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Abstract

This paper investigates entropy generation rate in a temperature-dependent variable viscosity unsteady nanofluid flow past
a convectively heated impulsively moving permeable cylindrical surface. The governing equations based on the modified
Stokes first problem assumption are obtained and transformed using appropriate similarity variables into nonlinear ordinary
differential equations. The numerical shooting method together with the Runge-Kutta Fehlberg integration scheme are
employed to effectively solve the problem. The effects of related parameters on the nanofluid velocity, temperature, skin
friction, Nusselt number, entropy generation rate and Bejan number are displayed graphically and quantitatively explained.
It is found that an upsurge in nanoparticles volume fraction enhances the skin friction, Nusselt number, entropy production

rate and the Bejan number.
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1. Introduction

Impulsively moving permeable heated cylindrical surface in
an infinite nanofluid medium has a wide range of applications
in engineering and industries. Such applications can be found in
the production of composite substances, rocket launching, tor-
pedo, missile, fired bullet, the processing of porous materials,
submarine, thermal insulation, fuel production, glass processing,
and thermal solar panels. Theoretically speaking, this problem
is closely related to an extension of Stokes first problem of un-
steady boundary layer flow past a moving cylindrical surface, as
discussed by Stokes [1]. Meanwhile, Choi [2] coined the term

nanofluid to describe the engineered colloidal suspension of na-
nometer-sized particles in a base fluid. The novelty of nanoflu-
ids lies in their heat transfer enhancement capability. Conse-
quently, studies related to the boundary layer flow of nanofluid
past a moving surface have attracted global attention due to their
useful applications in many industrial and engineering sectors,
as highlighted by Kuznetsov and Nield [3] and others [4-7].

In addition, the generation of entropy is also important in en-
suring the effective functioning of fluid flow and thermal sys-
tems. This concept takes into account the depletion of useful
energy within the system, as explained by Bejan [8]. Therefore,
reducing the entropy generation rate is important in optimizing
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Nomenclature

Be - Bejan number <Be = 1:—N_2)

N1

Bi - thermal Biot number (Bi = %v_ft)
f

Cr - skin friction
Cp - specific heat at constant pressure, J/(kg s)
Ec - Eckert number
Eg - volumetric entropy generation
h - heat transfer coefficient, W/(m2K)
k - fluid thermal conductivity, W/(m K)
N1 - irreversibility because of heat transfer
N2z - entropy generation because of viscous dissipation
Ns - dimensionless entropy production rate
Nu- Nusselt number (Nu = M)
kp(Tp—Teo)
the thermodynamic performance of many engineering flow pro-
cesses. Woods [9] states that the first law of thermodynamics is
essentially a statement about the conservation of energy, while
the second law of thermodynamics highlights how entropy gen-
eration makes technological processes irreversible. Theoretical
studies on the second law analysis of fluid flow with heat trans-
fer characteristics was pioneered by Bejan [10]. Butt et al. [11]
examined the impact of entropy generation on a boundary layer
flow and heat transfer of nanofluid over a cylindrical surface.
Rana and Shukla [12] analytically investigated the effects of en-
tropy production on hydromagnetic boundary layer flow of
nanofluid past a flat plate with aligned magnetic fields, ohmic
heating and viscous dissipation. Freidoonimehr and Rahimi [13]
reported an exact solution for hydromagnetic nanofluid flow and
heat transfer with entropy generation past a permeable stretch-
ing/shrinking sheet surface. The problem of inherent irreversi-
bility in nanofluid flow over a convectively heated radially
stretching disk was numerically examined by Das et al. [14].
Khan et al [15], explored the theoretical analysis for thermal and
mass transport of Maxwell nanofluid along permeable shrinking
surface. The results showed that the thermal boundary layer
thickness decreases with stronger suction influence, resulting in
an increase in heat and mass transfer rate. Zahmatkesh et al. [16]
analyzed the effects of entropy generation rate on stagnation
point flow of nanofluid towards a permeable cylindrical surface
with uniform surface suction and injection. Muhammad and
Makinde [17] discussed the thermodynamics irreversibility in an
unsteady hydromagnetic mixed convective flow over a porous
vertical surface under the combined impact of thermal radiation
and velocity slip. Das et al. [18] numerically investigated the
unsteady hydromagnetic boundary layer flow and heat transfer
of nanofluid past an impulsive convectively heated stretching
sheet with heat source/sink. The entropy generation and heat
transfer of dissipative mixed convection of nanofluid over a ver-
tical cylindrical surface was explored by Agrawal and Kaswan
[19]. Kumar and Mondal [20] studied the flow of heat-radiating
hybrid nanofluids through a stretchable rotating disk with en-
tropy generation in the presence of a magnetic field. The effects
of entropy generation rate on MHD boundary layer flow of a ra-
diating carbon nano-tubes nanofluid was numerically investi-
gated by Mandal and Pal [21].

Pr - Prandtl number (Pr = ”’;{—C”’r)
f

T - fluid temperature, K

Greek symbols
B - variable viscosity parameter
n - dimensionless gap between two-cylinder
6 - dimensionless temperature
A — horizontal movement parameter
u - fluid dynamic viscosity (ambient temperature), kg/(m s)
p - density of the fluid, kg/m3

Abbreviations and Acronyms

ODE - ordinary differential equation
IVP —initial value problem
MHD - magnetohydrodynamic

The aim of this study is to investigate the rate at which en-
tropy is produced in a flow of nanofluids with temperature-de-
pendent viscosity past a permeable cylindrical surface that is
heated and moves impulsively in both vertical and horizontal di-
rections. This research focused on using copper as nanoparticles
and water as the base fluid. Previous research has not explored
this particular geometry, so this study aims to fill that gap in the
literature. Moreover, the inclusion of viscous and porous dissi-
pation terms in the energy equation enables us to examine their
effect on fluid flow and heat transfer. The relevant equations
governing the system are derived and transformed into ordinary
differential equations using appropriate similarity variables. To
solve the model problem, a numerical procedure called shooting
method is employed, which reformulates the original boundary
value problem to a related initial value problem (IVPs) with its
appropriate initial conditions, presented by Ha [22]. The result-
ant IVP is solved numerically using the Runge-Kutta-Fehlberg
integration scheme method for solving linear ordinary differen-
tial equations. The results obtained show the impact of various
parameters on velocity, temperature, skin friction, Nusselt num-
ber, entropy generation rate, and Bejan number. These results
are presented graphically and discussed in detail.

2. Model problem

Consider an unsteady flow of a variable viscosity Cu-water
nanofluid generated by the impulsive motion of a convectively
heated permeable cylindrical surface. It is assumed that the cy-
lindrical body is subjected to both horizontal and vertical motion
as shown in Fig. 1 below.

N

Permeable Surface

Fig. 1. Geometry of the problem.
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The equations that govern the flow field in the boundary
layer are based on the above assumptions, the conservation of
mass, momentum, energy and entropy generation. Using the
boundary layer approximation, as discussed by Munawar et al.
[23], the governing equations of continuity, momentum, energy
and entropy generation rate in cylindrical coordinates, may be
written in the usual notation as [6,16,19,23]:

u 14

P @
u ou u 1 0 u
SV (G-t = (e 5), )
o L yOr _ Knp 109 ( 0Ty, Hnp (0u)?
ot +V ar (pCp)nfr or (T 6r) + (pCp)nf (6r) ! (3)
By = o (IY g e (2 @
g — (Tf_Tw)Z ar (Tf-Teo) \O7/ '

subjected to the boundary conditions
— atr =a(t):
u(at) = Uy, —k; 5 (a,t) = he[Ty — T(a,£)], (5a)

— asr — oo; u(oo,t) » Uy, T(o0,t) = Ty,

(5b)

where u is the velocity in the z-direction while V is the velocity
in the r-direction of the cylindrical polar coordinates, r is the
radius of the cylinder, z is the axial distance, t is the time, U is
the free stream velocity, Uy is the velocity of cylindrical surface
impulsive motion, unr — the nanofluid dynamic viscosity, p,s —
the nanofluid density, T is the temperature, kqr is the conductivity
of the nanofluid, (pCp)ns — the specific heat capacitance of
nanofluid, Tt is the hot fluid temperature at the surface, T. is the
free stream temperature, ki — thermal conductivity of the base
fluid, and hs is the heat transfer coefficient. The physical prop-
erties of water together with copper nanoparticles are listed in
Table 1 below.

Table 1. Nanoparticles and base fluid thermophysical properties [25,26].

Materials p [kg/m?3] Gy [J/(kgK)] k [W/(mK)]
Pure water 997.1 4179 0.613
Copper (Cu) 8933 385 401

2.1. Similarity transformation

The system of differential Equations (1)—(5) consists of coupled
nonlinear equations. Specific feasible similarity transformations
can be utilized to transform the nonlinear system of partial dif-
ferential equations into a nonlinear system of ordinary differen-
tial equations to achieve such simplifications. The following
similarity variables are taken into consideration:

1= V=L 06 = w= UL
(6)
—M(Tf—Too)
ure
ﬂzM(Tf_Too)’ ‘u-nfzf(l_T, a(t) =S Vft

By substituting Eqg. (6) into Egs. (1)-(5) we obtain the di-
mensionless ordinary differential equations:

F' 4 |2 — 0" + A ApeP® (24 o) P - 2 efIF =0,

T]+S
(@)
0" + [n—is + Pra,As (2 + ¢)| 6 + A3 4,PrEce 9 (F')? = 0,
@)
No= (S2) 07 + ey = 0 ©)
S \ky (-¢)2s ’
subjected to the boundary conditions:
F(0) = 2, 0'(0) = —Bi(1 —0(0)),
(10)
F() =1, 0(0) = 0.
The dimensionless parameters are defined as:
A= A =190, Ay =(1-¢)7
f
_ kf _ (Pcp)nf _ U
Ay = kny 57 (ocp), A=, (D
pr=H% gt peo Ve
ke ke ! () ((Tf=Te0)

The physical parameters of interest influencing the flow sys-
tem are ¢ which represents the nanofluid volume fraction,  rep-
resenting the variable viscosity parameter of the nanofluid, s
representing the vertical movement of the cylindrical surface; Pr
is the base fluid Prandtl number (Pr = 6.2), which is a ratio of
momentum diffusivity to thermal diffusivity, Ec is the Eckert
number that defines a ratio of the advective mass transfer to the
heat dissipation, A is the horizontal movement of the model,
¢ > 0 represents nanofluid suction and ¢ < 0 is the nanofluid in-
jection, Ns is the dimensionless entropy generation rate and Bi is
the Biot number defined as the ratio of thermal resistance be-
tween the body and the surface of the body.

Other interesting engineering quantities are the coefficient of
skin friction Cs, the Nusselt number Nu and the Bejan number
Be, given by the following equations:

Re.Cr = —e_(ig_(:;}o) , Nu= —5%6’(0), Be = 1+ch’
where: t
Cf = p;_vljfo' = % y Ty = anz_z |r=a(t);

Ty =—kar 5 lrea, Rec =22 13)
L

and N is the heat transfer irreversibility (HTI), N is the fluid
friction irreversibility (FFI), @ is the irreversibility ratio, 7, is
the cylindrical surface shear stress, q,, is the dimensional heat
flux, Re; is the local Reynolds number.
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For a constant viscosity convectional fluid flow past an im-
permeable stationary cylindrical surface, f=c=¢=A1=0and
s = 1. The model Eqg. (7) is amenable to exact solution based on
the boundary conditions in Eq. (10) and we obtain:

E; @412 —Ei(1, %
o M)

3. Numerical procedure

(14)

The shooting technique with the Runge-Kutta-Fehlberg integral
scheme is a numerical method used to solve model equations.
The dimensionless boundary value problem in the resulting
Egs. (7)—(8), is converted into an initial value problem (I\VVP) by
letting:

X1 = F(U): Xy = F’(n)» X3 = 9(7))' Xy = 9,(7}) (15)

and obtaining:

X =x, (16)

Y N VR Bxs (1)
X' =5 3x, [n+5 Bx, + A A,eP*s ( —+ c)]xz,
a7
X3, = X4 (18)

' 1 + -
X, =— [n: + BAAs (B2 4 )] oy — AgAyPEce P73 ()%,
(19)

with the initial conditions:

x1(0) = 4, x(0) = a;,

x3(0) = ay, x,(0) = =Bi(1 — a,).

(20a)
(20b)

The initial values of a; and a, are guessed initially and
successively obtained using the Newton-Raphson method. The
numerical value is estimated using the shooting procedure. If
these boundary conditions are not satisfied to the required accu-
racy, the procedure is repeated with a new set of initial condi-
tions until the required accuracy is acquired or a limit to the it-
eration is reached [23]. The resultant I\VVP is solved numerically
using any appropriate method for solving nonlinear ordinary dif-
ferential equations (ODE). Then the subsequent system of a set
of nonlinear ODEs is solved by using the Runge-Kutta-Fehlberg
integration scheme.

4. Results and discussion

To fully understand the heat and mass transfer properties in the
overall flow structure, numerical solutions showing the effect of
emerging thermophysical parameters on the nanofluids, temper-
ature profile, velocity profiles, skin friction, Nusselt number, en-
tropy generation, and Bejan number are discussed, and graph-
ically displayed in Figs. 2 to 15. To validate the accuracy of our
numerical procedure, the numerical results obtained for velocity
profiles are compared with their corresponding exact solutions
displayed in Eq. (14). A very excellent agreement is achieved as
depicted in Table 2. This undoubtedly attests to the accuracy of
our numerical procedure and the obtained results. Table 2 pre-
sents a comparison between the exact and numerical results

whenf=c=¢=A=0ands=1.

o 0.16
09 09
0.1
0s 08
#=001, 007, 0.15 0.7 A=0.1,03,05 o
¢=0.1,%=0.1,s = 0.1, Pr =6.2,
06 Bei A=l 5= 1, Prega 06 010 Ec = 0.1, Bi = 0.1, ¢ = 0.005
F'(y) 2= Ta b a5, 85 4, PT =05 F'(y) $=0.1,p=1,5=05,Pr=6.2 o)
03 Ec=2,Bi=01,c=01 V os Ec=0.1, Bi=05,¢ =001 V) 0.08
3=1,4,8
0.4 0 0.06 f
3 03 0.04
Cu-Water . ) o
02 Cu-Water 0.02 u-Water
1 0.1 ) =
0 1 2 3 4 0 1 2 3 4 0s 1 15
n n n

Fig. 2. The impact ¢ of on the velocity
orofile of Cu-water.

7 ¢=0,0.05, 0.1

B=0.1,%=0.1,5=0.1 &
Ec = 0.1, Bi =0.1, ¢ =0.001
Pr=6.2

Cu-Water

Fig. 3. The impact of 1 on the velocity profile
of Cu-water.

— 0.1, 2, 4

— o w— A =0.3,0.5, 0.7

= ¢=0.001,Bi=0.1
Ec=0.1,5=0.1

Fig. 4. The impact of # on the temperature
orofile of Cu-water.

5 — 3 ()1, 2, 4
— o — A =03,0.5,0.7

T ¢=0.001,Bi=0.1
Ec=0.1,s=0.1

Fig. 5. The impact of ¢ on the temperature
profile of Cu-water.

* . -
-

Fig. 6. The impact of ¢, # and 4 on the skin
friction of Cu-water.
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Fig. 8. The impact of ¢ with increase
in ¢ on the Nusselt number of Cu-water.
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Fig. 9. The impact of £ and 4 with increase
in ¢ on the Nusselt number of Cu-water
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Fig. 10. The impact of s and ¢ on the Nusselt
number of Cu-water.
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Fig. 11. The impact of ¢ and Ec on the
entropy generation of Cu-water.

Fig. 12. The impact of s on the entropy
generation of Cu-water.
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Fig. 13. The impact of 1 on the entropy
generation of Cu-water.
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o] ¥ WL e 7 F(7),Exact  F(5), Numerical
Be |1 \ b Be o] AZ04 0203 0 0.00000000 0.00000000
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b -\
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Fig. 14. The impact of ¢ and Ec on the Bejan Fig. 15. The impact of 1 on the Bejan oo 1.00000000 1.00000000

number of Cu-water.

For this study, we used Cu-water nanofluid because of its
high thermal conductivity. It can be observed from Fig. 2 that
there is a decrease in the velocity boundary layer thickness with
an increase in ¢ (nanoparticle volume fraction), this may be at-
tributed to a slight increase in the base fluid viscosity due to the
presence of nanoparticles. This improves the relationship be-
tween Cu-water nanofluid and the heated cylindrical surface re-
sulting in the heat transfer rate enhancement. A similar trend is
observed with the rise in the parameter values of A (surface hor-
izontal motion parameter). As the parameter 4 rises, the velocity
boundary layer thickness diminished, as a result, the interaction

number of Cu-water.

between the nanofluid and the heated cylindrical surface in-
creases as depicted in Fig. 3. Figures 4-5 show the parameter
effects on nanofluid thermal boundary layer thickness. A decline
in thermal boundary layer thickness and nanofluid temperature
are observed with an upsurge in 3 (variable viscosity parameter).
This can be observed by considering Eq. (6), as f increases the
viscosity of the nanofluid reduces causing the fluid to be less
dense affecting the heat transfer rate of the system (see Fig. 4).
In Fig. 5, the temperature profile shows that the temperature of
the nanofluid is maximized on the cylindrical surface by heat
convection, improving heat transfer and decreasing at a moder-
ate rate towards the free flow temperature far from the surface,
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hence an increase in the value of ¢ (nanoparticle volume frac-
tion) escalates the thermal boundary layer thickness.

Figures 6-7 show the parameter effects on skin friction be-
tween the nanofluid and the heated surface. It’s observed that
skin friction lessened with an upsurge in g (variable viscosity
parameter) and A (surface horizontal motion parameter). This is
evident that when the value of 5 amplifies, the nanofluid viscos-
ity is lightened reducing the friction caused by the copper nano-
particle on the cylindrical surface. However, with a rise in the
value of ¢ (nanoparticle volume fraction), the skin friction in-
tensifies due to the increasing presence of copper nanoparticles
in the base fluid as illustrated in Fig. 6. In Fig. 7, a decline in
skin friction is observed with elevated values of s (surface ver-
tical motion parameter) and c (nanofluid suction at the surface).
The effects of parameters on the Nusselt number which repre-
sents the rate at which heat is transferred from the heated surface
to the nanofluid are shown in Figs. 8-10. The heat transfer rate
is enhanced with an upsurge in the parameter value of ¢ and c
due to elevation in temperature gradient at the surface (see
Fig. 8). Similar results are observed in Figs. 9-10 with the rise
in B, 2 and s. The impact on the entropy generation rate by vari-
ous parameters is depicted in Figs. 11-13. In general, the en-
tropy generation rate attained its maximum value at the heated
cylindrical surface and steadily reduces to the value of zero far
away from the heated surface at the free stream region. How-
ever, the entropy generation rate is enhanced with an upsurge in
parameter values of ¢, Ec and s (see Figs. 11-12) but lessened
with a rise in parameter value of 4 (see Fig. 13).

This implies that an intensification in the number of nano-
particles in the base fluid coupled with the vertical motion of the
surface may boost the entropy production in the flow process,
consequently, lessening the flow efficiency. Figures 14-15 il-
lustrate the parameter effects on the Bejan number which is the
ratio of heat transfer irreversibility to the total entropy produc-
tion in the flow system. Generally, it is observed that the Bejan
number is minimum with zero value both at the cylindrical
heated surface and the free stream region, however, within the
boundary layer region the maximum value of the Bejan number
is achieved. This simply implies that only fluid friction irrevers-
ibility contributes to the entropy production rate both at the
heated surface and free stream region while the effects of both
heat transfer and fluid friction irreversibilities are heightened
within the boundary layer region. It is fascinating to mention that
an increase in ¢ and Ec enhances the impact of heat transfer ir-
reversibility in the flow process (Fig. 14) while an increase in 4
lessened the impact of heat transfer irreversibility as depicted in
Fig. 15.

5. Conclusions

The inherent irreversibility in unsteady nanofluid flow past
a convectively heated impulsively moving permeable cylindri-
cal surface has been investigated. The governing nonlinear dif-
ferential equations based on modified Stoke’s first problem as-
sumption were obtained and numerically examined via the
shooting method coupled with the Runge-Kutta-Fehlberg inte-
gration scheme. The main results can be summarized as follows:

e The velocity boundary layer thickness is reduced with an
upsurge in the nanoparticle’s volume fraction and surface
horizontal motion.

e The thermal boundary layer thickness diminished with a
decrease in nanofluid viscosity but amplified with increas-
ing nanoparticle volume fraction.

e The skin friction reduces with a rise in variable viscosity
parameter, surface horizontal motion parameter, surface
vertical motion parameter and nanofluid suction at the sur-
face but escalates with a rise in nanoparticle volume frac-
tion.

e The Nusselt number is enhanced with elevated values of
nanoparticle volume fraction, variable viscosity parameter,
nanofluid suction, horizontal and vertical motion parame-
ters.

e Maximum entropy production occurred at the heated cylin-
drical surface while the minimum was observed at the free
stream region. An increase in nanoparticle volume fraction,
Eckert number and surface vertical motion strengthens the
entropy generation rate while a rise in horizontal motion
lessened it.

e The Bejan number at both the heated surface and free
stream is zero, consequently, only fluid friction irreversi-
bility ensued. Within the boundary layer region, both heat
transfer irreversibility and fluid friction irreversibility oc-
curred with Be > 0. The Bejan number is enhanced with
a rise in nanoparticle volume fraction and Eckert number
but lessened with the heated surface horizontal motion.

In conclusion, entropy generation minimization is an essen-
tial factor for the efficient performance of a nanofluid thermal
boundary layer flow system. This can be achieved by appropri-
ately regulating the values of the emerging thermophysical pa-
rameters in the system. This will innovatively boost the coolant
effectiveness in various engineering and industrial applications.
It is observed that there are strong interdependencies of the flow
variables on entropy generation, and the investigation has poten-
tial utilizations in the thermal management and energy conver-
sion systems. For future research, concepts such as magneto-hy-
drodynamic and concentration can be included to better modify
the current model.
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