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ALFRED TRZASKA*, KRYSTYNA SOBOWSKA **

COLMATAGE, FLOWS WITH SUBSTANCE EXCHANGE OF ITS VOLUME

KOLMATACJA, PRZEPLYWY Z WYMIANA MASY I ZMIANA JEJ OBJETOSCI

In this paper a certain model of the process of colmatage is discussed in which the
swelling (multiplication) of particles in a porous medium proceeds. It is assumed that the
process in question consists of two stages. During stage one, suspension which dispersed
colmatant is forced into the porous medium; the colmatant settles in the medium pores. This
stage has been described by a system of partial differential equations (1), (2) with
initial-boundary conditions (4), (5). Following from the solution of this system, the function
of the colmatant distribution in the medium at an arbitrary moment ¢, and at moment ¢,
at which this stage is finished, is obtained. During the other stage, a liquid in which
a substance dissolved or dispersed causing the swelling (multiplication) of the colmatant
settled earlier, is forced into medium.

The volume concentration of the substance transported by the liquid and settled in the
medium at stage two is found when a system of equations (10), (11) with initial-boundary
conditions (12), (13) is solved. Next, the distribution of the above mentioned substance being
determined, we find the function of position and swelling (multuplication) of the colmatant
during stage two of the process. We use here equation (16) with the condition (17).

In this paper, the distribution of pressure during stage two of the process has been also
determined. These computations have been carried out on the basis of the equation of
motion (20) and on the assumption that — firstly — the flow proceeds at an assigned and at
constant discharge of flow, and at constant difference of pressure at points x = 0 and x = L.
In the latter case implicit function of the flow discharge (31) has been obtained.

Key words: flows with substance exchange and change of momentum, colmatage, filtration.

Tematem niniejszej publikacji jest opis przebiegu zjawiska kolmatacji, w ktorym dochodzi
do zmiany objetosci (pgcznienia, namnazania) kolmatanta osadzajacego si¢ w osrodku
porowatym. Takie pgcznienie czy tez namnazanie si¢ kolmatanta nastgpuje w wyniku jego
reakcji z pewna substancja, ktora rowniez jest zatlaczana do przestrzeni porowej osrodka.
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Rozwazany proces sklada si¢ z dwoch etapow. W trakcie pierwszego etapu zattaczamy do
osrodka porowatego zawiesing ze zdyspergowanym kolmatantem, przy czym kolmatant ten ma
potencjalna zdolno$¢ do zmiany objetosci w wyniku pecznienia (namnazania) po dokonaniu
odpowiedniej obrobki. Jezeli podczas takiego przeptywu dochodzi do osadzania si¢ czastek
kolmatanta w przestrzeni porowej, to po pewnym okresie przerywamy zatlaczanie tej zawiesiny
1 przechodzimy do drugiego etapu procesu. Zaczynamy zatlaczaC ciecz, w ktorej zostala
rozpuszczona lub zdyspergowana substancja reagujaca z wczesniej osadzonym kolmatantem
i powodujaca zmiang jego objetosci. Naszym celem jest okreslenie rozktadu koncentracii
objetosciowej kolmatanta w porach osrodka w tym drugim etapie, wyznaczenie jego porowato-
sci 1 wyliczenie rozkladu ci$nien w trakcie przeptywu jako funkcji potozenia i czasu.

Opis rozktadu kolmatanta niespgcznialego, dokonany dla etapu pierwszego, zostat
okreslony na podstawie ukladu réwnan bilansu-transportu (1) i1 kinetyki (2), ktora
dobieramy w postaci najogélniejszej, zwanej tez kinetyka trzecia. Pierwszy etap procesu
kolmatacji przerywamy w pewnej chwili ¢,. Rozklad zatrzymanej masy kolmatanta
niespecznialego wyznacza funkcja dana wzorem (9). Jej graficzny przebieg ilustruje rys. 1.

Nowoscia rozpatrywanego zagadnienia w stosunku do wszystkich poprzednich opisow
i identycznych rozktadow jest fakt, ze kolmatujaca masa nie zostata poddana specznieniu,
a nosnik tej masy, ciecz, ktora ja transportuje niec ma whasnosci powodujacych pecznienie.
W efekcie zatrzymana masa posiada te zdolnos¢ i jezeli aktualnie doprowadzimy ja do
specznienia lub namnozenia, to w wyniku zmiany objetosci po odpowiednim czasie jej
koncentracja objetosciowa w pewnej chwili ¢ i punkcie x przyjmie nowa wartosc.
Znajomos$¢ tej wartosci, a tym samym znajomo$¢ aktualnego rozkladu porowatosci
pozwala tez na okreslenie rozktadu cisnienia wynikajacego z powyzszych uwarunkowan.

Opis tego etapu procesu przedstawionego powyzej w skrocie opieramy na uktadzie
rownan rozniczkowych czastkowych. Pierwsze z nich to rownanie bilansu-transportu
przeptywajacej substancji powodujacej pecznienie (lub namnazanie) wezesniej osadzonego
kolmatanta. Posta¢ tego rownania dana jest wzorem (10). Wystepuja w nim dwie
niewiadome funkcje. Pierwsza z nich, C(x,1), okresla stezenie pozywki uwarunkowujacej
namnazanie. Przykladem moze by¢ cukier jako pozywka dla zatrzymanych w osrodku
drozdzy. Druga niewiadoma funkcja U (x,t) opisuje ilo$¢ wymienionej substancji pozywki,
ktora przeszta z osrodka cieklego do statego, ktorym jest osadzony wczesniej kolmatant
o stezeniu P(x) (drozdze, grzyby, bakterie itp.). Sposob tej wymiany, jego mechanizm
okresla kinetyka procesu dana wzorem (11). Zgodnie z ta kinetyka szybko$¢ wymiany jest
wprost proporcjonalna do strumienia transportowanej substancji oraz objetosci (ilosci)
zatrzymanego w poprzednim etapie procesu kolmatanta. Opierajac si¢ na ukladzie rOwnan
(10), (11), uzyskujemy potrzebna informacj¢ do rozwiazania rownania kolejnej kinetyki (14)
opisujacej proces namnazania (pgcznienia) osadzonego poprzednio kolmatanta. Masa
zatrzymanego w pierwszym etapie kolmatanta Py(x) jest w rozwazanym opisie warunkiem
poczatkowym, od ktorego poczynajac, opisujemy drugi etap procesu.

Rozwiazanie rownania (14) z warunkiem (16) daje odpowiedz odno$nie do rozktadu
koncentracji objetosciowej znajdujacego si¢ w przestrzeni porowej kolmatanta w dowolnej
chwili ¢ trwajacego procesu. Jeste$Smy zatem teraz w stanie wyznaczyC, opierajac si¢ na
otrzymanym wzorze (19) i znanym zwiazku miedzy porowatoscia a wylapana masa, rozklad
porowatosci w osrodku porowatym. Rys. 2 jest graficzna ilustracja funkcji danej wzorem
(19). Opierajac si¢ na uzyskanym rozkladzie porowatosci oraz réwnaniu ruchu (20),
wyznaczamy rozktad ciSnienia w przestrzeni i czasie trwajacego zjawiska.

Rozklady ci$nien opisalismy, zaktadajac, ze przebieg zjawiska zachodzi przy znanym (np.
stalym) wydatku przeptywu (wzor (23)) oraz przy stalej, znanej roznicy ciSnien w punktach
x=01x=L (wzor (32)). W tym drugim przypadku, poniewaz zachodzita taka potrzeba,
wyznaczyliSmy rowniez funkcje okreslajaca predko$é filtracji g, (1) dana wzorem (31).

Stowa kluczowe: przeplywy z wymiana masy i zmiana pedu, kolmatacja, filtracja.
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1. Introduction

In this paper the description of the phenomenon of colmatage is presented,
in which the change of the volume of colmatant (swelling, multiplication) setting
in a porous medium proceeds. Such swelling or multiplication of the colmatant
results from its reaction on a certain substance which is also forced into the
porous medium.

The process under consideration consists of two stages. During stage one,
suspension with dispersed colmatant is forced into the porous medium. The
colmatant has potential ability to change its volume because of the swelling
(multiplication) after certain processing actions. During such flow the colmatant
particles settle in the porous medium (Litwiniszyn & Bodziony, 1961;
Litwiniszyn, 1966). After some time we stop forcing this suspension, and
stage two follows. A liquid is then forced in. In this liquid substance dissolved
or dispersed enters into reaction with the colmatant introduced before causing
the change of its volume. Our aim in stage two is to establish the distribution
of the colmatant volume concentration in the medium pores, to determine
its porosity and to compute the distribution of pressures during the flow as
the function of position and time.

2. Determination of the distribution of colmatant during stage one of the process

Let us denote by P(x, t) the volume concentration of colmatant in the medium
pores at stage one of the process, and by N (x,t) the concentration of solid particles
in the suspension transported by this medium. The balance-transport equation is
accepted in the form

OP(x,t) 0[eo—P(x,1)] N(x,1) ON (x,1) 3
o o el =0 M

where ¢, is initial porosity of the medium,

q(t) — filtration velocity.
We assume that the process proceeds in compliance with the third kinetics
(Trzaska, 1972). Thus, the equation of kinetics has the form

OP(x,1)

=

T a(x)q(t) N (x,t)[A—P(x,t)] [P(x,t)+B], (2)
where 0 < 4 < ¢, B >0 are certain constant, and «(x) is a function describing
colmatage properties of the medium.

We assume that suspension forced into the medium at point x = 0 has constant
concentration n of solid particles. The process starts at the moment ¢t = 0. Let us
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notice that at the moment t of the process, the suspension front reaches point

1
x =—Q(t), where
0

&
0 = Jad. o

The system (1), (2) is solved with initial-boundary conditions
N(0,1) = 4)
P(x,t)=0, when x> éQ(t). (5)

Calculations made are given in the appendix. The solution has been obtained in
the form

AB[e5=0 1]

Plet) == B

(6)
where S(x,?) is expressed by the formula

S(x.1) = n(A+ B) [Q(t)—sox]F(x). 7

1—nAB [ F(x)dx
0

Function F(x) present in (7) has the form
F(x)= a(x)e‘ABII("’dx. (8)

At the moment ¢, when the forcing in of the suspension is over, the distribution of
the concentration of the particles settled in the medium is denoted by the relation (9)
given below.

n(A+B)[Q(t;)—eox]F (x)
1 —nAB | F(x)dx
n(A+B)[Q (t})~sox] F(x)
l—nAB.j\-F(x)dx

exp

Pys(x)= P(x,1;) =.4B

A+ Bexp

Curve shown in Fig. 1 is an illustration of the above function describing the
distribution of the colmatant at stage one after the moment ¢, of the process and is
an output curve for stage two where the process is connected with the swelling
(multiplication) of the colmatant substance settled until the moment ¢,.
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3. Description of the process of colmatage resulting from the change of the volume of
the substance settled at stage one

Now stage two of the process will be described. Substance causing the swelling
(multiplication) of the colmatant settled in the medium pores is forced into the
medium. Let us denote by C(x, ) the substance volume concentration in the liquid
flowing through the medium. By U (x,f) we determine a function describing the
distribution of the substance exchanged between the liquid and solid media settled
during stage one of the process. We assume that the substance concentration in the
liquid forced into the medium at point x = 0 is constant equal to ¢,. Functions
C(x,t) and U(x,t) are found by solving the system of balance-transport equations
(10).

oC (x,t

o
(0D

oU (x,t)

)., B
ot

q, (1) =0, (10)

(g, (1) — the filtration velocity of the liquid transported at stage two of the process)
and that of kinetics (11) which explains the way of the exchange given above.

U (x,1)

a = o, (x)q, (1) C(x,t) Py (%), (11)

(¢;(x) — a certain function depended on the medium properties).



338

The system is considered for t > ¢,, x > 0. With regard to assumptions discussed
earlier, initial-boundary conditions are accepted in the form

Cl0t)=¢cy foriziy (12)
U(x,t;)=0 for x>0. (13)

Function U (x, ) is eliminated from the system (10), (11). The following equation
is obtained
0C (x,1)
ﬁ(x = —o (x) C(x, 1) Py(x).

Function (14) is its solution satisfying the boundary condition (12).

C (X, I) =cCpe (J;“I(X)Po(x)dx ) 14)

Integrating equation (11) in which formula (14) and condition (13) are taken into
account, we obtain function

U (x,1) = couy (x) Py (x)Ql(t)e*;"“l(x’PO(")d", fort>t,, x>0 (15)

where Q,(1) = qu(t)dt.

t
Now, knowi‘ng function U (x,t) of the distribution of the substance reacting on
the colmatant in the porous medium, we can determine the distribution of the
volume of the swelling (multiplying) colmatant P*(x,t) at the moment ¢ > ¢, of the
process. We have assumed that the velocity of the colmatage process proceeds
according to the kinetics described by equation

OP*(x,t)

P o, (%) P*(x, 1) U(x, 1) [6o— P*(x,1)], (16)

where U(x,t) is expressed by the formula (15), and o,(x) is a certain function
dependent on the medium properties.
Relation (17)

PE(x. 1) = Pyl (17)

where P(x) is expressed by the formula (9) is an initial condition for equation (16).
Taking formula (15) into consideration in equation (16) and after some transfor-
mations we write it in the form

o PE{m)
ola o — P*(x,1)

Lo oty (oal) Pofx) 0y g Jreroes (18)
o



339

Let us denote by
W(x) = 80600‘1(X)OCZ(X)PO(x)e‘Z“l(X)Po(x)dx.

Equation (18) can be written now as follows:

aln£ Ii*lg)"f’(;) )
—Om—’ = W(x)Q(¢).

Its solution with the initial condition (17) is finction

g0 Po(x)

P*(x, )= : for x=20, t>1 (19)
PO(X)+[80_PO(X)] e_W(X)jQx(t)dz

1

we look for.

0.3 |
P (x,t)

0.25

0.1 —

0.05 —

Curves shown in Fig. 2 illustrate the phenomena of colmatage connected with the
swelling (multiplication) of the colmatant settled at stage one.
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4. Determination of the distribution of pressure in the porous medium during stage two
of the process

The distribution of pressure in the medium can be determined using the equation
of motion (Trzaska 1986, 1989)

Oh(x,t t
(o) _ gl o0
O0x [e(x,1)]

where a — a certain constant, s(x, t) is a function of the medium porosity.
Let us notice that ¢(x,t) = g,— P*(x,1).
Using this dependence in (20) we obtain an equation in the form

é‘h(x, t) — aql(t) 1_+_ PO(X) eW(x)j’Ql(t)dz 3' (21)

ox &3 go— Po(x) I

The above equation is integrated assuming that — case I — the flow proceeds at the
assigned and constant filtration velocity (¢, () = g, = const) and at self-regulating
pressure at point x =0 but constant at point x = L. Case II refers to the flow
proceeding at the constant difference of pressures at points x =0 and x = L;
(h(0)—h,, = const) and at the varying flow velocity q,(t).
Case 1

In compliance with what has been said above

h(L.t)) = hy, (22)

L being the total length of the medium.
Solution of the equation (21) with the condition (22) for the assigned value g,(t) takes
the form (23), and when q,(t) = g, = const it has the form (23)

L
aql(t) PO(X) W) | }
h(x,t)=h 1 @it | g 23
(X ) L+J 8(3) [ +80—P0(x)e 4 X (23)
L
44y PO(X) £ 774 gl §2 g S
hix.t)=h - 1 _ T OV EW(X)qi(t—ty) dx. 23
‘I(V, ) Lt 88 J|: +80—P0(X)e X (23)

Case II
Let us consider now the flow for which we do not know the above mentioned
filtration velocity g,(t) We know, however, the constant difference of pressures
ho—h, at which the flow proceeds. Thus, h(0,t) = h, takes place. We have
L

t i : .
ho—hL - Jaﬁhj )[1 & B _Olgx)( )eW(x)tIlQl(l)dt:| dx . (24)

&o olX

0
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Hence, after transformations

L
&5 (ho—hy) 3Po(®) i
e il A * (P 14—~ 0\ wwieiwd
- q.(0) || 1+ 80_Po(x)e ) +
0
n 3[P ( )]22 7W(x)l}Q1(t)dr L [P ( )]3 333W(X)1}Q1(”d[j| dx.
[£0— Po(x)] ‘ [e0—Po(¥)] ‘
Let us apply linearisation: e ~ 1+ x on the right side of the formula. We have
L
3 t
&3 (ho—hy) IPx)
—_— == 1+ ————[ 1+ W d
N a,(1) +80—P0(x) + (x)£Q1(t) L+
0

3[Po(x)]* [P’
+[80_P0( T [1+2W( )le(t)dt} oo P T |:1+3W( )le(t)dt]}dx.

After transformations we obtain

L

—gg(h"a_m:q*(‘)“ [7] d”f 0.t f [e0—P 51 gﬁiéd }

0

Let us introduce denotation

L

L d dx ) af a L3W() Py(x) .
ho—hLJ[so—P()(x)F’ 7 b >f[so P

We obtain the relation in the form

q,(7) [c+dj 0,(7) dt:| = [ (25)
Let us denote
()= § Q. () (26)
Then q,(t) = y”(¢).
Let us notice that
y(tl) =1 (27)

y(t)=0,(t;) = 0. (28)
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Let us write the dependence (25) in the form

V() [c+y()d] =1. (29)
We have obtained a differential equation which will be solved with the initial
conditions (27), (28). We substitute y’(t) = z(y). Hence y”(t) = 2’(y) y'(¢) = 2’(y)z(y).
Equation (29) takes the form z’z(c+dy) = 1. That is
dz 1
Z— = ;
dy c+yd

Hence on the strength of the condition (28)

1,1
32 —E[ln(c+yd)—lnc]

thus

) = g[ln (c+yd)—Inc]

and

y :\/g[ln(c+yd)—lnc].

We solve above equation with the condition (27). We have

y

dy
2
o\/gln(ﬁ—dy)—lnc

The relation (30) determining the dependence between t and y can be treated as an
implicit equation of function

= -Fy (30)

y=y()= JQl(t)dt.

After determining the value of this function we can calculate the value of function
q,(¢) from the formula (24). We have

ql(t) _ (ho_hL)so . (31)

L
aJ[l + —PO(X) eW"‘)y(”J ’ dx
&o— Po(x)
0
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The looked for distribution of pressure in the medium is determined using

formula (31)
|:1 + Poi(x)ew(x)y(t):| ’ dx
&o— Pof )

J —LolX

h(x,t) = ho—(ho—hy ) (32)
o2
0

in the relation (23).

APPENDIX

Solutions of the system of equations (1), (2) with the initial-boundary conditions
4), (5) is given below.
From equation (2) we calculate

1 51“Z(x’;)(+g
N (x,1) = - (33)
a(x)q(t)(4+B) ot
An auxiliary function
(x,1)+B B
S(x,t)=1 —In—
(x,f) =In Sy n (34)
is introduced.
So, the equation (33) takes the form:
1 oS (x,t
N (x,1) = (.9 (35)
a(x)q(t)(A+B) ot
Let us notice that on the strength of (34) the following occurs:
AB[&5*—1]
P(X, [) = W (36)
Introducing formula (35) into (1) we obtain
0P (x,1) - deo—P(x,t)] N(x,1) 1 82 8(x,1) B o' (x) oS (x,t)
ot ot (A+B)a(x) 0tox (A+B)a?(x) ot

We integrate it with respect to ¢ taking into account the condition (5). Once again we
take the dependence (35) into consideration and we obtain the relation
[eo—P(x,1)]0S(x,1) 0S(x,f) o'(x)
+ - S
q(1) ot 0x o(x)

(x,8)+a(x)(4+B)P(x,t) =0. (37)
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Introducing linearisation in the formula (37), we obtain an approximate formula
ABS (x,1)
P(x,t)x ———————.

B0~ 15

We use the above dependence in (37). We have
1 AB aS(x,1)  0S(x,1) o' (x)
—| gg——— AB -2 =0. (38
q(t) [80 A+BS(X’ t)} ot + 0x + () a(x) St (38)

A boundary condition for (38) is found using the dependence (35) taken at point
x = 0. On the strength of (4) we have:

0S(0,¢
Oét) — no1(0)q (1) (A+B).
Hence, taking formulae (3), (5), (34) into account we obtain:
5(0,¢) = nx(0)Q () (4 + B). (39)

We solve equation (38) with the boundary condition (39). We apply the method of
Cauchy characteristic. We examine the system of equations:

q(t)de ds

(80—%S> T (ZX;-N@AB)S'

We obtain the characteristic equation

S - 4
C,=——, where F(x)=a(x)e #BJrx% (40)

F(x)’

ABS[ F (x)dx

C, = 0Q(t)—eox +TA—|—OB)—F(x)'

With regard to the condition (39) the following dependence
C,=n(4A+B)C,

occurs.

We introduce formulae (40) into the above equality and we obtain:
g ABS| F (x)dx

—— _—n(A+B - S S——

A+ 8] 2000+ |

Hence we obtain the following formula

- n(A+B)[Q(t)—¢eox] F(x)

S(x,t =
1 —nABF (x)dx
0
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Thus, the function of the colmatant distribution in the porous medium P(x, t) is
expressed by the formula (36) in which (41) has been introduced in the place of S(x, t).

This research has been completed within the subject matter KBN 9 T 12A 010 16.
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