
 

1. Introduction 

Nanotechnology is the practice of manipulating matter at the 

atomic, molecular and supramolecular levels. It encompasses 

the design and construction of materials, electronics, and struc-

tures with dimensions ranging from 1–100 nm. Nanotechnology 

finds application in diverse fields, such as environmental re-

search, medicine, materials science, energy, and electronics. By 

working on such a minute scale, nanotechnology opens up new 

possibilities and potential advancements in various industries 

and scientific disciplines. Nanofluids refer to colloidal suspen-

sions of nanoparticles within a base fluid. These nanoparticles 

vary in size from one to one hundred nanometers and can consist 

of diverse materials, including metals, oxides, carbides, and car-

bon nanotubes. The base fluid can be water, oil or another type 

of liquid. The concept of nanofluids was first proposed in the 

early 1990s [1], and since then, extensive research has been con-

ducted to explore their potential applications in heat transfer. 

The incorporation of nanoparticles in a nanofluid significantly 

enhances the thermal conductivity of the base fluid, leading to  

 

Unsteady flow of silica nanofluid over a stretching cylinder with 
effects of different shapes of nanoparticles and Joule heating 

Ramzan Alia*, Azhar Iqbalb, Tasawar Abbassb, Touqeer Arshadc, Azeem Shahzadd 

aUniversity of Doha for Science and Technology, College of General Education, Department of Mathematics, Doha, Qatar 
bDepartment of Mathematics, University of Wah, Wah Cantt, 47040, Pakistan. 

cDepartment of Basic Sciences, University of Engineering and Technology, Taxila,47050, Pakistan. 
dDepartment of Mathematical Sciences, University of Engineering and Technology, Taxila,47050, Pakistan. 

*Corresponding author email: ramzan.ali@udst.edu.qa  

Abstract 

Indeed, nanofluids have garnered significant interest in various fields due to their numerous advantages and potential ap-
plications. The appeal of SiO2 nanofluid, in particular, lies in its low preparation cost, simple production process, controlled 
chemistry, environmental safety and its exceptional ability to be homogeneously suspended in the base fluid, which makes 
it a promising candidate for a variety of applications. In this study, we investigate the flow analysis of a water based silicon 
dioxide nanofluid, passing over a stretched cylinder while subjected to a continuous magnetic field, including Joule heating 
effects. The research involves the development of a mathematical model and the formulation of governing equations rep-
resented as partial differential equations. These equations are subsequently transformed into non-linear ordinary differential 
equations through suitable transformations. To obtain a numerical solution, the MATLAB bvp4c solver technique is em-
ployed. The study investigates the implications of dimensionless parameters on velocity and thermal distributions. It is 
observed that the velocity distribution f'(η) exhibits a direct relationship with the volumetric fraction ϕ and an inverse 
relationship with the unsteadiness parameter S, the magnetic parameter M, and the temperature distribution θ(η) shows an 
enhancement for the increasing ϕ and M, as well as the Eckert number. However, it declines against S and the Prandtl 
number. The results for local Nusselt number and skin frictions are depicted in Tables. 
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Nomenclature 

A ‒ proportionality constant 

B ‒ magnetic field 

b – dimensional constant 

Ec ‒ Eckert number 

f'(η)  ‒ dimensionless velocity distribution  

K ‒ slip parameter 

m ‒ shape factor 

Nu ‒ Nusselt number 

Pr ‒ Prandtl number 

p ‒ pressure 

Re – Reynolds number 

S – unsteadiness parameter 

T – temperature, K  

t ‒ time, s 

U ‒ surface velocity, m/s 

 

 

Greek symbols 

α, α1 – dimensional constants 

η – similarity variable 

(η)  ‒ dimensionless temperature distribution 

𝑣 – kinematic viscosity, m2/s 

 – dynamic viscosity, Pas  

ρ – density, kg/m3  

σ – electrical conductivity, S/m 

ϕ – volumetric fraction of nanoparticles 

 

Subscripts and Superscripts 

𝑓 – fluid 

𝑛𝑓 – nanofluid  

𝑠 – solid particles 

 

Abbreviations and Acronyms 

MHD – magnetohydrodynamics 

ODEs – ordinary differential equations  

PDEs – partial differential equations  

improved heat transfer performance across a wide range of ap-

plications such as electronic cooling, using the thermophysical 

properties of SiO2 in fuel cell [2], in a lithium ion battery, in the 

presence of phase change material [3]. Akram et al. [4] studied 

ethylene glycol based nanofluid for electroosmotic and peristal-

tic pumping, other authors employed similar nanofluidic models 

in solar heating systems [5,6], and Ma et al. [7] extended the 

models for nuclear power plants. Arif et al. [8] studied a frac-

tional model of coupled stress Casson tri-hybrid nano-fluid us-

ing dissimilar shape nanoparticles. A mathematical simulations 

framework is proposed by Akram et al. [9] for peristaltic pump-

ing of nanofluid due to induced magnetic field in a non-uniform 

channel.  

A boundary layer refers to a slender layer of fluid that forms 

as the fluid flows adjacent to a solid surface. Various engineer-

ing disciplines, such as aerodynamics, heat transport and fluid 

mechanics, extensively depend on the understanding of bound-

ary layer flow. This phenomenon plays a crucial role in generat-

ing drag force experienced by objects moving through a fluid, 

as well as facilitating the exchange of heat and mass between the 

fluid and the solid item. In 1970, Crane [10] conducted pioneer-

ing research on boundary layer flow over a stretching surface. 

He developed a mathematical model to describe the two-dimen-

sional incompressible flow of a Newtonian fluid within the 

boundary layer. To solve this model, Crane utilized similarity 

transformations, a powerful mathematical technique commonly 

employed in fluid mechanics. Researchers have explored and 

analyzed the flow behaviour for diverse shapes and arrange-

ments, contributing to a comprehensive understanding of this 

fundamental fluid mechanics phenomenon. 

Ahmed et al. [11] proposed a framework of non-Newtonian 

fluid model of Jeffrey type over a stretching sheet for a convec-

tive heat transfer. Meanwhile, Hayat et al. [12] provided a nu-

merical simulation for heat enhancement using copper nanopar-

ticles dispersed in ethylene glycol, and furthermore studied sim-

ilar models for diverse geometrical effects [13], and for the ax-

isymmetric stagnation point flow [14] over an unsteady radial 

surface, the Casson fluid for convective squeeze flow [15].  

Jabeen et al. [16] studied numerically Williamson nanofluid in 

the presence of viscous dissipation for bioconvection and energy 

activation and the case of inclined stretching cylinder was con-

sidered by Othman et al. [17]. In a series of articles, Hayat et al. 

[18] provided a comparative study of thin film flow for wide 

range of nanofluidic particles in stretchable surfaces [19] using 

boundary layer flows [20]. 

The study of Joule heating in nanofluids is a relatively recent 

area of research that began in the early 2000s with initial inves-

tigations into this phenomenon. Subsequently, there has been 

a notable increase in research efforts aimed at comprehending 

the effects of Joule heating on nanofluids. This extensive explo-

ration has demonstrated that Joule heating has a significant im-

pact on the performance of nanofluids, highlighting its im-

portance as a critical factor to be taken into account in various 

nanofluid-related applications and systems. The effects of Joule 

heating are determined by the product of the magnetic parameter 

and the Eckert number. Numerous studies have been conducted 

to investigate the impact of Joule heating in magnetohydrody-

namic (MHD) channels under various conditions. This research 

aims to understand the influence of Joule heating on fluid flow, 

heat transfer, and other relevant phenomena in MHD systems. 

Chen [21] explored the combined heat and mass transfer in 

buoyancy-induced MHD natural convection flow of an electri-

cally conducting fluid down a vertical plate. Ohmic and viscous 

heating effects are taken into account. Cao et al. [22] provided 

an overview of the use of electrohydrodynamics and Joule heat-

ing effects of direct current (DC) and alternating current (AC) 

in microfluidic chips. Hayat et al. [23] analyzed MHD flow of 

Cu–water nanofluid over a stretched sheet. Joule heating and 

viscous dissipation effects are also studied in this article. Maraj  

et al. [24] examined effects of joule heating, partial slip and vis-

cous dissipation on an electrically conducting Casson nanofluid 

flow, as well as heat and mass transfer, over a nonlinearly stret-

ched horizontal sheet. For Khashi'ie et al. [25] the main objec-

tives of the study are to achieve the duality of solutions and in-

vestigate the flow and heat transfer characteristics of the hybrid 

nanofluid while it passes over a shrinking cylinder with the inf-
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luence of Joule heating. Naseem et al. [26] are considering an 

MHDs boundary layer flow past a flat plate with the inclusion 

of variable temperature, radiation, Joule heating and viscous dis-

sipation effects. Rehman et al. [27] investigates the characteris-

tics of the melting heat phenomenon in a Powell-Eyring fluid 

flow deformed by a linearly stretchable sheet near the stagnation 

point. To disclose the heat transport properties, the study incor-

porates quadratic thermal stratification, thermal radiation, vis-

cous dissipation and Joule heating. Investigation of the unsteady 

stagnation-point flow performance of a TiO2-C2H6O2 nanofluid 

around a shrinking horizontal cylinder is carried out by Ma-

khdoum et al. [28]. The research takes into consideration various 

influencing factors such as a magnetic field, Joule heating, vis-

cous dissipation, nanoparticles aggregation and mass suction. 

These elements are studied to understand their effects on the 

boundary layer flow characteristics of the nanofluid. Raza et al. 

[29] accomplished analysis of a radiative Sutterby nanofluid 

flow containing suspended swimming microorganisms over a 

stretchable cylinder. The article extensively explored the effects 

of Brownian motion, thermophoresis, Joule heating and viscous 

dissipation in the presence of stratification parameters. Alsaedi 

et al. [30] described the bioconvective flow of Reiner-Rivlin liq-

uid susceptible to motile microorganisms. 

Wazawa and Nagai [31] analyzed and characterized several 

parameters in Joule heating due to ion currents through proteins 

channel, and Manshadi and Beskok [32] extended the idea of 

Joule heating induced transport in microchannels. In addition, 

Khan et al. [33] and Narayanaswamy et al. [34] provided a new 

framework on suppression of heat transfer in vertical tube 

through suspension of alumina nanoparticles using Joule heating 

and thermal radiations [35]. 

The peculiarity of this study lies in its examination of the 

unsteady flow of nanofluid around a stretchable cylinder. Addi-

tionally, the study investigates the influence of different shapes 

of SiO2 nanoparticles on the nanofluid's flow behaviour and heat 

transfer, particularly with consideration of the Joule heating ef-

fect. In this study, the impact of relevant factors on the flow and 

temperature is graphically analyzed. Charts are employed to pre-

sent the computational results of skin friction coefficient and 

heat transfer rate. The main findings are systematically orga-

nized and summarized in the conclusions section. 

2. Physical and mathematical description of the 

problem 

In this particular problem, the stretching of a cylinder with sur-

face velocity along the z-axis 

      𝑈(𝑧, 𝑡) =
𝑏𝑧

1−𝛼1𝑡
  

induces an unsteady three-dimensional (3D) flow of nanofluid, 

as illustrated in Fig. 1. The temperature field is denoted by 

𝑇𝑠(𝑧, 𝑡) = 𝑇0 − 𝑇𝑟
𝑏𝑧2

2𝜐𝑓
(1 − 𝛼1𝑡)

−3/2, 

with 𝛼1 and b representing dimensional constants. Here, 𝑇𝑟  is 

the reference temperature, 𝑇0 is the ambient temperature, and 𝜐𝑓 

is the kinematic viscosity of the base fluid. Additionally, a uni-

form magnetic field  

𝐵 (𝑡) =  
𝐵0

(1−𝛼1𝑡)
1/2, 

is considered to act along the radial axis.  

 

 

 

 

 

 

 

 

 

 

 

 

 

According to the usual notation, governing equation of con-

tinuity, momentum, and thermal energy for the current study are 

expressed as follows:  

 
𝜕

𝜕𝑟(𝑟𝑢)
+ 

𝜕

𝜕𝑧(𝑟𝑤)
= 0, (1) 

 
𝜕𝑤

𝜕𝑡
+ 𝑢

𝜕𝑤

𝜕𝑟
+ 𝑤 

𝜕𝑤

𝜕𝑧
=

𝑣𝑛𝑓

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑤

𝜕𝑟
) −  𝑤

𝜎𝑛𝑓

𝜌𝑛𝑓
 .

𝐵𝑜
2

(1−𝛼1𝑡)
, (2) 

 
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑟
+ 𝑤 

𝜕𝑇

𝜕𝑧
= 

𝜇𝑛𝑓

𝜌𝑛𝑓𝐶𝑝
(
𝜕𝑤

𝜕𝑟
)
2

+  𝛼𝑛𝑓 [
𝜕2𝑇

𝜕𝑟2 +
1

𝑟
(
𝜕𝑇

𝜕𝑟
)]+  

 +
𝜎𝑛𝑓𝐵𝑜

2

〖(𝜌𝐶〗𝑝)
𝑛𝑓

𝑤2. (3) 

Equations (1)–(3) are subjected to the boundary conditions  

 at r = R:        𝑤 = 𝑈𝑤  +  𝐴𝑣𝑓
𝜕𝑤

𝜕𝑟
 ,    𝑢 =  0,    𝑇𝑠 =  𝑇  

 as 𝑟 →  ∞:              𝑤 → 0,      𝑇 → 𝑇0. (4) 

Thermo-physical properties in Eqs. (1)–(4) are defined in  

Table 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In addition to the previously mentioned parameters, the 

equation involves the following coefficients and constants: 

 A1: viscosity enhancement coefficient, 

 A2: heat capacitance coefficient, 

 hf: convective heat transfer constant, 

 A: proportionality constant, 

 ϕ: volume fraction of SiO2 in the nanofluid. 

 

Fig. 1. Physical model of flow, the red-arrow showing  

the magnetic field along the r-axis. 

Table 1. Thermophysical properties of nanofluid. [36, 37].  

Properties Mathematical form 

Kinematic viscosity 𝑣𝑛𝑓 =
𝜇𝑛𝑓

𝜌𝑛𝑓
, 

Dynamic viscosity 𝜇𝑛𝑓 = 𝜇𝑓(1 + 𝐴1𝜙 + 𝐴2𝜙
2) 

Electrical conductivity 𝜎𝑛𝑓 = 𝜎𝑓(1 − 𝜙) + 𝜙𝜎𝑠 

Density 𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑠  , 

Heat capacity  𝜌𝐶𝑝)𝑛𝑓
= (1 − 𝜙) 𝜌𝐶𝑝)𝑓 + 𝜙 𝜌𝐶𝑝)𝑠

, 

Diffusivity 𝛼𝑛𝑓 =
𝑘𝑛𝑓

 𝜌𝐶𝑝)𝑛𝑓

 , 

Thermal conductivity 
𝑘𝑛𝑓

𝑘𝑓
=  

𝑘𝑠+(𝑚−1)𝑘𝑓+(𝑚−1)(𝑘𝑠−𝑘𝑓)𝜙

𝑘𝑠+(𝑚−1)𝑘𝑓−(𝑘𝑠−𝑘𝑓)𝜙
 . 
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These coefficients and constants play crucial roles in deter-

mining the behaviour of the nanofluid flow and heat transfer, 

particularly in relation to the viscosity, heat capacitance, con-

vective heat transfer and the influence of SiO2 nanoparticles' 

volume fraction. Table 2 shows the values of the viscosity en-

hancement coefficient (A1), heat capacitance coefficient (A2) and 

form factors. Table 3 shows the thermo-physical characteristics 

of the fluid and silica. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 𝛹 = (𝑈𝑣𝑧)1/2𝑅𝑓(𝜂), (5a) 

 𝜂 =  
𝑟2−𝑅2

2𝑅
(

𝑈

𝑣𝑧
)
1/2

 (5b) 

 𝜃 (𝜂 ) =
𝑇−𝑇𝑜

−𝑇𝑟[
𝑏𝑧2

2𝑣
][1−𝛼1𝑡]

−3/2
 . (5c) 

In this context, 𝛹 represents the stream function, while u and  

w denote the velocity components that satisfy the continuity  
 

Table 2. Impact of incipient factors on skin friction –f '' (0).  

∅ S K Ec M Pr Sphere Blade Cylinder Platelets 

0.02 0.2 0.5 0.5 0.5 6.0 0.80163391 0.9346161 1.1070321 1.2776538 

0.04 - - - - - 0.83543901 1.091834 1.7184747 1.9118712 

0.06 - - - - - 0.87173587 1.2441354 2.5194769 2.64974 

0.08  - - - - 0.91043654 1.3928966 3.4801488 3.4868193 

0.02 0.0 - - - - 0.77531893 0.90361498 1.0700079 1.2347688 

- 0.2 - - - - 0.80163391 0.9346161 1.1070321 1.2776538 

- 0.4 - - - - 0.82600329 0.96339731 1.1415057 1.3176906 

- 0.6 - - - - 0.84861013 0.99016497 1.1736609 1.3551333 

- 0.2 0.5 - - - 0.80163391 0.9346161 1.1070321 1.2776538 

- - 1.0 - - - 0.5654237 0.66873311 0.80475493 0.94130412 

- - 1.5 - - - 0.43972782 0.52414435 0.63632519 0.74994213 

- - 2.0 - - - 0.36083911 0.4322793 0.52780859 0.62514519 

- - 0.5 0.0 - - 0.8016338 0.93461598 1.1070319 1.2776536 

- - - 0.5 - - 0.80163391 0.9346161 1.1070321 1.2776538 

- - - 1.0 - - 0.80163413 0.93461635 1.1070324 1.2776541 

- - - 1.5 - - 0.8016346 0.93461789 1.107034 1.2776558 

- - - 0.5 0.0 - 0.70500522 0.82146064 0.97286742 1.1232813 

- - - - 0.5 - 0.80163391 0.9346161 1.1070321 1.2776538 

- - - - 1.0 - 0.87293338 1.0190793 1.2085495 1.3959192 

- - - - 1.5 - 0.92945001 1.0865073 1.2902392 1.4917594 

- - - - 0.5 4.0 0.8016346 0.93461788 1.107034 1.2776557 

- - - - - 6.0 0.80163391 0.9346161 1.1070321 1.2776538 

- - - - - 8.0 0.80163374 0.93461591 1.1070319 1.2776536 

- - - - - 10.0 0.80163371 0.93461588 1.1070319 1.2776535 

 

Table 3.  Impact of emerging parameters on local Nusselt number −𝜃′(0). 

∅ S K Ec M Pr Sphere Blade Cylinder Platelets 

0.02 0.2 0.5 0.5 0.5 6.0 2.9465264 2.9790597 3.0000152 3.0117782 

0.04 - - - - - 2.961509 3.0129846 3.0235016 3.0148118 

0.06 - - - - - 2.9761148 3.0383966 2.9788285 2.9663797 

0.08  - - - - 2.9902525 3.0580802 2.8791404 2.8805444 

0.02 0.0 - - - - 2.7168342 2.755958 2.78315 2.7987929 

- 0.2 - - - - 2.9465264 2.9790597 3.0000152 3.0117782 

- 0.4 - - - - 3.162634 3.1899354 3.2055882 3.2138224 

- 0.6 - - - - 3.3671808 3.3902631 3.4014138 3.406517 

- 0.2 0.5 - - - 2.9465264 2.9790597 3.0000152 3.0117782 

- - 1.0 - - - 2.7083412 2.7588335 2.8024725 2.8350076 

- - 1.5 - - - 2.5314231 2.5880426 2.6408211 2.6826098 

- - 2.0 - - - 2.3972012 2.4554346 2.5117424 2.557684 

- - 0.5 0.0 - - 3.1842384 3.2548878 3.3231226 3.3800661 

- - - 0.5 - - 2.9465264 2.9790597 3.0000152 3.0117782 

- - - 1.0 - - 2.7088149 2.7032319 2.6769078 2.6434903 

- - - 1.5 - - 2.4711049 2.427418 2.3538109 2.2752103 

- - - 0.5 0.0 - 3.0451521 3.0664606 3.075619 3.0781856 

- - - - 0.5 - 2.9465264 2.9790597 3.0000152 3.0117782 

- - - - 1.0 - 2.864198 2.9050168 2.9347271 2.9532537 

- - - - 1.5 - 2.7932117 2.8406537 2.877529 2.9016253 

- - - - 0.5 4.0 2.4022243 2.4339983 2.4567606 2.4710008 

- - - - - 6.0 2.9465264 2.9790597 3.0000152 3.0117782 

- - - - - 8.0 3.4030649 3.4360023 3.4552401 3.4647965 

- - - - - 10.0 3.8038222 3.8370168 3.8546711 3.862244 
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equation. The velocity components can be expressed as follows: 

 𝑢 =   
−1

𝑟

𝜕𝛹 

𝜕𝑧
=

−𝑅

𝑟
(

𝑏𝑣

1−∝1𝑡
)
1/2

𝑓(𝜂), (6a) 

 𝑤 =  
1

𝑟

𝜕𝛹 

𝜕𝑟
=  

𝑏𝑧

(1−∝1𝑡)
𝑓′. (6b) 

Here, u and w are the axial and radial velocity components, 

respectively, and they are related to the stream function Ψ in 

such a way that the continuity Eq. (1) remains satisfied. 

So by using Eq. (5) and Eq. (6) we have: 

 [1 + 2𝐶𝜂]𝜖1𝑓
′′′ + 2𝐶𝜖1𝑓

′′ − [𝜖3𝑀 + 𝑆]𝑓′ −
𝜂

2
𝑆𝑓′′ +  

 +𝑓𝑓′′ − (𝑓′)2 = 0, (7) 

 [1 + 2𝐶𝜂]𝜃′′ + 2𝐶𝜃′ +
Pr

𝜖2
[𝑓𝜃′ − 2𝑓′𝜃 −

𝑠

2
(3𝜃 + 𝜂𝜃′) +  

 +Ec 𝜖1(1 + 2𝐶𝜂)(𝑓′′)2] +
𝜖1𝑀 Ec Pr

𝜖2
(𝑓′)2 = 0, (8) 

and boundary conditions are:  

 𝑓′(∞) = 0,          𝑓′(0) = 1 + 𝑘𝑓′′(0),  

 𝜃(0) = 1,                            𝜃(∞) = 0, (9) 

where the Eckert number, curvature parameter, Prandtl number, 

unsteadiness parameter, magnetic parameter and slip parameter, 

respectively, are defined as: 

 Ec =
𝑈2

𝐶𝑝∆𝑇
,       𝐶 = √

(1−𝛼1𝑡)𝑣𝑓

𝑏𝑅2 ,       Pr =
𝑣𝑓 𝜌𝐶𝑝)

𝑓

𝐾𝑓
,  

 𝑆 =
∝1

𝑏
,        𝑀 =

𝜎𝑓𝐵𝑜
2

𝜌𝑓𝑏
,        𝐾 = A [

𝑣𝑓𝑈𝑤

𝑧 
]
1/2

,  

where 

 𝜖1 = 
1+𝜙𝐴1+𝜙2𝐴2

1−𝜙+𝜙(
𝜌𝑠
𝜌𝑓

)

,             𝜖2 = 

𝑘𝑛𝑓

𝑘𝑓

1−𝜙+
𝜙 𝜌𝐶𝑝)

𝑠
 𝜌𝐶𝑝)

𝑓

, (10a) 

 ϵ3 = 
1−𝜙+𝜙(

𝜎𝑠
𝜎𝑓

)

1−𝜙+𝜙(
𝜌𝑠
𝜌𝑓

)

,      ϵ4 = 
1−𝜙+𝜙(

𝜎𝑠
𝜎𝑓

)

1−𝜙+
𝜙 𝜌𝐶𝑝)

𝑠
 𝜌𝐶𝑝)

𝑓

, (10b) 

where 𝜖𝑖, 𝑖 = 1, 2, 3, 4, are constants.  

The values of 𝐶𝑓 and Nu provide valuable insights into the 

flow and heat transfer characteristics of the nanofluid around the 

cylinder, and are defined as: 

 𝐶𝑓 =
𝑇𝑤

𝜌𝑓𝑈𝑤
2 ,          with      𝑇𝑤 = 𝜇𝑛𝑓 [

𝜕𝑤

𝜕𝑟
]
𝑟=𝑅

,  

 Nu =
𝑟𝑞𝑤

𝐾𝑓(𝑇𝑠−𝑇𝑜)
,         with     𝑞𝑤 = −𝐾𝑛𝑓 [

𝜕𝑇

𝜕𝑟
]
𝑟=𝑅

.  

They take the dimensionless form as: 

 Re
1

2𝐶𝑓 = (1 + 𝜙𝐴1 + 𝜙2𝐴2)𝑓
′′(0), (11) 

and 

 Re
−1

2 𝑁𝑢 = −
𝑘𝑛𝑓

𝑘𝑓
𝜃′(0), (12) 

where the Reynolds number is defined as Re =
𝑈𝑧

𝑣
. 

3. Numerical procedure  

The renowned and efficient BVP4C method in MATLAB is em-

ployed to numerically solve the reduced nonlinear system of or-

dinary differential equations (ODEs) (7) and (8) along with the 

given boundary conditions (BC) (9). To facilitate the numerical 

solution, these nonlinear ODEs are converted into a system of 

first-order ODEs, and the boundary conditions are substituted 

with appropriate initial conditions by tagging the variables as 

such: 

 (𝑓,  𝑓′ = y1
′ , 𝑓′′ = y2

′  , θ, y4
′ = θ′) = (y1,  y2, y3, y4, y5),  

so Eqs. (7) and (8) in program’s algorithm take the form: 

 𝑓′′′ =
1

𝜖1(1+2𝐶𝑡)
 (−2𝜖1𝐶y(3) + (𝜖3𝑀 + 𝑆)y(2) + 

 +
𝑆𝜂y(3)

2
− y(1)y(3) + y(2)2),  

and 

 𝜃′′ =
1

1+2𝜂𝐶
(−2𝐶y(5) −

Pr

𝜖2
(y(1)y(5) − 2y(2)y(4) −  

 +
𝑆

2
(3y(4) + 𝜂y(5)) + 𝐸𝑐𝜖1(1 + 2𝐶𝜂)y(3)2) +  

 +
𝜖1𝑀 Ec Pr

𝜖2
 𝑦(2))

2
),  

with corresponding boundary conditions: 

 y2(𝐵) = 0,          y2(0) = 1 + 𝑘y3(0),  

 y4(0) = 1,                            y4(𝐵) = 0.  

4. Results and discussion 

This section investigates the impact of emerging physical pa-

rameters on numerically calculated velocity and temperature 

profiles. It looks into the effects of numerous embedding varia-

bles on dimensionless velocity and temperature distributions, 

such as particle concentration, magnetic parameter (M) and Eck-

ert number (Ec). The study intends to obtain insight into how 

these elements impact the flow and thermal behaviour of the sys-

tem by analysing them. Furthermore, the study investigates the 

influence of these values on the skin friction coefficient and 

Nusselt numbers. The data are given in the form of graphs and 

charts, which provide a visual representation of the results for 

easier understanding and interpretation.  

4.1. Velocity profile 

Figures 2 to 6 show how the f '(η) gets affected by variation of 

the volumetric fraction, slip parameter K, unsteadiness parame-

ter S and magnetic parameter M. Figures 2a–2d demonstrate that 

as the volume fraction value increases, there is also a corre-

sponding increase in velocity.  

This phenomenon is attributed to the rise in dynamic viscos-

ity and momentum diffusion. In Figs. 3a–3d, an inverse relation-

ship is observed between the velocity and increasing values of 

K. The reason behind this phenomenon is that an increase in K 

indicates more surface irregularity, which consequently leads to 

a reduction in velocity at the surface area. 
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Figures 4a–4d illustrate the relationship between the un-

steadiness parameter and velocity. It indicates that the velocity 

of the nanofluid decreases with an increase in the unsteadiness 

parameter. This can be attributed to the stretching of the cylin-

der, which reduces the boundary layer thickness associated with 

momentum, leading to a decrease in velocity with the unsteady- 

a)         b)  

c)        d)  

Fig. 2. Impact of ϕ on f '(η): a) sphere, b) blade, c) cylinder, d) platelets. 

a)         b)  

c)        d)  

Fig. 3. Impact of K on f '(η): a) sphere, b) blade, c) cylinder, d) platelets. 
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ness parameter S. 

Figures 5a–5d display the impact of the magnetic parameter 

on the velocity profile. The results reveal that the velocity de-

creases with increasing values of M. This phenomenon can be 

attributed to the rise in Lorentz force, which creates resistive 

forces between the layers of nanofluid, leading to a reduction in 

velocity as the magnetic parameter (M) is enhanced. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a)         b)  

c)        d)  

Fig. 5. Impact of M on f '(η): a) sphere, b) blade, c) cylinder, d) platelets. 

a)         b)  

c)        d)  

Fig. 4. Impact of S on f '(η): a) sphere, b) blade, c) cylinder, d) platelets. 
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Figure 6 clarifies the influence of each multi-shape nanopar-

ticle on the velocity profile. The study reveals that the SiO2-H2O 

nanofluid attains its maximum velocity with platelet-shaped par-

ticles, outperforming cylinder, blade and sphere-shaped particle 

nanofluids. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.2. Temperature Profile  

The effect of volumetric friction on temperature is evident in 

Figs. 7a–7d. The graph clearly illustrates that an increase in the 

volumetric fraction value corresponds to a rise in temperature. 

This phenomenon occurs due to the higher thermal conductivity 

of the nanoliquid resulting from the increase in volume fraction, 

leading to higher temperatures.  

 

Figures 8a–8d clearly illustrate that as the value of the un-

steadiness parameter S increases, there is a noticeable decrease 

in the temperature profile. This physical phenomenon arises 

from the fact that the increase in the unsteadiness parameter en-

hances heat loss due to cylinder stretching. During the stretching 

scenario of an unstable flow, the distances between the mole-

cules become larger, leading to a proportional decrease in the 

temperature profile.  

Figures 9a–9d highlight the outcomes of the influence of the 

magnetic parameter M on the temperature profile. It is observed 

that the temperature increases with the rising values of the mag-

netic parameter. This phenomenon occurs because an increase 

in the values of the magnetic parameter leads to an upsurge in 

the magnetic field, which opposes fluid movement and conse-

quently causes an increase in the nanofluid temperature.  

In Figs. 10a–10d, it is evident that the Prandtl (Pr) number 

exhibits an inverse relationship with the temperature profile. 

This phenomenon occurs because the Pr number reduces the 

thermal diffusivity of the SiO2-water nanoliquid and decreases 

the thickness of the thermal boundary layer. Consequently, heat 

travels more rapidly through the nanoliquid, leading to the ob-

served inverse relationship between the Prandtl number and the 

temperature profile. 

Figures 11a–11d present the relationship between Eckert's 

(Ec) number and temperature. The graph shows that the temper-

ature increases as the Ec number is increased. This phenomenon 

occurs because as the Eckert's number increases, there is a cor-

responding rise in viscous dissipation and kinetic energy. Con-

sequently, the temperature distribution also increases due to the 

enhanced energy dissipation in the nanofluid.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a)         b)  

c)        d)  

Fig. 7. Impact of volume fraction on θ(η)): a) sphere, b) blade, c) cylinder, d) platelets. 

 

Fig. 6. Depiction of effects of shape factors on velocity. 



Unsteady flow of silica nanofluid over a stretching cylinder with effects of different shapes of nanoparticles … 

 

123 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a)         b)  

c)        d)  

Fig. 9. Effects of M on θ(η)): a) sphere, b) blade, c) cylinder, d) platelets. 

a)         b)  

c)        d)  

Fig. 8. Effects of S on θ(η)): a) sphere, b) blade, c) cylinder, d) platelets. 
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a)         b)  

c)        d)  

Fig. 11. The effect of Ec on θ(η): a) sphere, b) blade, c) cylinder, d) platelets. 

a)         b)  

c)        d)  

Fig. 10. The effect of Pr on θ(η): a) sphere, b) blade, c) cylinder, d) platelets. 
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Figure 12 shows the results for the comparison of tempera-

ture values for different shape factors m = 3.0, 8.26, 4.82 and 

5.72, representing sphere, blade, cylinder and platelet shapes, 

respectively. It is observed that the maximum temperature is 

noted for platelet and minimum for sphere-shaped nanoparticles 

of SiO2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.3. Skin friction and Nusselt number 

The study presents numerical values of skin friction in Table 2. 

It is observed that the skin friction decreases with the slip pa-

rameter and increases with the magnetic, volumetric fraction 

and unsteadiness parameters. Among the different nanoparticle 

shapes, the platelet shape exhibits both the maximum and mini-

mum values for platelets and sphere-shaped nanoparticles, re-

spectively. 

Furthermore, Table 3 illustrates the values of the Nusselt 

number for variations in the Eckert number, volume percentage, 

unsteadiness parameter and magnetic parameter. The Nusselt 

number magnitude decreases with increasing values of M and 

Ec. Conversely, it increases with higher volumetric percentage 

and unsteadiness parameter values. Notably, SiO2 nanoparticles 

with spherical shapes have the highest Nusselt numbers, while 

platelet shapes have the lowest values. 

5. Conclusions  

The study aims to analyze the effects of various parameters on 

the velocity distribution f '(η) and temperature distribution θ(η) 

in the MHD flow of nanofluids containing different shaped na-

noparticles (spherical, platelet, blade and cylinder) in an SiO2-

H2O nanofluid. The investigations have been focused on under-

standing how the pertinent parameters impact the velocity and 

temperature profiles in the system. In conclusion, the velocity 

profile is positively affected by the volume fraction ϕ, while it 

is negatively influenced by the slip parameter K, magnetic pa-

rameter M and unsteadiness parameter S. The temperature field 

rises with higher values of volume fraction ϕ, M and Eckert pa-

rameter Ec, but decreases with the Prandtl number Pr and un-

steadiness parameter S. The skin friction decreases as the slip 

parameter value increases, but it rises with the magnetic param-

eter, volume fraction and unsteadiness parameter. The Nusselt 

number exhibits an increasing trend for increasing values of  

Pr, ϕ and S, while it decreases with the Eckert number and mag-

netic parameter. 
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