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Research paper

Static liquefaction as a form of material instability
in element test simulations of granular soil

Krzysztof Sternik1

Abstract: Static liquefaction is a form of unstable behaviour of granular soil. It is most common in
saturated loose sands under monotonically loaded undrained conditions. Predicting static liquefaction
using an elastic-plastic model that incorporates the non-associated plastic flow rule and strain hardening
is possible. The article briefly describes the unstable behaviour of saturated sand in undrained conditions
under a monotonic load. A simple elastic-plastic model with deviatoric hardening and a Drucker–Prager
load surface is presented. The constitutive relationships were programmed in a Python script. Simulations
of triaxial tests under mixed stress-strain control demonstrated the model’s ability to predict various
undrained sand responses, including fully stable responses (no liquefaction) and partial and complete
liquefaction under triaxial compression and tension. Predicting static liquefaction is possible by properly
selecting the proportions of the parameters involved in plastic potential and loading functions and the
parameter A used in the deviatoric hardening rule of hyperbolic type.
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1. Introduction

In geomaterials, especially soils, two modes of failure may occur before the limit stress
condition is reached: localised and diffuse. The first occurs when a strong concentration of
strain increments is generated in the initially smooth distribution of the strain field. This
concentration comprises a narrow zone (shear band) while, at the same time, a material
beside this zone experiences unloading.

The second one does not exhibit such clear shear surfaces. Material changes gradually
from solid-like into fluid-like, comprising a much larger volume than in shear bands. Many
points reach a failure state through a chaotic displacement fieldwithout any particular geomet-
rical pattern. Both types of failure modes may occur in soil slopes. Many landslides exhibit
clear shear planes, but diffuse failure occurs particularly in slopes inclined even at a very
low angle (as low as 8◦). In that case, soil mass moves downhill as a flow slide or mudflow.

Static liquefaction is an example of a diffuse mode of failure. It occurs mainly in
loose sands when the effective mean pressure decreases to zero. Liquefaction of soils may
lead to flow slides, i.e., shallow slope failures triggered by saturation of the ground and
groundwater seepage. This phenomenon has been extensively studied both experimentally
and theoretically. Theoretical works aim at formulating elasto-plastic constitutive equations
capable of predicting the behaviour of granular materials in undrained conditions.

In the past decades, the liquefaction of soils has been extensively studied experimentally
and theoretically. Experimental works on static liquefaction originate from the works of
Castro [1] and Castro and Poulos [2], a review article by Ishihara [3] as well as more
recent papers by Yamamuro and Lade [4–6], Świdziński [7], Sawicki and Świdziński [8].
Theoretical works aim at formulating elasto-plastic constitutive equations capable of
describing the behaviour of granular materials in undrained conditions. Constitutive models
exhibiting this feature are of different origins:

– elasto-plastic models based on Critical State Soil Mechanics assumptions, e.g. [9–13];
– Lade’s model with a double plastic potential [14];
– generalized plasticity models [15–18];
– incremental octo-linear model [19];
– incrementally non-linear model [20];
– hypoplastic models, e.g. [21, 22].
Static liquefaction can be predicted within the framework of elastoplasticity if two

conditions are met:
1. a model must incorporate hardening and
2. the flow rule must be non-associated.
The article aims to present the capability of the elastic-plastic model with the Drucker–

Prager failure criterion and the deviatoric hardening rule to predict static liquefaction. The
model assumes a non-associated flow rule with the plastic potential function of the original
Cam clay type.

The results of element tests in the axisymmetric condition using the analysed model will
be presented, i.e. the results of the calculation of the model’s response to an enforced load
under mixed control conditions with various constant horizontal total stresses and forced
vertical strain in compression or extension.
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2. Testing in the triaxial apparatus

One of the significant advantages of the triaxial apparatus is the control provided over
drainage from the sample. When no drainage is required (i.e., in undrained tests), solid
end caps are used at the top and the bottom of a sample. The end caps are provided
with porous plates and drainage channels when drainage is required. It is also possible to
monitor pore-water pressures during a test. In drained conditions, a sample can change its
volume without pore-water pressure generation, and total stresses σ are equal to effective
stresses σ’. In undrained conditions, the volume of a sample remains constant. For a fully
saturated sample of granular soil, the relationship between total stresses, effective stresses
and pore-water pressure u in vector form follows Terzaghi’s principle:

(2.1) σ = σ′ + 1u

where 1 = [1, 1, 1, 0, 0, 0]T .
In the above formula the excess of pore-water pressure as well as compressive stresses

are positive.
Test results are usually represented by the invariants of stress and strain, which in

axi-symmetric conditions take the form:

– mean stress p =
1
3
(σa + 2σr )

– deviatoric stress q = σa − σr

– volumetric strain εv = εa + 2εr
– shear strain εq =

2
3
(εa − εr )

where the subscript a stands for axial (vertical), and r stands for radial (horizontal).
In undrained conditions εv = 0, so εq = εa.
Conventional triaxial compression can be represented by a straight total stress path with

a slope η = q/p = 3 in the stress invariant space. In undrained conditions increasing pore-
water pressure bends an effective stress path towards failure condition (critical stress line).

3. Static liquefaction

The critical state was defined by Roscoe et al. [13] as the state at which soil continues
to deform at constant stress and constant void ratio. Jefferies and Been [9, 10] point out
that the volume of soil element is constant, and there is no tendency to change the state.
Casagrande first introduced the term critical state in 1936 [23] regarding a critical void ratio.
Next, Castro [1] conducted triaxial tests on loose samples, which resulted in a well-defined
steady state at the end of the tests. Castro termed the relationship between the critical void
ratio and the mean stress a steady state line.

Poulos [24] formally defined the steady state line: the steady state of deformation for
any mass of particles is that state in which the mass is continuously deforming at constant
volume, normal effective stress, and shear stress and velocity.
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Despite the discussion about whether the critical state and steady state lines are the
same [2, 24–27], Been et al. [25] found that for practical purposes, their equivalence could
be assumed.

Undrained shearing is carried out in the triaxial apparatus, usually after isotropic
consolidation. The typical behaviour of sand in triaxial undrained compression is given in
Fig. 1. Conclusions from this figure also apply to the undrained behaviour during shearing
after anisotropic consolidation.
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Fig. 1. Reaction of granular soil to undrained loading

During shearing in drained conditions, the volume of the sample varies depending on
its initial state. Loose sand decreases its volume, whereas dense sand contracts a little at the
onset of shearing and then dilates. Thus, sand can be contractive or dilative. As Świdziński
points out in [7], the terms loose and dense are not quite adequate since the behaviour of
sand depends not only on the initial void ratio but also on the effective mean pressure. Thus,
terms contractive or dilative are more appropriate.

Depending on the initial state of sand, three types of undrained behaviour are observed
(Fig. 1). Dense sand (initially in the dilative state – curve A) exhibits constant growth of the
deviatoric stress (the strength increases) under monotonic loading. It is accompanied by the
initial development of pore-water pressure and the subsequent drop. The local minimum
of the deviatoric stress is not observed. Instead, a point of inflexion on the stress path is
observed.

Curve B represents the undrained behaviour of initially loose (contractive) sand. In this
case, the stress path exhibits a local peak of deviatoric stress accompanied by increased
pore-water pressure and a drop in the effective mean stress. Then, after a slight fall of
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deviatoric stress, an abrupt turn of the stress path towards increasing strength occurs. The
pore-water pressure drops simultaneously (effective mean stress rises). The local minimum
of deviatoric stress corresponds to the so-called phase transformation [3,27,28]). Under the
phase transformation, the transition from contracting to dilating behaviour occurs (PT line
in Fig. 1). This behaviour is called limited liquefaction. The state of stress corresponding to
the local minimum of deviatoric stress is called the quasi-steady state [23].

Curve C in Fig. 1 represents static liquefaction [1, 7, 29–31]. It occurs in basically
undrained shearing of contractive (initially loose) sands. During monotonic loading, pore-
water pressure increases and the effective mean stress drops. The stress path passes the peak
deviatoric value (peak strength) and then decreases. Both deviatoric and effective mean
stress eventually reach residual values while constantly increasing deformation.

4. Description of the model

The model applied in the simulations assumes deviatoric hardening, which means that
the loading surface is of the type

(4.1) f
(
p, q, εpq

)
= 0

where εpq is the accumulated plastic shear strain, p is the function of the first invariant of
the stress tensor, and q is the function of the second invariant of the stress deviator (the
definitions of both in axisymmetry are given above).

The formulation assumes non-associated flow rule, i.e.

(4.2) dε = dλ
∂g

∂σ
∧ g = g (σ) = const

where dλ is the plastic multiplier and g is the plastic potential function.
The loading surface for granular soils is given by the equation (Fig. 2)

(4.3) f = q − ηp′ = 0

and the deviatoric hardening is of the hyperbolic type

(4.4) η(ε
p
q ) = η0 +

(
η f − η0

) ε
p
q

ε
p
q + A

where η0 is the initial stress ratio, η f is the ultimate stress ratio at failure, A is the material
constant.

In the stress space, the Drucker–Prager cone represents the loading surface, whose
element’s slope varies from η0 = q0/p′0 to η f = qf /p′f . The initial slope q0/p′0 represents
the starting point of the analysis. To avoid singularities during calculations, compres-
sion/extension simulations after isotropic consolidation in the triaxial apparatus when
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q0 = 0, η0 should be a small number. In the case of anisotropic consolidation corresponding
to in situ conditions, η0 takes on the value

(4.5) η0 =
3(1 − K0)

1 + 2K0

where K0 is the coefficient of earth pressure at rest.
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Fig. 2. Evolution of the loading surface with plastic straining

The plastic potential function is chosen in such a way as to ensure a continuous
transition from contractive to dilative behaviour during the deformation process. This can
be achieved by defining plastic potential in a form similar to that used in Cam clay’s original
formulation, i.e.

(4.6) g = q + ηcp′ ln
p′

p
= 0

where ηc is a material constant which represents zero-dilatancy line.
In the above equation, p is defined by the condition g (p′, q) = 0 for the current stress

state on the loading surface. Note that the partial derivative responsible for plastic volumetric
changes

(4.7)
∂g

∂p′
= ηc

(
ln

p′

p
+ 1

)
= ηc − η

so that η = ηc when ∂g/∂p′ = 0 and dεpv = 0. If η < ηc there is dεpv > 0, which means
contraction, while if η > ηc there is dεpv < 0, which means dilatancy.

Figure 3 schematically shows the deviatoric hardening model and plastic potential in
triaxial compression in p − q space.
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Fig. 3. Plastic potential function, loading function incremental plastic strain directions

Inside the yield locus the non-linear elastic behaviour is assumed with the well-known
elastic matrix

(4.8) De =
Esec

(1 + ν)(1 − 2ν)



1 − ν ν ν 0 0 0
ν 1 − ν ν 0 0 0
ν ν 1 − ν 0 0 0

0 0 0
1 − 2ν

2
0 0

0 0 0 0
1 − 2ν

2
0

0 0 0 0 0
1 − 2ν

2


where ν is Poisson ratio and Esec is the stress dependent secant elastic modulus.

At the beginning of the analysis, when volumetric strain ∆εev = 0

(4.9) E = Eref

(
max (p′, pL)

σref

)m
where pL is the limit mean stress, m is a material constant, and σref is the reference stress
usually taken as the atmospheric pressure.

At a more advanced stage of analysis, when ∆εev , 0

Esec = βK
p′
n+1 − p′n
∆εe

v,n+1
(4.10)

βK =
1

3 (1 − 2ν)
(4.11)

where p′
n+1 and p′n are the searched (trial) and converged (starting value of p′ before the

applied load increment) mean stresses respectively. ∆εe
v,n+1 is the trial elastic increment of

the volumetric strain.
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For the non-associated flow rule, the constitutive relation in drained conditions are given
in the usual manner [32]:

dσ′ = Depdε(4.12)

Dep = De −
1
H

(
De

(
∂g

∂σ

) (
∂ f
∂σ

)T
De

)
(4.13)

H = He + Hp; He =

(
∂ f
∂σ

)T
De

(
∂g

∂σ

)
; Hp = −

∂ f
∂ε

p
q

∂g

∂q
(4.14)

The constitutive equation must be complimented for fully saturated soil in undrained
conditions based on Terzaghi’s rule. The pore water pressure increase due to loading is

(4.15) du =
K f

n
dεv = ξdεv

where K f is the bulk modulus of water and n is porosity.
Thus

(4.16) dσ = Depdε + 1du =
(
Dep + ξ11T

)
du

Therefore, the model requires the declaration of six parameters: Eref , ν, m, η f , ηc , A
and additionally σref and pL .

5. Simulations of triaxial compression and extension

5.1. Assumptions

To present the capability of the model to predict static liquefaction of soil in undrained
conditions, the assumptions given below were made.

Three total confining pressures were considered σr = 100, 300, 500 kPa, which were
kept constant throughout the simulations.

The following elastic properties were assumed: Eref = 80000 kPa, m = 0.5, ν = 0.2,
σref = 100 kPa. The elastic modulus was kept constant for the mean stress p′ < pL = 10 kPa.

The ultimate stress ratio at failure η f = 1.6.
The simulation program was carried out using a script in Python by Prof Andrzej Truty

from the Cracow University of Technology, assuming that the mechanical reaction to triaxial
compression and extension in undrained conditions would be tested. The element tests were
carried out under mixed control conditions: the total horizontal stress was kept constant,
and the vertical strain increments were set to a maximum value of 10%. Thus, the answer of
the constitutive model to the applied load was vertical stresses and horizontal strains.

In the performed calculations, the influence of the difference between ηc and η f on
changes in effective stresses and shear curveswas checked. The effect of parameter A in the de-
viatoric hardening law on the mechanical reaction of the constitutive model was also studied.



STATIC LIQUEFACTION AS A FORM OF MATERIAL INSTABILITY IN ELEMENT TEST . . . 317

To study the model’s reaction, three values of zero dilatancy line gradient: ηc =
1.4, 1.5, 1.65 were assumed, of which two are lower than η f = 1.6. In those simulations,
A = 0.0035 was assumed. Also, three values of the parameter A = 0.0015, 0.0035, 0.0055
accompanied by ηc = 1.5 were taken in other simulations.

5.2. Results

The results of simulations of triaxial compression and extension for the set of parameters
representing dense / medium dense sand are presented in Fig. 4 and 5. Since ηc is much
smaller than η f , these results generally do not exhibit liquefaction. Only in the case of the
simulation carried out for the horizontal stress σr = 100 kPa, an unstable state is revealed,
represented by a fragment of the effective stress path, which starts from the point of peak
deviatoric stress to the phase transformation point, where the stress path changes direction and
starts moving away from the origin of the coordinate system. This phase is also evident in the
shear curve forσr = 100 kPa, where the deviatoric stress decreases slightly before increasing
again (Fig. 5). The same mechanical reaction occurs in both compression and extension.

In Fig. 6 and 7, the results are compared for all the assumed values of ηc . There can
be seen that no liquefaction occurs when η f > ηc , while complete liquefaction can be
predicted for η f 6 ηc . Partial liquefaction occurs when ηc is close enough to η f . In the case
of complete liquefaction, the paths of effective stresses tend towards the beginning of the
p − q system (Fig. 6), and the shear curves descend (Fig. 7) for all horizontal stresses σr .

Fig. 4. Total and effective stress paths for triaxial compression and extension for ηc = 1.4
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Fig. 5. Shear curves for ηc = 1.4

Fig. 6. Stress paths for assumed values of ηc and horizontal stresses σr

Similar types of response to the undrained load, as for the changing ratio ηc/η f , are
obtained for different values of parameter A. For the smallest value of A, one does not observe
liquefaction even for σr = 100 kPa. Increasing A leads to an increasingly pronounced phase
of unstable behaviour, eventually leading to liquefaction.
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Fig. 7. Comparison of shear curves for assumed values ηc and horizontal stresses σr

It should be noted that increasing A leads to flatter effective stress paths (Fig. 8) and
a more significant reduction of the initial stiffness (Fig. 9) for all σr . Changes in ηc do not
cause the stress paths to diverge so quickly at the same σr (Fig. 6), and the initial stiffnesses
are almost identical (Fig. 7) in compression and extension.

Fig. 8. Stress paths for different values of the parameter A



320 K. STERNIK

Fig. 9. Shear curves for different values of the parameter A

6. Discussion of the results and conclusions
The response of the presented model shows that static liquefaction can be achieved in

two ways:
– suitably choosing the difference between ηc and η f ,
– suitably selecting the value of parameter A.
In the case of partial liquefaction, the prevailing mechanism in volume changes is plastic

densification, so a progressive increase in pore-water pressure is observed before failure.
The failure mechanism is associated with excessive deformations at a constant level of
vertical stresses.

In the case where ηc ≥ η f , the plastic contraction is predicted in the entire load range
before reaching the failure envelope. Under undrained conditions, this means a continuous
increase in pore pressure and migration of the effective stress path towards the origin of the
p′q stress space. After passing the point of the maximum q, the soil characteristics become
unstable, leading to complete liquefaction.

The presented model has some limitations. One of them is that, except for the case
ηc = η f , the effective stress path asymptotically approaches the Drucker–Prager failure
envelope but does not reach it. Thus, the critical state cannot be reached. Volume changes
do not disappear, and either volumetric expansion (ηc < η f ) or volumetric compression
(ηc > η f ) occurs indefinitely. Nor can the model predict the post-peak softening observed
when dense sands are sheared in drained conditions. These deficiencies can be removed by
introducing a variable η f depending on the current state of stress and soil density as done
by Muir Wood [33].
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Statyczne upłynnienie jako forma niestabilności materiału
w symulacjach testów elementowych gruntu niespoistego

Słowakluczowe: model konstytutywny, symulacja numeryczna, test elementowy, upłynnienie sta-
tyczne

Streszczenie:

Statyczne upłynnienie jest formą niestabilnego zachowania się gruntu niespoistego. Najczęściej
występuje w nasyconych piaskach luźnych w warunkach bez odpływu wody obciążonych monoto-
nicznie. Możliwe jest prognozowanie statycznego upłynnienia przy użyciu sprężysto-plastycznego
modelu, w którym uwzględnia się niestowarzyszone prawo płynięcia plastycznego i wzmocnienie
odkształceniowe. W pracy przedstawiono krótki opis niestabilnego zachowania się piasku nasyconego
wwarunkach bez odpływu pod obciążeniemmonotonicznym. Zaprezentowano prosty model sprężysto-
plastyczny ze wzmocnieniem dewiatorowym i powierzchnią obciążenia Druckera–Pragera. Związki
konstytutywne zaprogramowane zostały w skrypcie Python. Symulacje testów trójosiowego ściskania
i rozciągania i mieszanej kontroli naprężeniowo-odkształceniowej pokazały zdolność modelu do
prognozy różnych reakcji piasku w warunkach bez odpływu, w tym braku upłynnienia, częściowego
i pełnego upłynnienia.

Received: 2023-08-03, Revised: 2023-09-22

https://doi.org/10.1002/(SICI)1099-1484(199604)1:2<145::AID-CFM8>3.0.CO;2-9
https://doi.org/10.1002/(SICI)1099-1484(199604)1:2<145::AID-CFM8>3.0.CO;2-9
https://doi.org/10.1061/AJGEB6.0001129
https://doi.org/10.1680/geot.1991.41.3.365
https://doi.org/10.1139/t85-076
https://doi.org/10.1139/t90-001
https://doi.org/10.3208/sandf.36.2_81
https://doi.org/10.1061/(ASCE)0733-950X(2006)132:4(227)
https://doi.org/10.3208/sandf1972.15.29
https://doi.org/10.1061/TACEAT.0007430
https://doi.org/10.1201/9781315273556

	Krzysztof SternikStatic liquefaction as a form of material instability in element test simulations of granular soil

