
 

1. Introduction 

A couple stress fluid displays distinctive behaviour, shaped by 

internal rotational effects resulting from the interaction of forces 

and moments within the material. In fluid mechanics, these 

properties influence how the fluid responds to external forces, 

impacting factors like flow characteristics, stress distribution, 

and deformation. In unsteady flow, the dynamic behaviour of 

a couple stress fluid is characterized by the interaction of rota- 

tional forces within the material, impacting fluid flow patterns 

and responses, particularly in the presence of changes in external 

forces. The couple stress fluid based on pure kinematic behav-

iour was proposed mathematically by Stokes in 1966 [1]. The 

couple stress fluid shows the rotational effects and sustention of 

couple stresses which were not observed for Newtonian fluids. 

The properties of the couple stress fluids when they flow past 

a sphere and spheroid have been studied [2]. A method was de-

veloped for free convection in magnetohydrodynamics (MHD)
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Nomenclature 

G – nondimensional pressure gradient 

h – half of the distance between the plates, m 

P – pressure, Pa 

p – nondimensional pressure 

Q – volumetric flow rate, m3/s 

S – couple stress parameter 

t – nondimensional time 

T – time, s 

U – velocity in Y- direction, m/s 

u – nondimensional velocity 

us – steady state velocity, m/s 

ut – transient state velocity, m/s 

 

Greek symbols 

η – coefficient of couple stress viscosity, N s 

λ – separation constant 

µ – coefficient of viscosity, Pa s 

ρ – density of the fluid, kg/m3 

 

Abbreviations and Acronyms 

HAM – homotopy analysis method 

LHS – left hand side 

MHD – magnetohydrodynamic  

RHS – right hand side 

 

 

flows using Laplace transforms, which was applied to a thermal 

shock problem [3]. The authors compared the results between 

the analytic and numerical solutions by applying the HAM tech-

nique and shooting method on the axisymmetric flow of an elec-

trically conducting viscous fluid in the presence of a magnetic 

field over a non-linear stretching sheet [4]. The authors focused 

on the exact solution for an MHD boundary layer problem for 

momentum and heat transfer in Jeffrey fluid flow over a non-

isothermal stretching sheet in the presence of dissipative energy, 

thermal radiation, and internal heat source [5]. The effects of 

Soret and Dufour on velocity, temperature, and concentration 

were discussed in the three-dimensional MHD flow of 

Oldroyd-B fluid [6]. Heat transfer and effects of various embed-

ding parameters on the flow were discussed on three-dimen-

sional flow couple stress fluid with convective boundary condi-

tions by employing the HAM technique [7]. The authors inves-

tigated non-Newtonian fluid flows due to the sudden application 

of pressure gradient. In their study, the velocity field is obtained 

by Laplace transforms and by separation of variables [8,9]. The 

effects of directional permeability on the Couette flow of immis-

cible Newtonian fluids are explored in an anisotropic medium 

[10]. The authors examined the flow of electrically conducting 

immiscible Newtonian fluids with variable viscosity through an 

inclined channel under the influence of a magnetic field [11]. 

The fourth-order accuracy boundary value problem is applied to 

get the numerical solution by considering slip conditions on the 

magnetic effect on radiative inclined magneto-hydrodynamic 

mixed convection hybrid nanofluid flow through an inclined 

shrinking permeable plate [12]. The author used the HAM tech-

nique to examine the couple stress fluid flow between two 

curved plates with the porous medium [13]. The entropy pro-

duction in a couple stress fluid flow regions is observed to be 

smaller than that of the micro-polar fluid flow region [14]. They 

examined the flow of electrically conducting immiscible New-

tonian fluids with variable viscosity through an inclined channel 

in the presence of a magnetic field [15]. The authors investigated 

the characteristics of entropy production, temperature-depend-

ent thermal conductivity, variable viscosity, and a couple stress 

parameters on non-immiscible fluids in an inclined porous chan-

nel [16].  

A special type of flow named “run-up flows” for the case of 

viscoelastic fluids was introduced by Kazakia and Rivlin [17]. 

Later Rivlin used Laplace transforms theoretically and exten-

sively to investigate the flows formed in run-up flows [18–20]. 

Almost in the same period, a similar problem of step jump ve-

locities in shear flows was studied by Narain and Joseph [21]. 

Researchers explored the run-up flows of couple stress fluids 

and micro-polar fluids through the application of Laplace trans-

forms [22,23]. Additionally, the study delved into the run-up 

flows of Maxwell fluids, employing Laplace transforms as well 

[24]. Subsequent investigations were extended to explore run-

up flows, considering Hall effects on the flow of Rivlin-Erick-

son fluids [25]. Another aspect of interest involved the exami-

nation of run-up flows of conducting liquid within an annulus 

[26]. Notably, recent research focused on magneto-hydrody-

namic (MHD) fluid run-up flows, employing Laplace trans-

forms for analysis [27]. Many authors solved the problems with 

run-up and similar flows using numerical inversion of Laplace 

transform techniques [28,29]. As an extension of [22], the pre-

sent work investigates the unsteady flow of a couple stress fluid 

between two parallel plates using the separation of variables 

technique. The advantage of this method is that it is easy to ob-

tain solutions and can avoid the difficulty in inverting Laplace 

transforms. 

2. Statement of the problem and mathematical 

formulation 

Examining the fully developed steady flow of incompressible 

couple stress fluid between two parallel plates under a constant 

pressure gradient, we investigate the scenario where the pressure 

gradient is suddenly stopped. This leads to the study of the sub-

sequent transient flow, focusing on the extended period required 

for the fluid to rest. We derive the duration for the fluid to reach 

a state of rest and estimate the volumetric flow rate during this 

process. 

The linear momentum equation for a couple stress fluid [1] 

is given by: 

 𝜌
𝜕𝑈

𝜕𝑇
= −

𝜕𝑃

𝜕𝑋
+ 𝜇

𝜕2𝑈

𝜕𝑌2 − 𝜂
𝜕4𝑈

𝜕𝑌4, (1) 

where p is the pressure, ρ is the density, T is time, µ and η are 

coefficients of viscosity and couple stress viscosity, respec-

tively. 
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We introduce the following non-dimensional scheme: 

 𝑋 = ℎ𝑥,      𝑌 = ℎ𝑦,      𝑇 =
𝜌ℎ2𝑡

𝜇
,       𝑈 =

𝜇𝑢

𝜌ℎ
,  

 𝑃 =
𝜇2

𝜌ℎ2 𝑝,        𝑆2 =
ℎ2𝜇

𝜂
. (2) 

The quantities on LHS are physical quantities and non-di-

mensional quantities are on RHS.  

Substituting Eq. (2) in Eq. (1), we get the following non-di-

mensional equation for velocity u: 

 𝜌
𝜕𝑢

𝜕𝑡
= −

𝜕𝑝

𝜕𝑥
+

𝜕2𝑢

𝜕𝑦2 −
1

𝑆2

𝜕4𝑢

𝜕𝑦4. (3) 

Equation (3) can be solved under the following conditions 

(Fig. 1): 

1. No slip condition 𝑢= 0 at 𝑦 = ± 1. 

2. Hyper stick condition (angular velocity is zero ∇ × �̅� = 0, 

where q̄ is fluid velocity) gives: 
𝜕𝑢

𝜕𝑦
= 0 at 𝑦 = ± 1. In gen-

eral, when the surface is under rotation, we take type A 

condition, or no couple stresses condition on the surface. 

When the surface is not under rotation, we take type B con-

dition or no angular velocity or hyper-stick condition on the 

surface. 

3. 
𝜕𝑝

𝜕𝑥
= {

−𝐺 for 𝑡 < 0,
0 for 𝑡 ≥ 0.

 

 

 

 

 

 

 

 

 

 

 

 
 

3. Solution procedure 

We assume the solution for Eq. (3) as 

 𝑢 = {
𝑢𝑠(𝑦) for 𝑡 < 0,

𝑢𝑡(𝑦, 𝑡) for 𝑡 ≥ 0,
 (4) 

where us  is steady state fully developed flow under constant 

pressure gradient G and ut is transient or unsteady state solution 

such that: 

 0 = 𝐺 +
𝜕2𝑢𝑠

𝜕𝑦2 −
1

𝑆2

𝜕4𝑢𝑠

𝜕𝑦4 , (5) 

and  

 
𝜕𝑢𝑡

𝜕𝑡
=

𝜕2𝑢𝑡

𝜕𝑦2 −
1

𝑆2

𝜕4𝑢𝑡

𝜕𝑦4 . (6) 

Equations (5) and (6) are subjected to the following condi-

tions: 

 𝑢𝑠(±1)= 0,  𝑢𝑡(±1, 𝑡)= 0,  
𝜕𝑢𝑠

𝜕𝑦
(±1)= 0,   

𝜕𝑢𝑡

𝜕𝑦
(±1, 𝑡)= 0,(7) 

and 𝑢𝑡(𝑦, 0) = 𝑢𝑠 and 𝑢𝑡(𝑦, 𝑡) = 0 as 𝑡 → ∞. 

Equation (5) is an ordinary differential equation and is re-

written as: 

 𝑢𝑠
′𝑣 − 𝑆2𝑢𝑠

′′ = 𝑆2𝐺. (8) 

The solution of Eq. (8) under conditions for us in Eq. (7) is: 

 𝑢𝑠(𝑦)=
𝐺

2
(1 − 𝑦2)+

𝐺

𝑆 sinh 𝑆
(cosh 𝑆𝑦 − cosh 𝑆). (9) 

We assume the solution of Eq. (6) in the form 

 𝑢𝑡(𝑦, 𝑡) = E(𝑦)𝐹(𝑡). (10) 

Substituting Eq. (10) in Eq. (6) and rearranging we get 

 
𝐹′

𝐹
=

𝐸′′−
1

𝑆2𝐸′𝑣

𝐸
= −𝜆2, (11) 

where F is derivative with respect to t and E is derivative with 

respect to y, the separation constant is taken as negative to sat-

isfy the condition at t = . 

This gives F ′ + λ 2F = 0 and E ′𝑣 −  𝑆  2E ′′ − 𝜆 2𝑆  2E = 0 

with the auxiliary equation 𝑚4  −  𝑆  2𝑚2  −  𝜆2𝑆  2 =  0, i.e.  

𝑚2 = 
𝑆 2 ± √𝑆 2 +4𝑆 2λ

 2

2
 =  

𝑆 2

2
(1 ±  √1 + 

4λ2

𝑆 2 ), 

m1,2 = ±
𝑆

√2
√1 +  √1 + 

4𝜆2

𝑆 2 , 

and  

m3,4 = ±
𝑆

√2
√1 −   √1 + 

4𝜆2

𝑆 2 , 

are the roots of the auxiliary equation. 

The solution for ut is given by: 

𝑢𝑡(𝑦, 𝑡) = ∑ e−𝜆2𝑡

𝜆

(𝐴𝜆 cosh 𝑚1 𝑦 + 𝐵𝜆 sinh 𝑚1𝑦 +  

                              +𝐶𝜆 cos 𝑚3𝑦 + 𝐷𝜆 sin 𝑚3𝑦). (12) 

Constants in Eq. (12) are found from the conditions in Eq. (7): 

𝑢𝑡(1, 𝑡)=0⇒ 𝐴cosh 𝑚1 + 𝐵sinh 𝑚1 + 𝐶cos 𝑚3 + 𝐷sin 𝑚3 = 0 

𝑢𝑡(−1, 𝑡)=0⇒ 𝐴cosh 𝑚1 −𝐵sinh 𝑚1 + 𝐶cos 𝑚3 −𝐷sin 𝑚3 = 0 

which implies:  

𝐵sinh 𝑚1 + 𝐷sin 𝑚3 = 0, 

and  

𝐴cosh 𝑚1 + 𝐶cos 𝑚3 = 0. 

Again 
𝜕𝑢𝑡

𝜕𝑦
(1, 𝑡)=0 gives:  

𝑚1𝐴sinh 𝑚1 + 𝑚1𝐵cosh 𝑚1 + 𝑚3𝐶sin 𝑚3 + 𝑚3𝐷cos 𝑚3 = 0 

and 
𝜕𝑢𝑡

𝜕𝑦
(−1, 𝑡)=0  gives: 

−𝑚1𝐴sinh 𝑚1 + 𝑚1𝐵cosh 𝑚1 + 𝑚3𝐶sin 𝑚3 + 𝑚3𝐷cos 𝑚3 = 0 

which implies that      𝑚1𝐴sinh 𝑚1 − 𝑚3𝐶sin 𝑚3 = 0  

and                             𝑚1𝐵cosh 𝑚1 + 𝑚3𝐷cos 𝑚3 = 0. 

Then, from equations of B and D, we get: 

 

Fig. 1. Graphical representation of the problem. 
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 𝐵 = − 𝐷
sin 𝑚3

sinh 𝑚1
 = − 𝐷

𝑚3cos 𝑚3

𝑚1cosh 𝑚1
, (13) 

and from equations of A and C, we get: 

   𝐴 = − 𝐶
cos 𝑚3

cosh 𝑚1
= 𝐶

𝑚3 sin 𝑚3

𝑚1sinh 𝑚1
.  (14) 

Substituting (13) and (14) in Eq. (12), we get:  

𝑢𝑡(𝑦, 𝑡) = ∑ e−𝜆2𝑡 𝐴 {cosh 𝑚1 𝑦 −
cosh 𝑚1

cos 𝑚3

cos 𝑚3 𝑦} +        

   + ∑ e−𝜆2𝑡B {sinh 𝑚1𝑦 −
sinh 𝑚1

sin 𝑚3
sin 𝑚3 𝑦 }. (15) 

Rearranging Eq. (14) we get:

 

 z = 𝑚1 tanh 𝑚1 + 𝑚3 tan 𝑚3 = 0.   (16) 

The zeroes of Eq. (16) will give the values of the separation con-

stant . 

The initial condition at 𝑡= 0, 𝑢𝑡(𝑦, 𝑡)= 𝑢𝑠(𝑦), yields B = 0 

(since 𝑢𝑡 is an even function, the odd function terms will van-

ish). Hence at 𝑡= 0, we have:  

𝐺

2
(1 − 𝑦2) +

𝐺 coth 𝑆

𝑆
(

cosh 𝑆𝑦

cosh 𝑆
− 1) = ∑ 𝐴𝑛 (

cosh 𝑚1𝑦

cosh 𝑚1
−

cos 𝑚3𝑦

cos 𝑚3
).

      (17) 

From Eq. (11) at a fixed value of S, for a range of  from 0 

to 100, we find 𝑚1 and 𝑚3 values. With these values of 𝑚1 and 

𝑚3, we obtain z from Eq. (16). Thus, we can plot for z for the 

values of  as shown in Fig. 2. 

From this graph, the roots for  are obtained, and then 𝑚1 

and  𝑚3 corresponding to these roots  are found from Eq. (11). 

The first five roots for  and the corresponding values for m1 and 

m3 are shown in Table 1. 

To obtain 𝐴𝑛, we solve 𝑛 equations from Eq. (17) by evalu-

ating Eq. (17) at 𝑛 equally spaced points 𝑦𝑖 , or alternately mul-

tiply Eq. (17) by (
cosh 𝑚1𝑦

cosh 𝑚1
−

cos 𝑚3𝑦

cos 𝑚3
) and integrate w.r.t. y be-

tween the limits –1 to 1. We get 𝑛 equations in 𝐴𝑛, and 𝐴𝑛 is 

obtained by solving this system. The values of 𝐴𝑛 by collocation 

method are given in Table 2. 

We observe that the collocation method gives a very accurate 

solution. Then finally, we get: 

    𝑢𝑡=𝑢𝑡(𝑦, 𝑡 ≥ 0)= ∑ e−𝜆𝑛
2  𝑡𝐴𝑛 (

cosh 𝑚1𝑦

cosh 𝑚1
−

cos 𝑚3𝑦

cos 𝑚3
)5

𝑛=1 , (18) 

and the volumetric flow rate Q at any time t is given by: 

 𝑄=2 ∑ e−𝜆𝑛
2  𝑡𝐴𝑛 (

tanh 𝑚1

𝑚1
−

tan 𝑚3

𝑚3
)∞

𝑛=1 . (19) 

4. Results and discussion 

The unsteady flow of a couple stress fluid between two parallel 

plates due to the sudden withdrawal of an applied constant pres-

sure gradient is studied. The expressions for the velocity for the 

transient state and volumetric flow rate are derived and shown 

in Eqs. (18) and (19), respectively. The velocity profiles for ut 

versus distance y at different times t at fixed couple stress pa-

rameters (S = 2) are shown in Fig. 3a for G = 5 and Fig. 3b for 

G = 10, respectively. From Fig. 3, we notice that for 0.5 units of 

time, ut becomes almost zero, i.e. the flow comes to rest by 0.5 

units of non-dimensional time. And we observe that as G in-

creases, the velocity increases. Initially, velocity starts from 

higher values and becomes zero by about 0.5 units of times at 

S = 2. This is because when the pressure gradient increases, the 

applied force on the flow increases, increasing velocity. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 2. Graph for finding roots of z (λ) = 0. 

Table 1. The first five values of separation constant λ. 

n n z(n) m1 m3 

1 3.297 0.000399 2.981 2.2115 

2 15.909 – 0.00088 5.8207 5.4663 

3 38.193 – 0.00074 8.8551 8.6262 

4 70.305 0.00042 11.9425 11.7739 

5 112.271 0.0008 15.0516 14.9181 

 

Table 2. The values of An. 

Coefficients A1 A2 A3 A4 A5 

Values 0.6821 0.0137 0.00156 0.00035 0.000013 

 

a)  

b)  

Fig. 3. Velocity profiles (ut) for S = 2 at pressure gradient G = 5 (a) 

and pressure gradient G = 10 (b), for various time values. 
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The velocity profiles ut at fixed pressure gradient (G = 10) 

for various values of couple stress parameter (S) are depicted in 

Fig. 4a for t = 0.1 and Fig. 4b for t = 0.6, respectively. From 

Fig. 4, one can observe that, as the couple stress parameter in-

creases, the velocity values also increase, which is in good 

agreement with [22]. As S increases, couple stresses decrease, 

leading to a reduction in the energy required for particle rotation 

and subsequently causing an increase in velocity. As S increases, 

the fluid approaches viscous fluid as a limiting case. Conse-

quently, we can infer that viscous fluids consistently exhibit 

higher velocities compared to fluids with couple stresses at any 

given time. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5 depicts the relationship between the pressure gradi-

ent and rest time for different values of the couple stress param-

eter (S). It is observed that with an increase in the couple stress 

parameter, the rest time also increases. Moreover, as the pres-

sure gradient rises, the rest time experiences a gradual increase. 

This is because, as observed in Fig. 4, as S increases, couple 

stresses decrease and hence the energy spent for generating cou-

ples and rotation decreases; hence, fluid takes more time to rest.  

Figure 6 illustrates the time versus volumetric flow rate for 

various couple stress parameter values. Notably, the flow rate 

rapidly decreases to zero as time progresses. Additionally, an 

increase in the couple stress parameter (S) corresponds to an in-

crease in the volumetric flow rate. Consequently, we deduce that 

in the limiting case of a couple stress fluid, viscous fluids exhibit 

higher volumetric flow rates and velocities compared to corre-

sponding couple stress fluids. This result correlates with the ob-

servations in Fig. 3 and Fig. 4. As S increases, velocity increases 

and hence, the volumetric flow rate also increases. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Conclusions 

This paper examines the unsteady flow of a couple stress fluid 

between two parallel plates following the sudden removal of 

a pressure gradient. The initial state involves both upper and 

lower plates being stationary, and flow initiation occurs through 

a constant pressure gradient. The study focuses on the flow pat-

terns resulting from the sudden withdrawal of the pressure gra-

dient, observing that the flow eventually stops after a certain du-

ration. It is observed that: 

 The velocity for viscous fluids is more than for the couple 

stress fluids at any given time. 

 Viscous fluids take longer to rest than couple stress fluids. 

 A rise in pressure gradient slowly increases the rest time of 

the fluid. 

a)  

b)  

Fig. 4. Velocity profiles (ut) at G = 10, t = 0.1 (a) and G = 10, 

t = 0.6 (b), for various values of couple stress parameter (S). 

 

Fig. 5. Pressure gradient vs. rest time at different values of S. 

 

Fig. 6. Time vs. volumetric flow rate (Q) for varying values of S. 
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 The volumetric flow rate at any given time for viscous flu-

ids is more than for the couple stress fluids. 
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