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ALFRED TRZASKA*, KRYSTYNA SOBOWSKA **

PROCESS OF COLMATAGE WITH TRANSIENT BOUNDARY CONDITION

PRZEBIEGI ZJAWISKA KOLMATACJI Z NIEUSTALONYM WARUNKIEM BRZEGOWYM

The subject of this publication is a certain model of the process of colmatage in
a porous medium with a closed circulation of suspension. The process is investigated in
which a liquid flowing out of the medium flows into the container filled with suspension. It
is mixed there with the rest of the liquid and forced back into the medium.

The investigations are carried out on the basis of the system of balance-transport (2)
and kinetics (3) equations and on that of the balance of forced suspension (9). Ini-
tial-boundary conditions are accepted in the form (4), (5). Function of time n () of forced
suspension (13) have been obtained followed by the distribution of concentration of
suspension N (x, 1) (14) flowing through the medium, and the distribution of the medium
porosity &(x,1) (16).

Basing on the equation of motion (17) the distribution of pressure in the porous
medium (19) has been determined.

Key words: the flow with mass and momentum exchange, colmatage, filtration.

Tematem niniejszej publikacji jest pewien model przebiegu procesu kolmatacji w o$rod-
ku porowatym przy zamknigtym obiegu zawiesiny. W trakcie takiego procesu koncentracja
zattaczanej do osrodka zawiesiny, ktora w chwili ¢ = 0 posiada warto$¢ n,, zmienia si¢
wskutek osadzania w osrodku transportowanych przez ciecz czastek. Wartos$¢ koncentracji
na wlocie nie ulega zmianie przez okres wyznaczony dojsciem czola fali z punktu x = 0 do
punktu x = L. W tym momencie, ktory w pracy oznaczamy jako t =t,, wyplywajaca
z osrodka zawiesing nawracamy do zbiornika, z ktorego jak poprzednio po dokladnym,
permanentnym wymieszaniu jest zattaczana do osrodka porowatego. Poczynajac od chwili
t = t, koncentracja zawiesiny na wejsciu do osrodka staje si¢ funkcja czasu n(r). Na jej
wartos¢ wplywa koncentracja zawiesiny w zbiorniku w chwili ¢ =0, oraz charakter
przebiegu zjawiska, w wyniku ktorego koncentracja na wyjsciu z osrodka moze przyjmowac
rozne wartosci 0 < N(L,t) < n,. Gdy N(L.t) = n, nie zachodzi proces kolmatacji. Wtedy
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przeptywajaca przez osrodek zawiesina nie poddawana jest wymianie masy z otoczeniem:
z osrodka cieklego do porowatego. W przypadku przeptywu z wymiana masy zachodzi
warunek 0 < N(L,t) < ny,. Z punktu widzenia matematycznego opisu obiektem naszego
zainteresowania sa przepisy funkcyjne takich wielkosci, jak rozktad koncentracji unoszo-
nych i zatrzymanych w osrodku porowatym czastek kolmatanta, opis rozktadu porowatosci
osrodka, a co za tym idzie i rozklad cisnien do jakiego dochodzi w wyniku przebiegu
omawianego procesu na drodze x 1 w czasie ¢ jego trwania.

Wymieniony opis teoretyczny podajemy w oparciu o uktad rownan bilansu-transportu
1 kinetyki procesu kolmatacji, ktory to uklad ze wzglgdu na przyjety model przebiegu
zjawiska ma posta¢ dana wzorami (2) i (3) z warunkami poczatkowo-brzegowymi (4), (5).
W uzyskanym rozwiazaniu powyzej omawianych rownan dostajemy funkcje okreslajaca
rozklad przeptywajacych czastek kolmatanta N (x,t) w postaci (8) z niewiadoma funkcja
n(t), ktéra wystepuje w nieustalonym warunku brzegowym (5) opisywanego zjawiska.
Przepis na wymieniona funkcj¢ otrzymujemy rozwiazujac liniowe roOwnanie rézniczkowe,
do ktorego dochodzimy dokonujac bilansu czastek statych znajdujacych si¢ w zbiorniku
w roznych czasach t. Rozwiazanie uzyskanego rownania (9) otrzymujemy stosujac prze-
ksztalcenie Laplace’a. Sposob rozwiazania przedstawiono w apendyksie. Uzyskana w wyni-
ku funkcje n(t) (12) wykorzystujemy podstawiajac ja do wzoru (7) i otrzymujac w ten sposob
przepis informujacy o rozkladzie przeplywajacych czastek N(x,?) (14).

Druga szukana funkcje ¢(x,7) dostajemy podstawiajac wzor (14) do rownania (3)
i catkujac je z warunkiem poczatkowym (4). Posta¢ tej funkcji dana jest wzorem (16).

Kolejna funkcja, ktorej poszukujemy i podajemy, informuje o rozktadzie ci$nienia i jego
zmiennosci w trakcie przebiegu zjawiska kolmatacji, przy czym zakladamy, ze przeptyw
zachodzi ze stata predkoscia filtracji gq. Rozktad ciSnienia uzyskujemy catkujac roOwnanie
ruchu (17) z warunkiem (18) po podstawieniu do niego wyliczonej poprzednio funkcji ¢(x, 1)
danej wzorem (16). Otrzymana funkcja h(x,t) (19) jest ostatnim przepisem opisujacym
caloksztalt zagadnien zwiazanych z przebiegiem zjawiska kolmatacji zachodzacego w oma-
wianym osrodku.

Stowa kluczowe: przeplywy z wymiana masy i pedu, kolmatacja, filtracja.

1. Introduction

This paper, as in (Trzaska & Sobowska, 2000), presents the process of
colmatage in a porous medium with a closed circulation of suspension. This time,
however, the process proceeds in a different way.

We have assumed that suspension of volume V and concentration ng, is initially
placed in container. When ¢t = 0, we start to force in into a one-dimensional, porous
medium of the length L, the cross-section S and the initial porosity ¢,. We assume
that the volume od the pore space of the medium, i.e. SLg,, is smaller than the
volume of the suspension in the container (SLey < V).

We also think that the flow proceeds at constant velocity of filtration g. At the
moment ¢, = Lg¢,/q the wave front of the flowing liquid reaches point x = L, i.e. the
suspension starts outflowing of the porous medium. Then, it is forced back to the
container, where it is mixed all the time and forced into the porous medium. In this
way closed circulation of the suspension is formed. Let us notice that at the moment
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t >t,, the suspension having the volume V, = V—SLg, fills the container. Its
volume concentration is a function of time denoted by n(r). The following occurs
nftj=n, for 0kt (1)

The volume concentration of suspension flowing through the porous medium is
a function of position and time denoted by N (x, t). The porosity of the medium &(x, )
is also the function of position and time.

2. System of balance-transport and kinetics equations

To determine the porosity of the medium and the concentration of suspension
flowing through it, we use, as in (Trzaska & Sobowska, 2000), a system of
balance-transport

e (x, t) ON (x,1) B ON (x, 1)

a9 ox @)
and kinetics equations
68(8’;’ J— 3)
where:
o — colmatage coefficient.
The system (2), (3) is solved using initial-boundary conditions
e(x,t)=g,, when 0<qt/e,<x<L (4)
N(0,t)=n(t), when >0 (5)
Eliminating ¢(x, ) from the system (2), (3) we obtain equation
gONt) | ONDSY) L Nt =0 (©6)

0x O ot

for which the boundary condition is accepted in the form (5).
Let us introduce a new variables © =t—¢gyx/q, £ = x. Then

ON N ON _ON &, 0N

ot o1’ ox 0 g ot
Equation (6) will have the form
ON (&)
o¢
Function N (& 1) = C(t)exp(—af), where C(t) = N(0,7), is its solution.

+aN(£1)=0
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Basing on the condition (5) we have

C(ty=n(r)=n
The solution of equation (6) has the form
N (x,t) = n(t—eox/q) exp (—ox) (7)

The concentration of suspension flowing out of the medium at point x = L is
expressed by formula

N(L,t)=n(t—t,)exp(—alL) (8)

The form of function n(r) will be determined in the next chapter.

2. Determination of the concentration n (f) of suspension forced into the porous medium

At every moment ¢t > t,, the same amount of liquid equal to ¢Sdt flows in and out
of the container at time dt¢ . The volume of suspension in the container is constant for
t>1t,, and equals ¥V, = V—SLeg,. The volume difference of solid particles in the
suspension at the moments t+dt and ¢ is equal to the volume difference of solid
particles flowing into the container at time dt and flowing out of it at this time. Let us
remember that the suspension flowing into the container flows out of the porous
medium. Its concentration is equal to N(L,t). Thus, we have

n(t+de)V,—n(t)V, = N(L,t)qSdt —n(t) gSdt

The increment of the function on the left- hand side of the above equality is replaced
by a differential and the following equality is obtained
dn(t)

TdtVl = N(L,t)qSdt—n(t) gSdt

After transformations, and taking formula (8) into account, we obtain a differential
equation
n'(t)=an(t—t)e " —an(t), for t>1¢ 9)

where:

a=qS/V,.
Let us introduce denotations n(t—t,)=n,(t) for t >t,. We are going to solve
equation (9) using the Laplace transform. Therefore function n,(¢) must obtain the
value in the interval [0, t,). This value should be chosen in such a way as to satisfy the
equation in this interval. Because of condition (1) we have

0=any(t)e”*—an,, when 0<t<rt,
Hence

ny(t) = nge™, for 0<t<t,
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Function n() is, thus, denoted by formula
al
U A
or by
ny(t) =n(t—t)n(t—t)+[n(0)—n(t—t,)]nee*
n(t) is the Heaviside function where:
0, for t<0
r](t) - {1, for t>0
Now equation
n(t) = an,(t)e"*—an(t) for >0 (10)
with initial condition
n(0) = n, (11)

is solved.
Applying the Laplace transform (see appendix) we obtain the solution in the form of

o 1= G+ iy
ak+le—ak1‘
n(t) = ny—ng(1—e %) E Tn(t—(k%—l)g) J e dt (12)
k=0 ‘ )

When pt; <t < (p+1)t, where p is a certain natural number, formula (12) can be
written in the form

p—1 t—(k+ 1)ty
B ak+1€_akL . -
n(t) =ny—ny(l—e “L)ZT J te 9 dt (13)
k=0 0
For example
n(t)=n,, for 0<t<ty, (13)
n(t) =ng—ng(l—e *H)(1—e™2¢"")  for t, <t<2t, (137)

n(t)=ny—ng(l—e *L){1—e 2" Wpe [1—e "2 (q(t—2¢,)+1)]}

for 2t, <t <3t (137)
etc.

4. Concentration of suspension flowing through the porous medium and the porosity
of the medium in the function of position and time

The concentration of suspension flowing through the porous medium can be
found when formula (12) is taken into account in equation (7). The following is
obtained



k=0 £0X
K*T*(k*?' 1)ty

X n<z—8°x —(k+1)t1> f te™dt (14
q

X
q

Function of the porosity of the medium can be determined using equation (3).
Integrating it in relation to t and taking condition (4) into account we obtain

for 0<x<L, t>

t
e(x,t) =¢go—og | N(x,t)dt, for 0<x<L, IZ%

£0X

(15)

q
When equation (7) is taken into consideration in formula (15) and after transfor-
mations, we obtain
£0X
-

a(x,t)=80—aan<t—@>e‘“xdt=80—aqe‘°‘x J n(t)de (16)
q

£0X 0

q

t ‘-

where:

n(t) is given by formula (13).
The above formula could be applied when its right side is bigger than zero.
Giving consideration to the fact that the volume of function n(t) is calculated
according to various formulae in the intervals of the type [kt,,(k+1)¢,) the above
formula is written in the form

£0X

1 2t =
e(x,1) = 80¥ocqe*“x|:jn(t)dt+ [ n(t)dt+...+ jq n(t)dt},
0 51 pt1

for pt, <t<(p+1)t,
The way how determine the distribution of porosity &(x, ) is shown on the example

. 8oX
t, <t <2t,. Let us notice that t— -2~ > t,, occurs for x < i(t—zfl). Formula (16)
q €o

will have the form (see (13°), (13”))

£0X

1851 b
e(x,t) = gg—oge” ™| [ nodt+ fq [ro—no(1—e ) (1 —e™ ") ]dt | =
0

Ly

gl
=go— 0 ™ n, t—@—(l—e_“’“) t-t1—80—x— =

q a
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£oX
For x>i(1—tl) we have 0 <t— -2~ <¢t,. Thus
€o q

£0X

= ,*axl 4 dt = —i0e EoX
e(x,t) = g, —age [ ngdt=gy—age *n, z~7 .
0

Pressure in the medium can be determined using the equation of motion

Oh(x,t) v (17

ox [e(x,1)]?

where:
y 1s a certain constant.
We assume that the pressure at poit x = L is constant and equal to h;, i.e.

h(L,t) = hy, (18)

Taking condition (18) into account we integrate formula (17) and obtain the
dependence

d
(x,8) = h + 1 e 5
[8 x,1)]
Introducing formula (16) into above equahty, we obtain functions of the pressure
distribution in the form of

L
dx
h(x,t) = h,+ M g (19)
x<80—ocqe‘“" jq n(t)dt>
0
where n(t) is given by formula (13).
5. Appendix

The solution of equation (10) using the Laplace transform

Let us denote the Laplace transform of function n(t) by F(s). On the basis of the
original differentiation theorem we have

n'(t) = sF(s)—

and using the theorem of original shift the following occurs

ny(t) = e“‘SF(s)+n0e"L§(1 —e ).
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Operational equation
1
sF(s)—ny = ae"*t e " F(s)—aF (s)+an,— (1 —e™"")
s

corresponds to the equation (10).

Hence
ngs+any(l—e™°) n B e~ 1S
F - 0 0 :_0_ f— oL _
(5) s(s+a—ae™*te™"%) s nya{l—e )S(S+a—ae7“"e7’”)
ny  nea(l—e™*) e ns
s s(s+a) (— ae et
st+a

To determine the transform inverse to function F(s) we develop it into power series.
The following occurs

n - . ak+le—akl4e—11(k+l)s
F(S)=?O+n0(1—e L)Z s(s+af?
k=0
Basing on the theorems of transform shift and original shift we have
1 1 k —a
e—ll(k+1)s
k. —alt— 1
g = Ul e e et 1))

Then, using the theorem of original integrating we obtain

e—l;(k+1)s 1 -
S—m = EJv[t—(k"i— 1)tl]ke—a[r—(k+1)”]'7([—(1(_*_ 1)[1)dl' _
0
! t—(k+ 1)t
L 1
= J [t—(k+1)t, JFe et k+nlg = = J =t gy
.(k+1)rl ' A

Applying the above relations we get function n () as a transform inverse to function
F(s) given by formula (11). The following is obtained

- t—(k+ 1)y
ak+le~akL
n(t) = ng—ng(1—e™) E T”(t—(k+1)t1) f ko= dy
k=0 ' 2
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