width 200 mm):

(2.47) lb:xcr—%—af=719.11—2%—50:569.11 [mm]

The applied moment Mgy = 60.52 kN-m for p = 13.91 kN/m and section x., + ar ) at
the flexural crack closest to the point of zero moment is obtained by taking into account
the shift rule, according to [7] (ar, = d = 150 mm). The limit strain in the strips s;‘.R X lim
can be estimated for characteristic maximum bond strength of the FRP, using 3,(lp) = 1,
0 frpk = 340.47 MPa. The maximum bond length (the effective bond length /. (for 5%

characteristic value)) and the corresponding anchorage length are calculated:

[2=bs/b 2-300/100
(2.48) kp = max L+br/b — max 1+300/100 _ 1 14
1 1
Ert [160000 - 1.20
(2.49) e~15— | L =152 e = 18222 mm
kp 812, 1.14 8-433

(2.50) Ip lim = 164.00 mm

FRP strip’s strain at the flexural crack closest to the point of zero moment is obtained as
(b > Ip,1im):
Jrok _ 340.47

2.51 G N — X =0.0021
21) Efrilim = g 7~ 760000
o (mo
., sin (EIL) s}‘Rk’hm for 0 < Ip < Iplim "
(2.52) eka(lb) = b,lim = &/ Rk lim = 0.0021
‘??‘Rk,lim for I > lplim

The depth of the compression zone at the flexural crack closest to the point of zero
moment is calculated through cross section analysis. The depth of the compression zone is
x% =51.14 mm. The slippage of the FRP strip is given as follows (I, > Ip 1im):

Ip

0.213

1 —cos (z )] for 0<1lp <Ipiim
b,lim
0.213 + (lb - lb,lim) ‘C’?Rk,lim

0.213 + (Ip = Ip,1im) s}’Rk’]im =0.213 + (569.11 — 164.00) - 0.0021 = 1.08

(253) i) =
for Ip > lb,lim

The bond coeflicient for steel reinforcement is obtained by means (with the bond
coefficients are k1 = 2.545, kpp = 1.0, kp3 = 0.8 and «p4 = 0.2 for ribbed bars):

Kb2
_ cm —
(2.54) Kbsk = Kbk W -

43!
2.545 - ) 53 = 0.0036
200000 - 1698 (160000 - 1.20)"




302 R. KOTYNIA, M. KASZUBSKA

The strain of the steel reinforcement is calculated as (where ay = 0.25 for ribbed steel
reinforcement, «,, = 1 for good bond conditions, the effective depth of steel reinforcement
d¢ = d = 150 mm, the effective depth of FRP reinforcement d}? = h = 185 mm, the depth of
the compression zone x¢ = 51.14 mm, the internal lever arms for the FRP ZJ‘Z =166.21 mm
and for the steel reinforcement z{ = 131.21 mm):

a a
dd —x

a _
df x4

Sk

(an+1)/2

@55) e (lp) = min| Kypkpak [sfab)](““””(

min(0.00312; 0.0020) = 0.0020

The moment resistance is calculated according to: Mg(lp) = 68.64 kKN-m > Mg, =
30.41 kN-m. The second option analysis of end debonding is the analysis at an arbitrary
element between cracks. It may be necessary for those members in which owing to the
low tensile strength of the concrete the flexural crack closest to the point of zero moment
is close to the support. In the considered example, such a situation does not occur (above
analysis). In this analysis, the position of the considered element between the cracks can be
assumed at the end of the strips, and its length is equal to the crack spacing s, = 155.27 mm.
The distance of the straps from the support ay = 50 mm, support width 200 mm. Thus,
the cross-section under consideration is x., = 305.27 mm from the center of the support.
To determine the parameter S, the length of the anchorage is equal to the crack spacing,
lp = 5, = 155.27 mm:

lb( lb)
Z(2-2)<1forly <1, 155.2 155.2
l :min[ 23.27 (2 >5. 7),1] =0.98

I
2. = -
(2.56) B ¢ ¢ 182.22 182.22
1 for I, > I,

The design bond strength as a function of the crack spacing is:

k 2E+
(2.57) froa(sy) = _kkbﬁlw,_f 23 =
Yfb Iy

0.17 2 - 160000
- ) 2O 03
Tog 114098 oo 43 = 22934 [MPa]

The resisting FRP force is:
(2.58) Frpa = brty frpa(sy) = 300 - 1.20 - 229.34/1000 = 82.56 [kN]

The tensile force in CFRP strips is less than the load capacity, Frgq = 16.36 kKN <
Frpq = 82.56 kN. The resistance of the section before reinforcement is Mrg = 59.52 kN-m.
The highest value of the moment on the section under consideration, using the shift rule of
moments diagrams, is Mg, = 17.23 kN-m. The cross-section between the support and the
considered cross-section can transfer loads also without the use of FRP strips.
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2.2. Design calculations for serviceability limit state (SLS)

Serviceability limit state (SLS) verification is carried out to deflections, cracking and
stresses with the same basic assumption and load conditions as for unstrengthened slab. To
perform verifications at the SLS it is necessary to evaluate the position of the neutral axis of
the transformed section, as well as the value of the moment of inertia under both the cracked
and uncracked conditions prior to and after installation of FRP strengthening system.

2.2.1. Stress condition

To include the influence of initial strain is made the following assumption:

. M, h—
(2.59) f0 20k 27 %
Ee Mi,rc Xre
The depth of neutral axis after FRP application is calculated from static moment
equilibrium:

1 £
(2.60) - 1 (a’s,eff - 1) “As2 = AseffAst - (d = Xpe) + afeftAf - h—{1+ C,O Xre
2bxrc Ec

The above equation can be transformed to quadratic equation in form Ax? + Bx + C = 0:

(2.61) A=1/2B
(2.62) B = (aseff — 1) - As2 + UseffAs1 + QpeffAf
(263 €= ~(aven = 1) At~ aserhad ~ agerdsh+ arends - (=)
(2.64) A = B> —4AC ’
(2.65) Xpe = _BZ;A‘/Z = 64.10 mm
(2.66) el = scoMM"—(’;c : hx_ < - = 000108

Stress limitations are established according to:
(2.67) 0e = Ep o6l = 11.71 MPa < 0ejim = 0.6fox = 21 MPa
(2.68) £y1 = sé% = 0.00145
(2.69) o1 = Eg&g1 = 290.66 MPa < o = 0.8 f; = 320 MPa
(2.70) o = el T5re g0 = 0.00080
@2.71) op = Epep = 127.49 MPa < T fiim = 0.8f7ux = 2000 MPa
(2.72) o = Epes = 127.49 MPa < ofm = 0.8 fykg—’: = 2000 MPa

Stress conditions are fulfilled.
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2.2.2. Crack control (for quasi — permanent load combination, M ;)

To protect the internal steel reinforcement from corrosion and to guarantee the function-
ality of the RC member, crack widths should be limited in accordance to the crack width
limitations provided in EC2 (wyax = 0.3 mm). The crack control is performed according
to [1], chapter 7.3.2. The residual service life span in hours is ¢t = 28 days (672 h). The
cracking develops later than 28 days, so fcref = foum. The calculation of crack width is
iterative. It can be used by making an initial assumption for wy, to calculate the the slip of
reinforcing steel and FRP, 55 and sy. It is assumed for iteration sy = wy /2 and s¢ = wy /2.
The results presented below are the final results from iteration. To calculate the mean strain
in the FRP between cracks it is needed the strain in the FRP reinforcement at the cracked
section. The depth of the neutral axis after FRP application is calculated from static moment
equilibrium. The static moment equilibrium is transform to quadratic equation in form
Ax* + Bx + C = 0. To include the influence of initial strain is made the corresponding
assumption as for stress control, but for My 4, = 40.67 kKN-m:

g0 _ Mo h—xo

(2.73) 0 =
g Mrgp  Xgp
(2.74) 1/2bx;, + (gei = 1) - Az - (Xgp — a52) =
&
a’s,effASl : (d - xqp) + af,effAf . (h — (1 + 8—10) )qu)
c
(2.75) 1/2bx,, + [(gef = 1) - A2 + Qe Ast + f.eiAr] xgp—
(et = 1) - As2as2 — s et As1d — CYf,effAfl’H'
Mo
afeffA -(h—2x0)=0
f.e ka,qp ( )
(2.76) A=1/2b
(2.77) B = (a’s,eff 1) Ap + s eff As1 + a’f,efTAf
(2.78) C= _(as,eff - 1) “Agag — a’s,eﬁ‘"Asld - af,eﬂ‘Afh"'
Mo
areffA - (h = x
feltAf g ( 0)
(2.79) A= B> —4AC
-B+VA
(280) Xgp = T = 63.5 mm
My gp — Xgp
2.81 I = . = 0.00093
(2.81) K VN -
df —x
(2.82) er =&l L " _ g o =0.00054
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The parameters in the bilinear bond law are taken as characteristic values [1], sox =
0.20 mm and 71 = 4.35 N/mm?. The mean bond stress of FRP [1] is calculated accord-
ing to:

50
(2.83) Stk = 2.5——1p1x = 0.016 mm
Ecm
Thlk
msf for 0 <sp < sk
(284)  Tpm = =2.45 N/mm’

2
Toik | Sy — 28750k + SlkSOk)

for s < s¢ < sok
257 (S1x — Sox)

The mean bond stress of internal steel reinforcement for ribbed bars and medium bond
conditions (ks = 1, ag = 0.25) is equal to:

(2.85) ke =(1+100)%% -1 =1.02
1
2.86 Kooff = ———— kg = 1.98
( ) s,eff (1 T kt)as
ks )
(2.87) Tom = L‘/J_C”"sgs — 3.82 N/mm®
as +1

The effective area of concrete in tension surrounding the steel reinforcement for
xrr = 61.2 mm is calculated according to:

d-xi1h
(2.88) heer = min |2.5(h — d), 3’”’ 5] =29.6 mm
(2.89) Aceff = bheeg = 29601 mm?

The bond coefficient referring to the difference in bond behaviour derived from the
boundary conditions of the single crack state, k¢, = 4 is equal:

TomEsPs
2.90 =1/—=l.64
( ) ff Tsmkbefl‘f

The strain ratio referred to respective axial stiffness of the external and the internal
reinforcement is:
267
291 o = =1.46
@9 s

_ (1 + EfAf/E;Ag)or
U = T (ErAs [EsAy)Sy

2.92) = 1.34

The maximum crack spacing is calculated as follows:

2
A kepEftré
(2.93) Sromax = JerettAc.et /- =100.71 mm
2Thm EGAg + EfAfé:f
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The mean strain in the concrete between cracks is calculated as follows:

(2.94) Som = 0.4% = 0.000038

cm

The mean strain in the FRP between cracks equals to:

&

———— =] = 0.00040
E.Ag + EfAff%

(2.95) efm = &N — 0.5 fereff Ac et

The upper characteristic value of the theoretical crack width in RC members strengthened
with externally bonded with FRP laminates based on the finial iteration equals:

(2.96) Wk = Sr.max (Efm — Eem) = 0.037 mm

That means that crack control condition is fulfilled: wy = 0.037 mm < wpax = 0.3 mm

2.2.3. Long-term deflection (for quasi — permanent load combination, My ,,)

Depth of the neutral axis after FRP application is calculated as: x;, = 63.5 mm.
The moment of inertia for uncracking and cracking section before strengthening are
I, = 610347205 mm*, I, = 256070880 mm*, respectively. The moment of inertia for
strengthening section is:

(2.97) I2f = bx;p/3 + (as,eﬁ - 1) “Ag2 (xqp - asZ)Z + as,effAsl (d- xqp)2+
apeiAs - (h— xgp)* = 333149081 mm*

The considered slab is simply supported and distributed loading, so ays = 5/48. The
coefficient taking influence of the duration of the loading is equal to 8 = 0.5, for sustained
loads. The deflections before and after strengthening are as follows:

(298) Ly =bx),/3+ (ager — 1) - Aga - (xgp — a2)” + senAst - (d = xgp)*+

afeAs - (h— x4p)* = 333149081 mm*

My g2
(2.99) ar = ap —22"_ — 22 4 mm
c,eﬁ’ll
Moy 12
(2.100) arro = ay —2%_ = 36.6 mm
Ec,effIZ
Mi.qp — Mox)I?
(2.101) ariam = QMM = 12.8 mm
Ec ey
(2.102) her = h—x7 = 87.5 mm
I
(2.103) M,, = Jemll _ 55 39 kN m/m
Ccr
2
Mcr
(2.104) g:l—ﬂ(—) =0.85
Miqp

(2.105) a= é’(a][()+a1[AM)+(l —{)al =453 mm
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The deflection doesn’t meet the required condition and the slab needs strengthening,
a =45.3 mm > aper = 23.6 mm. The number of CFRP laminates (11 laminates), which
fulfilled the above condition is not possible to use in presented elements. To reduce deflection
to the limit value the prestressed CFRP EA laminates should be used.

3. Conclusions

The paper presents analysis of the ultimate limit state associated with the debonding
failure in two critical zones: the support and the span. The more accurate method for
intermediate crack debonding is very complex and the calculation must be conducted in
more detailed calculation program (that needs iteration). In publication [1] the main attention
was drawn to the relatively large uncertainty typically observed on the prediction of the crack
spacing. In the presented example for the end debonding analysis also the force equilibrium
in section is obtained iteratively. However, for the analysis of flexural crack closest to the
point of zero moment, approximate formulas may be used to determine force in the section.
In the intermediate crack debonding analysis the ratios AFygq/AFyrq are from 0.01 to 0.08,
depending on the cross-section. For comparison in simplified analysis of (simplified FRP
stress method in which the strain and stress in the FRP is limited, not describe in this paper)
the ratio Mgy /Mgy is equal 0.76. The same rule of comparison the presented above method
for the end plate debonding, the analysis gives ratio Mg/ Mgq(lp) = 0.44 (end anchorage at
the flexural crack closest to the point of zero moment) and Frgq/Frpq = 0.20 (the analysis
at an arbitrary element between cracks). It is clear visible that the methods requiring more
computational effort give lower values of comparing to the simplified method that makes
these methods economically more beneficial. Based on the serviceability limit state (SLS)
the crack control (for quasi — permanent load combination, M 4,) is fulfilled, however the
long-term deflection does not fulfil the required deflection.
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Wzmocnienie na zginanie na podstawie fib Bulletin 90

Stowa kluczowe: zewnetrzne wzmocnienie na zginanie (EBR), materialty kompozytowe (FRP),
zginanie, wzmacnianie, no§no$¢

Streszczenie:

Wzmacnianie elementéw zelbetowych na zginanie przy uzyciu tasm i mat kompozytowych jest
powszechnie stosowana metoda zwickszania no$nosci. Potrzeba zwigkszenia nosnosci moze wynikaé
ze zmiany funkcji uzytkowej obiektu, jak réwniez z powstania dodatkowego obcigzenia skupionego
lub liniowego na stropie. Taki przyktad jest podstawg niniejszego artykutu, w ktérym zaprezentowano
projektowanie wzmocnienia plyty na zginanie przy uzyciu taSm weglowych (Carbon Fiber Reinforced
Polymer — CFRP), wedlug wytycznych fib Bulletin 90 w wersji doktadnej. Analizie poddano ptyte
zelbetowa wzmocniong 3 taSmami na 1 metr szerokoSci plyty. Dodatkowe obcigzenie wynikato
z zaprojektowania nowej §ciany. W pierwszym kroku obliczenia zostaly wykonane w odniesieniu
do mozliwos$ci odspojenia taSmy w czeSci Srodkowej. Ze wzgledu na symetri¢ analizowano tylko
potowe plyty, rozpoczynajac potozenie kolejnych przekrojéw od Srodka belki. Metoda doktadna
opiera si¢ na analizie napr¢zen przyczepnosci taSsm CFRP do betonu na odcinkach migdzy rysami.
Warunek nosnosci jest spetniony, jesli sita rozciggajaca w tasmach CFRP AFypg jest nizsza niz
sifa przyczepnosci taSm do betonu AFy g4 na kazdym odcinku pomiedzy rysami: AFypg < AFyRry.
Sita wystepujaca w taSmach CFRP w miejscach, gdzie zalozono polozenie kolejnych rys zostata
ustalona iteracyjnie na podstawie réwnowagi przekrojow. W przedstawionym przyktadzie warunek
ten zostal spetniony w kazdym analizowanym przekroju. Nastepnie wykonano obliczenia odnoszace
sie¢ do mozliwosci odspojenia taSmy w miejscu zakotwienia. W wersji uproszczonej tej analizy
nalezy wykazac¢, ze moment wynikajacy z dziatajacych obcigzent Mg, jest mniejszy niz moment
Mg (1p) obliczony zgodnie z wytycznymi fib Bulletin 90. Wersja doktadna, czyli analiza odspojenia
korica taSmy pomiedzy rysami moze by¢ konieczna w elementach, w ktérych z powodu niskiej
wytrzymatoS$ci betonu na rozcigganie rysa od zginania bliska miejscu zerowego momentu powstanie
bardzo blisko podpory. Sifa rozciagajaca w tasmach CFRP Fy g4 na ostatnim odcinku migdzy rysami
powinna by¢ mniejsza niz sita przyczepnos§ci kompozytu do betonu: Fyrpg, Frgq < Fypg. Obliczenia
wykonane wedlug metody doktadnej i uproszczonej wykazaty, ze zaproponowane wzmocnienie jest
wystarczajace. W przedstawionym elemencie problematyczne okazato si¢ spelnienie wymagan stanu
granicznego uzytkowalnos$ci zwigzanych z ograniczeniem ugi¢¢. Zgodnie z zaleceniami fib Bulletin
90 sprawdzono warto$¢ naprezen wystepujacych w taSmach CFRP, stali oraz betonie i wykazano,
Ze s3 one mniejsze niz dopuszczalne. Wykonano obliczenia szerokoSci rozwarcia rys réwniez
uzyskujac spelnienie warunku wy = 0,037 mm < wpax = 0,3 mm. Jednak otrzymana warto$¢
ugiecia a = 45,3 mm znacznie przewyzsza wartoS¢ dopuszczalng aper = 23,6 mm. Liczba tasm
CFREP, ktéra pozwolitaby na spetnienie warunku zwigzanego z ugieciami elementu jest niemozliwa do
zastosowania w rozwazanym przyktadzie. Rozwigzaniem tego problemu mogtoby by¢ zastosowanie
tasm sprezonych. Podsumowujac, prezentowane metody weryfikacji no§nosci na zginanie wymagaja
znacznego wysitku obliczeniowego. Na podstawie analizy w miejscu zakotwienia widoczne jest
wprost, ze metoda doktadna pozwala na projektowanie bardziej ekonomiczne. Jednak ostatecznie
stanem granicznym decydujacym o iloSci zastosowanych do wzmocnienia taSm okazat si¢ nie stan
graniczny nos$nosci, a stan graniczny uzytkowalnosci, ktérego spetnienie okazato si¢ niemozliwe przy
zastosowaniu ta$m biernych.
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