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On symmetric dual models associated
with multiple cost control problems

Savin TREANŢĂo , Virgil IONICĂ, Guoju YE and Wei LIU

In this paper, we build a symmetric dual model associated with a family of multiple cost
control problems. More concretely, under weaker generalized convexity hypotheses than those
formulated in previous research works (for classical multiobjective variational problems), we
establish and extend the framework to controlled variational models, and, therefore, the derived
results become significantly stronger and more generous than those presented so far in the
specialized literature.
Key words: symmetric dual models; multiple cost variational control problems; properly effi-
cient point.

1. Introduction

Because of the increasingly accentuated randomness of the medium, initial
data more often include inaccuracies. For modeling various processes in industry
and economics to make decisions, some complete information regarding the
parameters and variables involved is not always attainable. Therefore, a suitable
and adequate framework of uncertainty is a necessity to build the model, or new
techniques must be adapted to obtain efficient solutions in a given sense. In the
realm of optimization problems grappling with uncertainty, robust optimization,
fuzzy optimization, and interval-valued optimization stand out as burgeoning
branches within the vast landscape of mathematics. Recent developments in this
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regard can be read in the following research works: Treanţă and Saeed [34], Bagri
et al. [4], Guo et al. [18, 19], Jayswal et al. [20], Saeed and Treanţă [24], Shi et
al. [28], Treanţă [32, 33], Sun et al. [30].

Over time, various researchers have been interested in obtaining certain so-
lution techniques by considering symmetric-type duality for multiobjective pro-
gramming problems. Among the first approaches to this concept of symmetric
duality for quadratic programming were proposed by Dorn [13] and Dantzig et
al. [11]. Then, Mond and Hanson [23] initially established a pair of symmetric
duals and demonstrated the duality results by considering convexity and concav-
ity hypotheses. Thereafter, Smart and Mond [29], by omitting the non-negativity
constraints presented in Mond and Hanson [23], studied symmetric-type dual-
ity under invexity assumptions. Moreover, they also stated the static case, by
relaxing the time dependency. Schaible [25–27] provided a unified approach of
fractional programming. In [17], Gulati et al., following Mond and Hanson [23],
extended the results for a family of minimax programming problems. Chandra
et al. [7] introduced for the first time a symmetric dual in fractional nonlinear
programming. Furthermore, Gulati et al. [16] have given a generalization of these
results and considered the static and continuous fractional nonlinear models. For
multiobjective fractional nonlinear extremization problems, a symmetric duality
was established by Weir [38], where various duality theorems have been derived
by using convexity hypotheses. These results were extended by Yang et al. [39] to
the nondifferentiable situation by considering support-type functions. Also, Kim
and Lee [21] presented a pair of symmetric duals for multiobjective variational
problems by invexity assumptions. In [15], Gulati et al. presented other sym-
metric duals for multiobjective variational models under pseudoconvexity and
pseudoconcavity hypotheses. A contribution was also made by Chen [9], who es-
tablished results of symmetric duality for multiobjective mixed integer programs.
Then, Chen [8] and Kim et al. [22] obtained duality results in symmetric multiple
objective fractional models governed by convex functions. Recently, Abdulaleem
and Treanţă [1] established optimality and duality results for 𝐸-differentiable
multiobjective problems. Also, Antczak et al. [3] investigated efficiency and
duality associated with nonconvex nondifferentiable optimization problems. Fur-
ther, Das et al. [12] studied set-valued fractional extremization models by using
contingent epi-derivative. In [31], Treanţă and Mititelu, studied duality governed
by (𝜌, 𝑏) – quasiinvexity in multi-dimensional multiple objective fractional con-
trol problems. Very recently, Upadhyay et al. [35–37] analyzed multiobjective
semi-infinite programming problems on Hadamard manifolds.

The exploration of symmetric duality within the realm of multiobjective frac-
tional problems has expanded into the broader landscape of continuous-time
variational problems. Through this extension, a nuanced understanding of weak
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and strong dualities has been cultivated under generalized convexity assump-
tions. In this context, the integration of a control variable into the optimization
process plays a pivotal role. This intricate interplay between optimization objec-
tives and control variables introduces novel perspectives and avenues for analysis.
Moreover, a profound connection between these variational problems and their
counterparts in the realm of multiobjective symmetric dual control problems will
be elucidated in this study. This network of relationships sheds light on the under-
lying principles governing optimization strategies in complex and multiobjective
scenarios. More precisely, in this paper, we use weaker generalized convexity hy-
potheses than those formulated in Chen [8], Kim et al. [22], following Ahmad [2]
(for classical multiobjective variational problems) to establish and provide char-
acterizations of symmetric dual models associated with new multiple cost vari-
ational control problems. Concretely, we extend the framework to controlled
variational models, and, therefore, the derived results are significantly stronger
and more generous than those presented so far in the specialized literature.

The paper continues as follows. Section 2 presents notations, definitions, and
preliminary tools for introducing the problem under study. Section 3 formulates
the primal and dual models and establishes various duality results for this pair of
problems. In Section 4, we state the conclusions associated with this study.

2. Preliminary tools

Let 𝐾 = [𝑡1, 𝑡2] be a real interval, and 𝑓 𝑦 (𝑡, 𝑎(𝑡), ¤𝑎(𝑡), 𝜋(𝑡), 𝑏(𝑡), ¤𝑏(𝑡), 𝜁 (𝑡))
and 𝑔𝑦 (𝑡, 𝑎(𝑡), ¤𝑎(𝑡), 𝜋(𝑡), 𝑏(𝑡), ¤𝑏(𝑡), 𝜁 (𝑡)), where 𝑎 : 𝐾 → R𝑛, 𝜋 : 𝐾 → R𝑠,
𝑏 : 𝐾 → R𝑚, 𝜁 : 𝐾 → R𝑙 (see ¤𝑎 and ¤𝑏 as derivatives for 𝑎 and 𝑏 with re-
spect to 𝑡 ∈ 𝐾), are 𝐶2-class functionals, for 𝑦 ∈ {1, 2, . . . , 𝑗}. In the paper,
𝑓
𝑦
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for 𝑦 ∈ {1, 2, . . . , 𝑗}. Similarly, 𝑔𝑦𝑎, 𝑔
𝑦
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𝑦
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𝑏
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denote the gradient vectors
of 𝑔𝑦 (𝑡, 𝑎(𝑡), ¤𝑎(𝑡), 𝜋(𝑡), 𝑏(𝑡), ¤𝑏(𝑡), 𝜁 (𝑡)) with respect to 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏 and 𝜁 .
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The following computations will be used to prove the strong duality theorem
(see Theorem 2 in the next section):
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¤𝑏 ¤𝑎, for 𝑦 ∈ {1, 2, . . . , 𝑗}.

Similarly, we can write the above-mentioned computations for the integral func-
tional 𝑔.

Let 𝐶1(𝐾,R𝑛) and 𝐶1(𝐾,R𝑚) denote the spaces of piecewise smooth state
functions 𝑎 and 𝑏, respectively, equipped with norm ∥𝑎∥ = ∥𝑎∥∞ + ∥ ¤𝑎∥∞ and
∥𝑏∥ = ∥𝑏∥∞ + ∥ ¤𝑏∥∞, respectively. Also, let 𝐶0(𝐾,R𝑠) and 𝐶0(𝐾,R𝑙) denote the
spaces of piecewise continuous control functions 𝜋 and 𝜁 , respectively, equipped
with uniform norm, as well.

Consider the following multi-cost variational control problem (see Bector and
Husain [5] for the classical multiobjective variational model):

(P) min
(𝑎,𝜋)

©­«
𝑡2∫

𝑡1

𝜙1(𝑡, 𝑎(𝑡), 𝜋(𝑡))d𝑡, . . . ,
𝑡2∫

𝑡1

𝜙 𝑗 (𝑡, 𝑎(𝑡), 𝜋(𝑡))d𝑡ª®¬
subject to

𝑎(𝑡1) = 𝛼 = given, 𝑎(𝑡2) = 𝛽 = given,

ℎ(𝑡, 𝑎(𝑡), 𝜋(𝑡)) ≦ 0, 𝑡 ∈ 𝐾,
𝜓(𝑡, 𝑎(𝑡), 𝜋(𝑡)) = ¤𝑎(𝑡), 𝑡 ∈ 𝐾,

where 𝜙𝑦 : 𝐶1(𝐾,R𝑛)×𝐶0(𝐾,R𝑠) → R, 𝑦=1, 𝑗 , ℎ𝜄 : 𝐶1(𝐾,R𝑛)×𝐶0(𝐾,R𝑠) → R,
𝜄 = 1, 𝑟 and 𝜓𝜏 : 𝐶1(𝐾,R𝑛) × 𝐶0(𝐾,R𝑠) → R, 𝜏 = 1, 𝑛, are continuously differ-
entiable functionals.
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Let 𝑆 denote the set of all feasible solutions of (𝑃), that is,

𝑆 =

{
(𝑎, 𝜋) ∈𝐶1(𝐾,R𝑛)×𝐶0(𝐾,R𝑠) | 𝑎(𝑡1) = 𝛼, 𝑎(𝑡2) = 𝛽, ℎ(𝑡, 𝑎(𝑡), 𝜋(𝑡)) ≦ 0,

𝜓(𝑡, 𝑎(𝑡), 𝜋(𝑡)) = ¤𝑎(𝑡), 𝑡 ∈ 𝐾
}
.

Definition 1 (Geoffrion [14]). A point (𝑎0, 𝜋0) ∈ 𝑆 is named efficient point of
(𝑃) if, for all (𝑎, 𝜋) ∈ 𝑆, we have

𝑡2∫
𝑡1

𝜙𝑦
(
𝑡, 𝑎0(𝑡), 𝜋0(𝑡)

)
d𝑡 ­

𝑡2∫
𝑡1

𝜙𝑦 (𝑡, 𝑎(𝑡), 𝜋(𝑡))d𝑡, for all 𝑦 ∈ {1, 2, . . . , 𝑗},

⇒
𝑡2∫

𝑡1

𝜙𝑦
(
𝑡, 𝑎0(𝑡), 𝜋0(𝑡)

)
d𝑡 =

𝑡2∫
𝑡1

𝜙𝑦 (𝑡, 𝑎(𝑡), 𝜋(𝑡))d𝑡

for all 𝑦 ∈ {1, 2, . . . , 𝑗}. The efficient point (𝑎0, 𝜋0) ∈ 𝑆 is named properly
efficient point of (𝑃) if (∃) 𝑀 > 0 so that, for 𝑦 ∈ {1, 2, . . . , 𝑗}, we have

𝑡2∫
𝑡1

𝜙𝑦
(
𝑡, 𝑎0(𝑡), 𝜋0(𝑡)

)
d𝑡 −

𝑡2∫
𝑡1

𝜙𝑦 (𝑡, 𝑎(𝑡), 𝜋(𝑡))d𝑡

¬ 𝑀 ©­«
𝑡2∫

𝑡1

𝜙𝑖 (𝑡, 𝑎(𝑡), 𝜋(𝑡))d𝑡 −
𝑡2∫

𝑡1

𝜙𝑖
(
𝑡, 𝑎0(𝑡), 𝜋0(𝑡)

)
d𝑡ª®¬

for some 𝑖, such that
𝑡2∫

𝑡1

𝜙𝑖 (𝑡, 𝑎(𝑡), 𝜋(𝑡))d𝑡 >
𝑡2∫

𝑡1

𝜙𝑖
(
𝑡, 𝑎0(𝑡), 𝜋0(𝑡)

)
d𝑡

whenever (𝑎, 𝜋) ∈ 𝑆, and
𝑡2∫

𝑡1

𝜙𝑦 (𝑡, 𝑎(𝑡), 𝜋(𝑡))d𝑡 <
𝑡2∫

𝑡1

𝜙𝑦
(
𝑡, 𝑎0(𝑡), 𝜋0(𝑡)

)
d𝑡.

An efficient point that is not properly efficient point is called improperly efficient
point. Thus, for (𝑎0, 𝜋0) ∈ 𝑆 to be improperly efficient point means that to every
sufficiently large 𝑀 > 0, there is an (𝑎, 𝜋) ∈ 𝑆 and an 𝑦 ∈ {1, 2, . . . , 𝑗} such that

𝑡2∫
𝑡1

𝜙𝑦 (𝑡, 𝑎(𝑡), 𝜋(𝑡))d𝑡 <
𝑡2∫

𝑡1

𝜙𝑦
(
𝑡, 𝑎0(𝑡), 𝜋0(𝑡)

)
d𝑡
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and
𝑡2∫

𝑡1

𝜙𝑦
(
𝑡, 𝑎0(𝑡), 𝜋0(𝑡)

)
d𝑡 −

𝑡2∫
𝑡1

𝜙𝑦 (𝑡, 𝑎(𝑡), 𝜋(𝑡))d𝑡

> 𝑀
©­«

𝑡2∫
𝑡1

𝜙𝑖 (𝑡, 𝑎(𝑡), 𝜋(𝑡))d𝑡 −
𝑡2∫

𝑡1

𝜙𝑖
(
𝑡, 𝑎0(𝑡), 𝜋0(𝑡)

)
d𝑡ª®¬

for all 𝑖 ∈ {1, 2, . . . , 𝑗}, satisfying
𝑡2∫

𝑡1

𝜙𝑖 (𝑡, 𝑎(𝑡), 𝜋(𝑡))d𝑡 >
𝑡2∫

𝑡1

𝜙𝑖
(
𝑡, 𝑎0(𝑡), 𝜋0(𝑡)

)
d𝑡.

Definition 2 (Borwein [6]). A point (𝑎0, 𝜋0) ∈ 𝑆 is named weak efficient point
for (𝑃) if there exists no other (𝑎, 𝜋) ∈ 𝑆 such that

𝑡2∫
𝑡1

𝜙𝑦
(
𝑡, 𝑎0(𝑡), 𝜋0(𝑡)

)
d𝑡 >

𝑡2∫
𝑡1

𝜙𝑦 (𝑡, 𝑎(𝑡), 𝜋(𝑡))d𝑡, for all 𝑦 ∈ {1, 2, . . . , 𝑗}.

From the above-mentioned definitions, it follows that if (𝑎0, 𝜋0) ∈ 𝑆 is efficient
point of (𝑃), it is a weak efficient point of (𝑃), as well.
Definition 3. The integral functional

𝐹 (𝑎̄, 𝑏) =
𝑡2∫

𝑡1

𝑓 (𝑡, 𝑎̄(𝑡), ¤̄𝑎(𝑡), 𝜋̄(𝑡), 𝑏(𝑡), ¤𝑏(𝑡), 𝜁 (𝑡))d𝑡

is said to be pseudoinvex at 𝑎, ¤𝑎 and 𝜋 if there exist the vector-valued func-
tionals 𝑧 ∈ R𝑛, with 𝑧(𝑡, 𝑎, ¤𝑎, 𝜋, 𝑎, ¤𝑎, 𝜋) = 𝑧 |𝑡=𝑡1,𝑡=𝑡2 = 0, and 𝜇 ∈ R𝑠 with
𝜇(𝑡, 𝑎, ¤𝑎, 𝜋, 𝑎, ¤𝑎, 𝜋) = 0, such that, for each 𝑏, ¤𝑏 and 𝜁 , we have

𝑡2∫
𝑡1

[
𝑧𝑇 𝑓𝑎̄ (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁) + 𝜇𝑇 𝑓𝜋̄ (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)

+ d𝑧𝑇

d𝑡
𝑓 ¤̄𝑎 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)

]
d𝑡 ­ 0

⇒
𝑡2∫

𝑡1

𝑓 (𝑡, 𝑎̄, ¤̄𝑎, 𝜋̄, 𝑏, ¤𝑏, 𝜁)d𝑡 ­
𝑡2∫

𝑡1

𝑓 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)d𝑡,

for all 𝑎̄, ¤̄𝑎 and 𝜋̄.
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Similarly, the integral functional−
𝑡2∫

𝑡1

𝑓 (𝑡, 𝑎(𝑡), ¤𝑎(𝑡), 𝜋(𝑡), 𝑏̄(𝑡), ¤̄𝑏(𝑡), 𝜁 (𝑡))d𝑡

is said to be pseudoinvex at 𝑏, ¤𝑏 and 𝜁 if there exist the vector-valued func-
tionals 𝜂 ∈ R𝑚, with 𝜂(𝑡, 𝑏, ¤𝑏, 𝜁 , 𝑏, ¤𝑏, 𝜁) = 𝜂 |𝑡=𝑡1,𝑡=𝑡2 = 0, and 𝜈 ∈ R𝑙 with
𝜈(𝑡, 𝑏, ¤𝑏, 𝜁 , 𝑏, ¤𝑏, 𝜁) = 0, such that, for each 𝑎, ¤𝑎 and 𝜋, we have

𝑡2∫
𝑡1

[
𝜂𝑇 𝑓𝑏̄ (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁) + 𝜈𝑇 𝑓𝜁 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)

+ d𝜂𝑇

d𝑡
𝑓 ¤̄𝑏 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)

]
d𝑡 ¬ 0

⇒
𝑡2∫

𝑡1

𝑓 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏̄, ¤̄𝑏, 𝜁)d𝑡 ¬
𝑡2∫

𝑡1

𝑓 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)d𝑡,

for all 𝑏̄, ¤̄𝑏 and 𝜁 .

In the sequel, we will write 𝑧(𝑡, 𝑎, 𝑏) for 𝑧(𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁) and 𝜂(𝑡, 𝑎, 𝑏) for
𝜂(𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁). Also, we write (𝑎, 𝑏) instead of (𝑎, 𝜋, 𝑏, 𝜁).

3. Symmetric dual models

In this section, we introduce the controlled continuous analog associated with
the static symmetric multiobjective dual programs (see Weir [38]):

(P) min
(𝑎,𝑏)

©­­­­«
∫ 𝑡2

𝑡1

𝑓 1(𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)d𝑡∫ 𝑡2

𝑡1

𝑔1(𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)d𝑡
, . . . ,

∫ 𝑡2

𝑡1

𝑓 𝑗 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)d𝑡∫ 𝑡2

𝑡1

𝑔 𝑗 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)d𝑡

ª®®®®¬
subject to

𝑎(𝑡1) = 0 = 𝑎(𝑡2), 𝑏(𝑡1) = 0 = 𝑏(𝑡2),
¤𝑎(𝑡1) = 0 = ¤𝑎(𝑡2), ¤𝑏(𝑡1) = 0 = ¤𝑏(𝑡2),

𝑗∑︁
𝑦=1

Ω𝑦

{
𝐺𝑦 (𝑎, 𝑏)

(
𝑓
𝑦

𝑏
− d

d𝑡
𝑓
𝑦

¤𝑏

)
− 𝐹𝑦 (𝑎, 𝑏)

(
𝑔
𝑦

𝑏
− d

d𝑡
𝑔
𝑦

¤𝑏

)}
≦ 0, 𝑡 ∈ 𝐾,

𝑗∑︁
𝑦=1

Ω𝑦

{
𝐺𝑦 (𝑎, 𝑏)

(
𝑓
𝑦

𝜁
− d

d𝑡
𝑓
𝑦

¤𝜁

)
− 𝐹𝑦 (𝑎, 𝑏)

(
𝑔
𝑦

𝜁
− d

d𝑡
𝑔
𝑦

¤𝜁

)}
≦ 0, 𝑡 ∈ 𝐾,
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𝑏𝑇
𝑗∑︁
𝑦=1

Ω𝑦

{
𝐺𝑦 (𝑎, 𝑏)

(
𝑓
𝑦

𝑏
− d

d𝑡
𝑓
𝑦

¤𝑏

)
− 𝐹𝑦 (𝑎, 𝑏)

(
𝑔
𝑦

𝑏
− d

d𝑡
𝑔
𝑦

¤𝑏

)}
­ 0, 𝑡 ∈ 𝐾,

𝜁𝑇
𝑗∑︁
𝑦=1

Ω𝑦

{
𝐺𝑦 (𝑎, 𝑏)

(
𝑓
𝑦

𝜁
− d

d𝑡
𝑓
𝑦

¤𝜁

)
− 𝐹𝑦 (𝑎, 𝑏)

(
𝑔
𝑦

𝜁
− d

d𝑡
𝑔
𝑦

¤𝜁

)}
­ 0, 𝑡 ∈ 𝐾,

Ω > 0,

and

(D) max
(𝑢,𝑣)

©­­­­«
∫ 𝑡2

𝑡1

𝑓 1(𝑡, 𝑢, ¤𝑢, 𝜌, 𝑣, ¤𝑣, 𝜚)d𝑡∫ 𝑡2

𝑡1

𝑔1(𝑡, 𝑢, ¤𝑢, 𝜌, 𝑣, ¤𝑣, 𝜚)d𝑡
, . . . ,

∫ 𝑡2

𝑡1

𝑓 𝑗 (𝑡, 𝑢, ¤𝑢, 𝜌, 𝑣, ¤𝑣, 𝜚)d𝑡∫ 𝑡2

𝑡1

𝑔 𝑗 (𝑡, 𝑢, ¤𝑢, 𝜌, 𝑣, ¤𝑣, 𝜚)d𝑡

ª®®®®¬
subject to

𝑢(𝑡1) = 0 = 𝑢(𝑡2), 𝑣(𝑡1) = 0 = 𝑣(𝑡2),

¤𝑢(𝑡1) = 0 = ¤𝑢(𝑡2), ¤𝑣(𝑡1) = 0 = ¤𝑣(𝑡2),
𝑗∑︁
𝑦=1

Ω𝑦

{
𝐺𝑦 (𝑢, 𝑣)

(
𝑓
𝑦
𝑎 − d

d𝑡
𝑓
𝑦

¤𝑎

)
− 𝐹𝑦 (𝑢, 𝑣)

(
𝑔
𝑦
𝑎 −

d
d𝑡
𝑔
𝑦

¤𝑎

)}
≧ 0, 𝑡 ∈ 𝐾,

𝑗∑︁
𝑦=1

Ω𝑦

{
𝐺𝑦 (𝑢, 𝑣)

(
𝑓
𝑦
𝜋 − d

d𝑡
𝑓
𝑦

¤𝜋

)
− 𝐹𝑦 (𝑢, 𝑣)

(
𝑔
𝑦
𝜋 −

d
d𝑡
𝑔
𝑦

¤𝜋

)}
≧ 0, 𝑡 ∈ 𝐾,

𝑢𝑇
𝑗∑︁
𝑦=1

Ω𝑦

{
𝐺𝑦 (𝑢, 𝑣)

(
𝑓
𝑦
𝑎 − d

d𝑡
𝑓
𝑦

¤𝑎

)
− 𝐹𝑦 (𝑢, 𝑣)

(
𝑔
𝑦
𝑎 −

d
d𝑡
𝑔
𝑦

¤𝑎

)}
¬ 0, 𝑡 ∈ 𝐾,

𝜌𝑇
𝑗∑︁
𝑦=1

Ω𝑦

{
𝐺𝑦 (𝑢, 𝑣)

(
𝑓
𝑦
𝜋 − d

d𝑡
𝑓
𝑦

¤𝜋

)
− 𝐹𝑦 (𝑢, 𝑣)

(
𝑔
𝑦
𝜋 −

d
d𝑡
𝑔
𝑦

¤𝜋

)}
¬ 0, 𝑡 ∈ 𝐾,

Ω > 0,

where, for 𝑦 = 1, 2, . . . , 𝑗 , 𝑓 𝑦 : 𝐾 × R2𝑛 × R𝑠 × R2𝑚 × R𝑙 → R+, and 𝑔𝑦 : 𝐾 ×
R2𝑛 × R𝑠 × R2𝑚 × R𝑙 → R+\{0} are 𝐶2-class functionals and

𝐹𝑦 (𝑎, 𝑏) =
𝑡2∫

𝑡1

𝑓 𝑦 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)d𝑡, 𝐺𝑦 (𝑎, 𝑏) =
𝑡2∫

𝑡1

𝑔𝑦 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)d𝑡.
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Remark 1. If we consider𝐺𝑦 (𝑎, 𝑏) = 1, 𝑦 = 1, 2, . . . , 𝑗 , and remove control func-
tions, then the considered models (P) and (D) become the variational problems
studied by Gulati et al. [15]. In addition, if we take 𝑗 = 1 (and remove control
functions), the above-mentioned models, (P) and (D), become the variational
problems investigated in Gulati et al. [16].

Let us notice that we do not consider (as in Kim et al. [22]) the restriction
Ω𝑇𝑒 = 1, 𝑒 = (1, 1, · · · , 1) ∈ R 𝑗 , in the formulation of problems (P) and (D)
since it does not interfere in establishing the following duality results. Moreover,
its emergence creates difficulties in proving strong and converse duality theorems
(see Remark 2).

Next, we give an equivalent variant of the above-mentioned considered mod-
els:

(P′) min
(𝑎,𝑏)

(
𝑌1, 𝑌2, . . . , 𝑌 𝑗

)
subject to

𝑎(𝑡1) = 0 = 𝑎(𝑡2), 𝑏(𝑡1) = 0 = 𝑏(𝑡2), (1)
¤𝑎(𝑡1) = 0 = ¤𝑎(𝑡2), ¤𝑏(𝑡1) = 0 = ¤𝑏(𝑡2), (2)

𝑡2∫
𝑡1

𝑓 𝑦 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)d𝑡

− 𝑌 𝑦

𝑡2∫
𝑡1

𝑔𝑦 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)d𝑡 = 0, 𝑦 = 1, 2, . . . , 𝑗 , (3)

𝑗∑︁
𝑦=1

Ω𝑦

{(
𝑓
𝑦

𝑏
− d

d𝑡
𝑓
𝑦

¤𝑏

)
− 𝑌 𝑦

(
𝑔
𝑦

𝑏
− d

d𝑡
𝑔
𝑦

¤𝑏

)}
≦ 0, 𝑡 ∈ 𝐾, (4)

𝑗∑︁
𝑦=1

Ω𝑦

{(
𝑓
𝑦

𝜁
− d

d𝑡
𝑓
𝑦

¤𝜁

)
− 𝑌 𝑦

(
𝑔
𝑦

𝜁
− d

d𝑡
𝑔
𝑦

¤𝜁

)}
≦ 0, 𝑡 ∈ 𝐾, (4′)

𝑏𝑇
𝑗∑︁
𝑦=1

Ω𝑦

{(
𝑓
𝑦

𝑏
− d

d𝑡
𝑓
𝑦

¤𝑏

)
− 𝑌 𝑦

(
𝑔
𝑦

𝑏
− d

d𝑡
𝑔
𝑦

¤𝑏

)}
­ 0, 𝑡 ∈ 𝐾, (5)

𝜁𝑇
𝑗∑︁
𝑦=1

Ω𝑦

{(
𝑓
𝑦

𝜁
− d

d𝑡
𝑓
𝑦

¤𝜁

)
− 𝑌 𝑦

(
𝑔
𝑦

𝜁
− d

d𝑡
𝑔
𝑦

¤𝜁

)}
­ 0, 𝑡 ∈ 𝐾, (5′)

Ω > 0, (6)
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and
(D′) max

(𝑢,𝑣)

(
𝑋1, 𝑋2, . . . , 𝑋 𝑗

)
subject to

𝑢(𝑡1) = 0 = 𝑢(𝑡2), 𝑣(𝑡1) = 0 = 𝑣(𝑡2), (7)
¤𝑢(𝑡1) = 0 = ¤𝑢(𝑡2), ¤𝑣(𝑡1) = 0 = ¤𝑣(𝑡2), (8)

𝑡2∫
𝑡1

𝑓 𝑦 (𝑡, 𝑢, ¤𝑢, 𝜌, 𝑣, ¤𝑣, 𝜚)d𝑡

− 𝑋 𝑦

𝑡2∫
𝑡1

𝑔𝑦 (𝑡, 𝑢, ¤𝑢, 𝜌, 𝑣, ¤𝑣, 𝜚)d𝑡 = 0, 𝑦 = 1, 2, . . . , 𝑗 , (9)

𝑗∑︁
𝑦=1

Ω𝑦

{(
𝑓
𝑦
𝑎 − d

d𝑡
𝑓
𝑦

¤𝑎

)
− 𝑋 𝑦

(
𝑔
𝑦
𝑎 −

d
d𝑡
𝑔
𝑦

¤𝑎

)}
≧ 0, 𝑡 ∈ 𝐾, (10)

𝑗∑︁
𝑦=1

Ω𝑦

{(
𝑓
𝑦
𝜋 − d

d𝑡
𝑓
𝑦

¤𝜋

)
− 𝑋 𝑦

(
𝑔
𝑦
𝜋 −

d
d𝑡
𝑔
𝑦

¤𝜋

)}
≧ 0, 𝑡 ∈ 𝐾, (10′)

𝑢𝑇
𝑗∑︁
𝑦=1

Ω𝑦

{(
𝑓
𝑦
𝑎 − d

d𝑡
𝑓
𝑦

¤𝑎

)
− 𝑋 𝑦

(
𝑔
𝑦
𝑎 −

d
d𝑡
𝑔
𝑦

¤𝑎

)}
¬ 0, 𝑡 ∈ 𝐾, (11)

𝜌𝑇
𝑗∑︁
𝑦=1

Ω𝑦

{(
𝑓
𝑦
𝜋 − d

d𝑡
𝑓
𝑦

¤𝜋

)
− 𝑋 𝑦

(
𝑔
𝑦
𝜋 −

d
d𝑡
𝑔
𝑦

¤𝜋

)}
¬ 0, 𝑡 ∈ 𝐾, (11′)

Ω > 0. (12)

Further, let us consider 𝐴 and 𝐵 as the feasible solution sets for (P) and (D),
respectively.

The following two results (weak and strong type duality) are formulated
in accordance with (P′) and (D′) but, of course, these results apply equally
to (P) and (D).

Theorem 1. Let (𝑎(𝑡), 𝑏(𝑡), Ω, 𝑌 ) ∈ 𝐴 and (𝑢(𝑡), 𝑣(𝑡), Ω, 𝑋) ∈ 𝐵 be feasible
solutions in (P′) and (D′), respectively. Assume that:

(i)
𝑗∑︁
𝑦=1

Ω𝑦

𝑡2∫
𝑡1

{
𝑓 𝑦 (𝑡, (·), (·), (·), 𝑣, ¤𝑣, 𝜚) − 𝑋 𝑦𝑔𝑦 (𝑡, (·), (·), (·), 𝑣, ¤𝑣, 𝜚)

}
d𝑡 is pseu-

doinvex at 𝑢, ¤𝑢 and 𝜌, with 𝑧(𝑡, 𝑎, 𝑢) + 𝑢(𝑡) ≧ 0, 𝜇(𝑡, 𝑎, 𝑢) + 𝜌(𝑡) ≧ 0, 𝑡 ∈ 𝐾;
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(ii) −
𝑗∑︁
𝑦=1

Ω𝑦

𝑡2∫
𝑡1

{
𝑓 𝑦 (𝑡, 𝑢, ¤𝑢, 𝜌, (·), (·), (·))−𝑌 𝑦𝑔𝑦 (𝑡, 𝑢, ¤𝑢, 𝜌, (·), (·), (·))

}
d𝑡 is pseu-

doinvex at 𝑣, ¤𝑣 and 𝜚, with 𝜂(𝑡, 𝑣, 𝑏) + 𝑏(𝑡) ≧ 0, 𝜈(𝑡, 𝑣, 𝑏) + 𝜁 (𝑡) ≧ 0, 𝑡 ∈ 𝐾 .
Then, the relation 𝑌 ≰ 𝑋 is valid.

Proof. Relations given in (10) and (10′), joint with 𝑧(𝑡, 𝑎, 𝑢) + 𝑢(𝑡) ≧ 0,
𝜇(𝑡, 𝑎, 𝑢) + 𝜌(𝑡) ≧ 0, 𝑡 ∈ 𝐾 , involves

[𝑧(𝑡, 𝑎𝑢) + 𝑢(𝑡)]𝑇
[
Ω

{(
𝑓𝑎 −

d
d𝑡
𝑓 ¤𝑎

)
− 𝑋

(
𝑔𝑎 −

d
d𝑡
𝑔 ¤𝑎

)}]
­ 0,

[𝜇(𝑡, 𝑎, 𝑢) + 𝜌(𝑡)]𝑇
[
Ω

{(
𝑓𝜋 −

d
d𝑡
𝑓 ¤𝜋

)
− 𝑋

(
𝑔𝜋 −

d
d𝑡
𝑔 ¤𝜋

)}]
­ 0,

and, by using (11) and (11′), we get

(𝑧(𝑡, 𝑎, 𝑢))𝑇
[
Ω

{(
𝑓𝑎 −

d
d𝑡
𝑓 ¤𝑎

)
− 𝑋

(
𝑔𝑎 −

d
d𝑡
𝑔 ¤𝑎

)}]
­ 0, 𝑡 ∈ 𝐾,

(𝜇(𝑡, 𝑎, 𝑢))𝑇
[
Ω

{(
𝑓𝜋 −

d
d𝑡
𝑓 ¤𝜋

)
− 𝑋

(
𝑔𝜋 −

d
d𝑡
𝑔 ¤𝜋

)}]
­ 0, 𝑡 ∈ 𝐾,

which imply

0 ¬
𝑡2∫

𝑡1

𝑧(𝑡, 𝑎, 𝑢)𝑇
[
Ω

{
( 𝑓𝑎 − 𝑋𝑔𝑎) −

d
d𝑡

( 𝑓 ¤𝑎 − 𝑋𝑔 ¤𝑎)
}]

d𝑡

=

𝑡2∫
𝑡1

[
𝑧(𝑡, 𝑎, 𝑢)𝑇Ω( 𝑓𝑎 − 𝑋𝑔𝑎) +

d𝑧(𝑡, 𝑎, 𝑢)𝑇
d𝑡

Ω ( 𝑓 ¤𝑎 − 𝑋𝑔 ¤𝑎)
]
d𝑡

− 𝑧(𝑡, 𝑎, 𝑢)𝑇Ω ( 𝑓 ¤𝑎 − 𝑋𝑔 ¤𝑎)
���𝑡=𝑡2
𝑡=𝑡1
,

and
𝑡2∫

𝑡1

[
𝜇(𝑡, 𝑎, 𝑢)𝑇Ω( 𝑓𝜋 − 𝑋𝑔𝜋) +

d𝜇(𝑡, 𝑎, 𝑢)𝑇
d𝑡

Ω ( 𝑓 ¤𝜋 − 𝑋𝑔 ¤𝜋)
]
d𝑡 ­ 0.

Since 𝑧(𝑡, 𝑎, 𝑢) = 0, at 𝑡 = 𝑡1 and 𝑡 = 𝑡2, it follows
𝑡2∫

𝑡1

[
𝑧(𝑡, 𝑎, 𝑢)𝑇Ω( 𝑓𝑎 − 𝑋𝑔𝑎) +

d𝑧(𝑡, 𝑎, 𝑢)𝑇
d𝑡

Ω ( 𝑓 ¤𝑎 − 𝑋𝑔 ¤𝑎)
]
d𝑡 ­ 0



276 S. TREANŢĂ, V. IONICĂ, G. YE, W. LIU

and
𝑡2∫

𝑡1

[
𝜇(𝑡, 𝑎, 𝑢)𝑇Ω( 𝑓𝜋 − 𝑋𝑔𝜋) +

d𝜇(𝑡, 𝑎, 𝑢)𝑇
d𝑡

Ω ( 𝑓 ¤𝜋 − 𝑋𝑔 ¤𝜋)
]
d𝑡 ­ 0,

involving
𝑡2∫

𝑡1

[
𝑧(𝑡, 𝑎, 𝑢)𝑇Ω( 𝑓𝑎 − 𝑋𝑔𝑎) + 𝜇(𝑡, 𝑎, 𝑢)𝑇Ω( 𝑓𝜋 − 𝑋𝑔𝜋)

+ d𝑧(𝑡, 𝑎, 𝑢)𝑇
d𝑡

Ω ( 𝑓 ¤𝑎 − 𝑋𝑔 ¤𝑎)
]
d𝑡 ­ 0.

Now, by using the pseudoinvexity assumption given in (i), we obtain

Ω

𝑡2∫
𝑡1

{ 𝑓 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑣, ¤𝑣, 𝜚) − 𝑋𝑔(𝑡, 𝑎, ¤𝑎, 𝜋, 𝑣, ¤𝑣, 𝜚)} d𝑡

­ Ω

𝑡2∫
𝑡1

{ 𝑓 (𝑡, 𝑢, ¤𝑢, 𝜌, 𝑣, ¤𝑣, 𝜚) − 𝑋𝑔(𝑡, 𝑢, ¤𝑢, 𝜌, 𝑣, ¤𝑣, 𝜚)} d𝑡.

Taking into account the relation in (9), the above inequality gives

Ω

𝑡2∫
𝑡1

{ 𝑓 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑣, ¤𝑣, 𝜚) − 𝑋𝑔(𝑡, 𝑎, ¤𝑎, 𝜋, 𝑣, ¤𝑣, 𝜚)} d𝑡 ­ 0. (13)

On the other hand, relations given in (4) and (4′), together with 𝜂(𝑡, 𝑣, 𝑏) +
𝑏(𝑡) ≧ 0, 𝜈(𝑡, 𝑣, 𝑏) + 𝜁 (𝑡) ≧ 0, 𝑡 ∈ 𝐾 , implies

[𝜂(𝑡, 𝑣, 𝑏) + 𝑏(𝑡)]𝑇
[
Ω

{(
𝑓𝑏 −

d
d𝑡
𝑓 ¤𝑏

)
− 𝑌

(
𝑔𝑏 −

d
d𝑡
𝑔 ¤𝑏

)}]
¬ 0,

[𝜈(𝑡, 𝑣, 𝑏) + 𝜁 (𝑡)]𝑇
[
Ω

{(
𝑓𝜁 −

d
d𝑡
𝑓 ¤𝜁

)
− 𝑌

(
𝑔𝜁 −

d
d𝑡
𝑔 ¤𝜁

)}]
¬ 0,

and, by using (5) and (5′), we get

(𝜂(𝑡, 𝑣, 𝑏))𝑇
[
Ω

{(
𝑓𝑏 −

d
d𝑡
𝑓 ¤𝑏

)
− 𝑌

(
𝑔𝑏 −

d
d𝑡
𝑔 ¤𝑏

)}]
¬ 0, 𝑡 ∈ 𝐾,

(𝜈(𝑡, 𝑣, 𝑏))𝑇
[
Ω

{(
𝑓𝜁 −

d
d𝑡
𝑓 ¤𝜁

)
− 𝑌

(
𝑔𝜁 −

d
d𝑡
𝑔 ¤𝜁

)}]
¬ 0, 𝑡 ∈ 𝐾,
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which imply

0 ­
𝑡2∫

𝑡1

𝜂(𝑡, 𝑣, 𝑏)𝑇
[
Ω

{
( 𝑓𝑏 − 𝑌𝑔𝑏) −

d
d𝑡

(
𝑓 ¤𝑏 − 𝑌𝑔 ¤𝑏

)}]
d𝑡

=

𝑡2∫
𝑡1

[
𝜂(𝑡, 𝑣, 𝑏)𝑇Ω( 𝑓𝑏 − 𝑌𝑔𝑏) +

d𝜂(𝑡, 𝑣, 𝑏)𝑇
d𝑡

Ω
(
𝑓 ¤𝑏 − 𝑌𝑔 ¤𝑏

) ]
d𝑡

− 𝜂(𝑡, 𝑣, 𝑏)𝑇Ω
(
𝑓 ¤𝑏 − 𝑌𝑔 ¤𝑏

) ��𝑡=𝑡2
𝑡=𝑡1
,

and
𝑡2∫

𝑡1

[
𝜈(𝑡, 𝑣, 𝑏)𝑇Ω( 𝑓𝜁 − 𝑌𝑔𝜁 ) +

d𝜈(𝑡, 𝑣, 𝑏)𝑇
d𝑡

Ω

(
𝑓 ¤𝜁 − 𝑌𝑔 ¤𝜁

) ]
d𝑡 ¬ 0.

Since 𝜂(𝑡, 𝑣, 𝑏) = 0, at 𝑡 = 𝑡1 and 𝑡 = 𝑡2, it follows
𝑡2∫

𝑡1

[
𝜂(𝑡, 𝑣, 𝑏)𝑇Ω( 𝑓𝑏 − 𝑌𝑔𝑏) +

d𝜂(𝑡, 𝑣, 𝑏)𝑇
d𝑡

Ω
(
𝑓 ¤𝑏 − 𝑌𝑔 ¤𝑏

) ]
d𝑡 ¬ 0

and
𝑡2∫

𝑡1

[
𝜈(𝑡, 𝑣, 𝑏)𝑇Ω( 𝑓𝜁 − 𝑌𝑔𝜁 ) +

d𝜈(𝑡, 𝑣, 𝑏)𝑇
d𝑡

Ω

(
𝑓 ¤𝜁 − 𝑌𝑔 ¤𝜁

) ]
d𝑡 ¬ 0,

involving
𝑡2∫

𝑡1

[
𝜂(𝑡, 𝑣, 𝑏)𝑇Ω( 𝑓𝑏 − 𝑌𝑔𝑏) + 𝜈(𝑡, 𝑣, 𝑏)𝑇Ω( 𝑓𝜁 − 𝑌𝑔𝜁 )

+ d𝜂(𝑡, 𝑣, 𝑏)𝑇
d𝑡

Ω
(
𝑓 ¤𝑏 − 𝑌𝑔 ¤𝑏

) ]
d𝑡 ¬ 0.

Now, by using the pseudoinvexity assumption given in (ii), we obtain

Ω

𝑡2∫
𝑡1

{ 𝑓 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑣, ¤𝑣, 𝜚) − 𝑌𝑔(𝑡, 𝑎, ¤𝑎, 𝜋, 𝑣, ¤𝑣, 𝜚)} d𝑡

¬ Ω

𝑡2∫
𝑡1

{
𝑓 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁) − 𝑌𝑔(𝑡, 𝑎, ¤𝑎, 𝜋, 𝑏, ¤𝑏, 𝜁)

}
d𝑡.
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Taking into account the relation in (3), the above inequality gives

Ω

𝑡2∫
𝑡1

{ 𝑓 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑣, ¤𝑣, 𝜚) − 𝑌𝑔(𝑡, 𝑎, ¤𝑎, 𝜋, 𝑣, ¤𝑣, 𝜚)} d𝑡 ¬ 0.

The above inequality along with (13) yields

𝑗∑︁
𝑦=1

Ω𝑦 (𝑌 𝑦 − 𝑋 𝑦)
𝑡2∫

𝑡1

𝑔𝑦 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑣, ¤𝑣, 𝜚)d𝑡 ­ 0. (14)

If, for some 𝑦 ∈ {1, 2, . . . , 𝑗}, we have 𝑌 𝑦 < 𝑋 𝑦, and, for 𝑖 ∈ {1, 2, . . . , 𝑗}, with

𝑖 ≠ 𝑦, we have 𝑌 𝑖 ¬ 𝑋 𝑖, then since
𝑡2∫

𝑡1

𝑔𝑦 (𝑡, 𝑎, ¤𝑎, 𝜋, 𝑣, ¤𝑣, 𝜚)d𝑡 > 0 and Ω > 0, it

results a contradiction with relation given in (14). 2

Theorem 2. Consider the hypotheses stated in Theorem 1 are satisfied and
assume that:
(i) (𝑎̄, 𝑏̄, Ω̄, 𝑌 ) is a proper efficient point in (P′);
(ii) consider the following relations

Ψ(𝑡)𝑇


𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝑏𝑏
− 𝑌 𝑦𝑔𝑦

𝑏𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏𝑏 − 𝑌
𝑦𝑔
𝑦

¤𝑏𝑏

)}
+ d

d𝑡

Ψ(𝑡)𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦

{
d
d𝑡

(
𝑓
𝑦

¤𝑏 ¤𝑏 − 𝑌
𝑦𝑔
𝑦

¤𝑏 ¤𝑏

)}
+ d2

d𝑡2

−Ψ(𝑡)𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑓
𝑦

¤𝑏 ¤𝑏 − 𝑌
𝑦𝑔
𝑦

¤𝑏 ¤𝑏

) + Ψ̄(𝑡)𝑇

𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑓
𝑦

𝜁𝑏
− 𝑌 𝑦𝑔𝑦

𝜁𝑏

)
− d

d𝑡

Ψ̄(𝑡)𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑓
𝑦

𝜁 ¤𝑏 − 𝑌
𝑦𝑔
𝑦

𝜁 ¤𝑏

)
Ψ(𝑡) = 0,

{(
𝑓
𝑦

𝑏
− 𝑌 𝑦𝑔𝑦

𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏 − 𝑌 𝑦𝑔𝑦¤𝑏
)}
Ψ(𝑡)𝑇

+
{(
𝑓
𝑦

𝜁
− 𝑌 𝑦𝑔𝑦

𝜁

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁 − 𝑌 𝑦𝑔𝑦¤𝜁
)}
Ψ̄(𝑡)𝑇 = 0, 𝑦 ∈ {1, 2, . . . , 𝑗}, 𝑡 ∈𝐾,

implies Ψ(𝑡) = Ψ̄(𝑡) = 0, 𝑡 ∈ 𝐾;
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(iii) the following elements{((
𝑓 1
𝑏 − 𝑌1𝑔1

𝑏

)
− d

d𝑡

(
𝑓 1
¤𝑏 − 𝑌1𝑔1

¤𝑏

))
, . . . ,

((
𝑓
𝑗

𝑏
− 𝑌 𝑗𝑔 𝑗

𝑏

)
− d

d𝑡

(
𝑓
𝑗

¤𝑏 − 𝑌 𝑗𝑔 𝑗¤𝑏
))}

are linear independent.
In this case, the point (𝑎̄, 𝑏̄,Ω = Ω̄, 𝑌 ) is a proper efficient point in (D′).

Proof. Since (𝑎̄, 𝑏̄, Ω̄, 𝑌 ) is a properly efficient point of (P′), we get (𝑎̄, 𝑏̄, Ω̄, 𝑌 )
is a weak efficient point of (P′). Thus, by Fritz John criteria (see Craven [10]),
there exist the multipliers 𝛼, 𝛽,Υ ∈ R 𝑗 , and the piecewise smooth functions
Γ : 𝐾 → R𝑚, 𝜔 : 𝐾 → R𝑙 , 𝛿, 𝜍 : 𝐾 → R, such that

𝐿 =

𝑗∑︁
𝑦=1

𝛼𝑦𝑌 𝑦 +
𝑗∑︁
𝑦=1

𝛽𝑦
(
𝑓 𝑦 − 𝑌 𝑦𝑔𝑦

)
+ [Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡)]𝑇


𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝑏
− 𝑌 𝑦𝑔𝑦

𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏 − 𝑌 𝑦𝑔𝑦¤𝑏
)}

+ [𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡)]𝑇

𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝜁
− 𝑌 𝑦𝑔𝑦

𝜁

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁 − 𝑌 𝑦𝑔𝑦¤𝜁
)} − Υ𝑇 Ω̄

fulfils the next conditions at (𝑎̄, 𝑏̄, Ω̄, 𝑌 ):

𝐿𝑎 −
d
d𝑡
𝐿 ¤𝑎 +

d2

d𝑡2
𝐿 ¥𝑎 = 0, 𝑡 ∈ 𝐾, (15)

𝐿𝑏 −
d
d𝑡
𝐿 ¤𝑏 +

d2

d𝑡2
𝐿 ¥𝑏 = 0, 𝑡 ∈ 𝐾, (16)

𝐿Ω = 0, 𝑡 ∈ 𝐾, (17)
𝐿𝑌 = 0, 𝑡 ∈ 𝐾, (18)
𝑡2∫

𝑡1

𝛽𝑦
(
𝑓 𝑦 − 𝑌 𝑦𝑔𝑦

)
d𝑡 = 0, 𝑦 ∈ {1, 2, . . . , 𝑗}, 𝑡 ∈ 𝐾, (19)

Γ(𝑡)𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝑏
− 𝑌 𝑦𝑔𝑦

𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏 − 𝑌 𝑦𝑔𝑦¤𝑏
)}

= 0, 𝑡 ∈ 𝐾, (20)

𝛿(𝑡)𝑏̄(𝑡)𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝑏
− 𝑌 𝑦𝑔𝑦

𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏 − 𝑌 𝑦𝑔𝑦¤𝑏
)}

= 0, 𝑡 ∈ 𝐾, (21)
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𝜔(𝑡)𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝜁
− 𝑌 𝑦𝑔𝑦

𝜁

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁 − 𝑌 𝑦𝑔𝑦¤𝜁
)}

= 0, 𝑡 ∈ 𝐾, (22)

𝜍 (𝑡)𝜁 (𝑡)𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝜁
− 𝑌 𝑦𝑔𝑦

𝜁

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁 − 𝑌 𝑦𝑔𝑦¤𝜁
)}

= 0, 𝑡 ∈ 𝐾, (23)

Υ𝑇 Ω̄ = 0, (24)(
(𝛼, Γ(𝑡), 𝛿(𝑡), 𝜔(𝑡),Υ, 𝜍 (𝑡)) ≧ 0, 𝑡 ∈ 𝐾, (25)
(𝛼, 𝛽, Γ(𝑡), 𝛿(𝑡), 𝜔(𝑡),Υ, 𝜍 (𝑡)) ≠ 0, 𝑡 ∈ 𝐾, (26)
𝐿𝜋 = 0, 𝑡 ∈ 𝐾, (27)
𝐿𝜁 = 0, 𝑡 ∈ 𝐾. (28)

The relations given above are valid in 𝐾 , excepting the peaks associated with
(𝑎̄(𝑡), 𝑏̄(𝑡), Ω̄, 𝑌 ), where the relations (15), (16) are satisfied for unique left and
right-hand limits.

Next, by using the computations on
d
d𝑡
𝑓
𝑦

¤𝑏 and
d
d𝑡
𝑔
𝑦

¤𝑏, 𝑦 ∈ {1, 2, . . . , 𝑗}, from
Section 2, the relations given in (15)–(18) become:

𝑗∑︁
𝑦=1

𝛽𝑦
{(
𝑓
𝑦
𝑎 − 𝑌 𝑦𝑔𝑦𝑎

)
− d

d𝑡
(
𝑓
𝑦

¤𝑎 − 𝑌 𝑦𝑔𝑦¤𝑎
)}

+ (Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇

×
𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝑏𝑎
− 𝑌 𝑦𝑔𝑦

𝑏𝑎

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏𝑎 − 𝑌
𝑦𝑔
𝑦

¤𝑏𝑎

)}
− d

d𝑡
(Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇

×
𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝑏 ¤𝑎 − 𝑌
𝑦𝑔
𝑦

𝑏 ¤𝑎

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏 ¤𝑎 − 𝑌
𝑦𝑔
𝑦

¤𝑏 ¤𝑎

)
−
(
𝑓
𝑦

¤𝑏𝑎 − 𝑌
𝑦𝑔
𝑦

¤𝑏𝑎

)}
+ d2

d𝑡2

−(Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑓
𝑦

¤𝑏 ¤𝑎 − 𝑌
𝑦𝑔
𝑦

¤𝑏 ¤𝑎

) + (𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇

×
𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝜁𝑎
− 𝑌 𝑦𝑔𝑦

𝜁𝑎

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁𝑎 − 𝑌
𝑦𝑔
𝑦

¤𝜁𝑎

)}
− d

d𝑡
(𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇

×
𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝜁 ¤𝑎 − 𝑌
𝑦𝑔
𝑦

𝜁 ¤𝑎

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁 ¤𝑎 − 𝑌
𝑦𝑔
𝑦

¤𝜁 ¤𝑎

)
−
(
𝑓
𝑦

¤𝜁𝑎 − 𝑌
𝑦𝑔
𝑦

¤𝜁𝑎

)}
+ d2

d𝑡2

−(𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑓
𝑦

¤𝜁 ¤𝑎 − 𝑌
𝑦𝑔
𝑦

¤𝜁 ¤𝑎

) = 0, 𝑡 ∈ 𝐾, (29)
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𝑗∑︁
𝑦=1

(
𝛽𝑦 − 𝛿(𝑡)Ω̄𝑦

) {(
𝑓
𝑦

𝑏
− 𝑌 𝑦𝑔𝑦

𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏 − 𝑌 𝑦𝑔𝑦¤𝑏
)}

+ (Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇

𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝑏𝑏
− 𝑌 𝑦𝑔𝑦

𝑏𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏𝑏 − 𝑌
𝑦𝑔
𝑦

¤𝑏𝑏

)}
+ d

d𝑡

(Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦

{
d
d𝑡

(
𝑓
𝑦

¤𝑏 ¤𝑏 − 𝑌
𝑦𝑔
𝑦

¤𝑏 ¤𝑏

)}
+ d2

d𝑡2

−(Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑓
𝑦

¤𝑏 ¤𝑏 − 𝑌
𝑦𝑔
𝑦

¤𝑏 ¤𝑏

)
+ (𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇


𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝜁𝑏
− 𝑌 𝑦𝑔𝑦

𝜁𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁𝑏 − 𝑌
𝑦𝑔
𝑦

¤𝜁𝑏

)}
− d

d𝑡

(𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑓
𝑦

𝜁 ¤𝑏 − 𝑌
𝑦𝑔
𝑦

𝜁 ¤𝑏

) = 0, 𝑡 ∈ 𝐾, (30)

{(
𝑓
𝑦

𝑏
− 𝑌 𝑦𝑔𝑦

𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏 − 𝑌 𝑦𝑔𝑦¤𝑏
)}

(Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇

+
{(
𝑓
𝑦

𝜁
− 𝑌 𝑦𝑔𝑦

𝜁

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁 − 𝑌 𝑦𝑔𝑦¤𝜁
)}

(𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇 − Υ𝑇 = 0,

𝑦 ∈ {1, 2, . . . , 𝑗}, 𝑡 ∈ 𝐾, (31)

and

𝛼𝑦 − 𝛽𝑦𝑔𝑦 − (Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇 Ω̄𝑦

(
𝑔
𝑦

𝑏
− d

d𝑡
𝑔
𝑦

¤𝑏

)
− (𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇 Ω̄𝑦

(
𝑔
𝑦

𝜁
− d

d𝑡
𝑔
𝑦

¤𝜁

)
= 0, 𝑦 ∈ {1, 2, . . . , 𝑗}, 𝑡 ∈ 𝐾. (32)

By considering Υ ≧ 0, from Ω̄ > 0 and relation (24), we get Υ = 0. Conse-
quently, relations given in (31) become{(

𝑓
𝑦

𝑏
− 𝑌 𝑦𝑔𝑦

𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏 − 𝑌 𝑦𝑔𝑦¤𝑏
)}

(Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇

+
{(
𝑓
𝑦

𝜁
− 𝑌 𝑦𝑔𝑦

𝜁

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁 − 𝑌 𝑦𝑔𝑦¤𝜁
)}

(𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇 = 0,

𝑦 ∈ {1, 2, . . . , 𝑗}, 𝑡 ∈ 𝐾, (33)
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involving, as a special case, the following{(
𝑓
𝑦

𝑏
− 𝑌 𝑦𝑔𝑦

𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏 − 𝑌 𝑦𝑔𝑦¤𝑏
)}

(Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇 = 0,

𝑦 ∈ {1, 2, . . . , 𝑗}, 𝑡 ∈ 𝐾, (34)

and {(
𝑓
𝑦

𝜁
− 𝑌 𝑦𝑔𝑦

𝜁

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁 − 𝑌 𝑦𝑔𝑦¤𝜁
)}

(𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇 = 0,

𝑦 ∈ {1, 2, . . . , 𝑗}, 𝑡 ∈ 𝐾.

Multiplying by (Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡)) relation (30) and by considering (34), it results

(Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇


𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝑏𝑏
− 𝑌 𝑦𝑔𝑦

𝑏𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏𝑏 − 𝑌
𝑦𝑔
𝑦

¤𝑏𝑏

)}
+ d

d𝑡

(Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦

{
d
d𝑡

(
𝑓
𝑦

¤𝑏 ¤𝑏 − 𝑌
𝑦𝑔
𝑦

¤𝑏 ¤𝑏

)}
+ d2

d𝑡2

−(Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑓
𝑦

¤𝑏 ¤𝑏 − 𝑌
𝑦𝑔
𝑦

¤𝑏 ¤𝑏

)
+ (𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇


𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑓
𝑦

𝜁𝑏
− 𝑌 𝑦𝑔𝑦

𝜁𝑏

)
− d

d𝑡

(𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑓
𝑦

𝜁 ¤𝑏 − 𝑌
𝑦𝑔
𝑦

𝜁 ¤𝑏

)


× (Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡)) = 0. (35)

This, following hypothesis (ii), yields

Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡) = 0, 𝑡 ∈ 𝐾, (36)

𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡) = 0, 𝑡 ∈ 𝐾. (37)

From (30), we have
𝑗∑︁
𝑦=1

(
𝛽𝑦 − 𝛿(𝑡)Ω̄𝑦

) {(
𝑓
𝑦

𝑏
− 𝑌 𝑦𝑔𝑦

𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏 − 𝑌 𝑦𝑔𝑦¤𝑏
)}

= 0
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which, by considering hypothesis (iii), implies

𝛽𝑦 − 𝛿(𝑡)Ω̄𝑦 = 0, 𝑦 ∈ {1, 2, . . . , 𝑗}

or
𝛽 = 𝛿(𝑡)Ω̄. (38)

Now, by (29), (36) and (38) we obtain
𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦
𝑎 − 𝑌 𝑦𝑔𝑦𝑎

)
− d

d𝑡
(
𝑓
𝑦

¤𝑎 − 𝑌 𝑦𝑔𝑦¤𝑎
)}

= 0, 𝑡 ∈ 𝐾. (39)

From (36), we get

𝑏̄(𝑡) = Γ(𝑡)
𝛿(𝑡) ≧ 0, 𝑡 ∈ 𝐾. (40)

By considering the relation formulated in (28), we obtain
𝑗∑︁
𝑦=1

(
𝛽𝑦 − 𝜍 (𝑡)Ω̄𝑦

) {(
𝑓
𝑦

𝜁
− 𝑌 𝑦𝑔𝑦

𝜁

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁 − 𝑌 𝑦𝑔𝑦¤𝜁
)}

+ (Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇

𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝑏𝜁
− 𝑌 𝑦𝑔𝑦

𝑏𝜁

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏𝜁 − 𝑌
𝑦𝑔
𝑦

¤𝑏𝜁

)}
+ (𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇


𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝜁𝜁
− 𝑌 𝑦𝑔𝑦

𝜁𝜁

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁𝜁 − 𝑌
𝑦𝑔
𝑦

¤𝜁𝜁

)} = 0, 𝑡 ∈𝐾.

(41)

By considering the relation formulated in (27), we obtain
𝑗∑︁
𝑦=1

𝛽𝑦
(
𝑓
𝑦
𝜋 − 𝑌 𝑦𝑔𝑦𝜋

)
+ (Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇


𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝑏𝜋
− 𝑌 𝑦𝑔𝑦

𝑏𝜋

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏𝜋 − 𝑌
𝑦𝑔
𝑦

¤𝑏𝜋

)}
+ (𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇


𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦

𝜁𝜋
− 𝑌 𝑦𝑔𝑦

𝜁𝜋

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁𝜋 − 𝑌
𝑦𝑔
𝑦

¤𝜁𝜋

)} = 0, 𝑡 ∈𝐾.

(42)
From relations (36) and (38), for 𝑡 ∈ 𝐾, 𝛿(𝑡) = 0, we get 𝛽 = 0 and Γ(𝑡) = 0,

respectively. Moreover, relation (32) involves 𝛼 = 0. A similar analysis can
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be established for 𝜍 (𝑡) = 0, 𝑡 ∈ 𝐾 . Hence (𝛼, 𝛽, Γ(𝑡), 𝛿(𝑡), 𝜔(𝑡),Υ, 𝜍 (𝑡)) = 0,
contradicting the Fritz John condition (26). Thus, it results 𝛿(𝑡), 𝜍 (𝑡) > 0, 𝑡 ∈ 𝐾 .

By (39) and (40)–(42), we obtain (𝑎̄, 𝑏̄, Ω̄, 𝑌 ) ∈ 𝐵 i.e., (𝑎̄, 𝑏̄, 𝑌 ) is feasible
point in (D′) with Ω = Ω̄, and, moreover, the cost functionals become equal.

If (𝑎̄, 𝑏̄, 𝑌 ) is not an efficient point for (D′) with Ω = Ω̄, then there exists a
point

(
𝑢0, 𝑣0, 𝑋0) feasible for (D′) such that

𝑋0 ⩾ 𝑌

which contradicts Theorem 1. Next, let us as show that (𝑎̄, 𝑏̄, Ω̄, 𝑌 ) is a prop-
erly efficient point for (D′). By contrary, if it is not so, therefore, for some(
𝑢0, 𝑣0, Ω̄, 𝑋0) ∈ 𝐵 and some 𝑦, 𝑋0𝑦 − 𝑌 𝑦 > 𝑀 for any 𝑀 > 0, since

𝑡2∫
𝑡1

𝑔𝑦
(
𝑡, 𝑎̄, ¤̄𝑎, 𝜋̄, 𝑣0, ¤𝑣0, 𝜚0

)
d𝑡 > 0

and Ω̄𝑦 > 0, 𝑦 ∈ {1, 2, . . . , 𝑗}, it follows

𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑌 𝑦 − 𝑋0𝑦

) 𝑡2∫
𝑡1

𝑔𝑦
(
𝑡, 𝑎̄, ¤̄𝑎, 𝜋̄, 𝑣0, ¤𝑣0, 𝜚0

)
d𝑡 < 0,

which is in contradiction with Theorem 1. Consequently, (𝑎̄, 𝑏̄, 𝑌 ) is properly
efficient point of (D′) with Ω = Ω̄. 2

Remark 2. As we established previously, unlike Kim et al. [22], we can not
consider Ω𝑇𝑒 = 1 in the primal model since we need a new multiplier 𝜖 ∈ 𝑅

associated with it and, thus, (31) is formulated as follows{(
𝑓
𝑦

𝑏
− 𝑌 𝑦𝑔𝑦

𝑏

)
− d

d𝑡

(
𝑓
𝑦

¤𝑏 − 𝑌 𝑦𝑔𝑦¤𝑏
)}

(Γ(𝑡) − 𝛿(𝑡)𝑏̄(𝑡))𝑇

+
{(
𝑓
𝑦

𝜁
− 𝑌 𝑦𝑔𝑦

𝜁

)
− d

d𝑡

(
𝑓
𝑦

¤𝜁 − 𝑌 𝑦𝑔𝑦¤𝜁
)}

(𝜔(𝑡) − 𝜍 (𝑡)𝜁 (𝑡))𝑇 − Υ𝑇 + 𝜖 = 0,

𝑦 ∈ {1, 2, . . . , 𝑗}, 𝑡 ∈ 𝐾.

By the above computation, we obtain Υ = 0 but we can not get 𝜖 = 0. Thus, we
do not have (33), playing a pivotal role in establishing the strong-type duality.

Next, we state a converse-type duality theorem. Its proof is in the same manner
as in Theorem 2 given above.

Theorem 3. Consider the assumptions given in Theorem 1 are fulfilled and
suppose that:
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(i) (𝑢̄, 𝑣̄, Ω̄, 𝑋̄) is a proper efficient point in (D′);
(ii) consider the following relations

Ψ(𝑡)𝑇
{ 

𝑗∑︁
𝑦=1

Ω̄𝑦

{(
𝑓
𝑦
𝑎𝑎 − 𝑌 𝑦𝑔𝑦𝑎𝑎

)
− d

d𝑡
(
𝑓
𝑦

¤𝑎𝑎 − 𝑌
𝑦𝑔
𝑦

¤𝑎𝑎
)}

+ d
d𝑡

Ψ(𝑡)𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦

{
d
d𝑡

(
𝑓
𝑦

¤𝑎 ¤𝑎 − 𝑌
𝑦𝑔
𝑦

¤𝑎 ¤𝑎
)}

+ d2

d𝑡2

−Ψ(𝑡)𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑓
𝑦

¤𝑎 ¤𝑎 − 𝑌
𝑦𝑔
𝑦

¤𝑎 ¤𝑎
)

+ Ψ̄(𝑡)𝑇

𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑓
𝑦
𝜋𝑎 − 𝑌 𝑦𝑔𝑦𝜋𝑎

)
− d

d𝑡

Ψ̄(𝑡)𝑇
𝑗∑︁
𝑦=1

Ω̄𝑦
(
𝑓
𝑦

𝜋 ¤𝑎 − 𝑌
𝑦𝑔
𝑦

𝜋 ¤𝑎
)

}
Ψ(𝑡) = 0,

{(
𝑓
𝑦
𝑎 − 𝑌 𝑦𝑔𝑦𝑎

)
− d

d𝑡
(
𝑓
𝑦

¤𝑎 − 𝑌 𝑦𝑔𝑦¤𝑎
)}

Ψ(𝑡)𝑇

+
{(
𝑓
𝑦
𝜋 − 𝑌 𝑦𝑔𝑦𝜋

)
− d

d𝑡
(
𝑓
𝑦

¤𝜋 − 𝑌 𝑦𝑔𝑦¤𝜋
)}

Ψ̄(𝑡)𝑇 = 0,

𝑦 ∈ {1, 2, . . . , 𝑗}, 𝑡 ∈ 𝐾,

implies Ψ(𝑡) = Ψ̄(𝑡) = 0, 𝑡 ∈ 𝐾;
(iii) the following elements{((

𝑓 1
𝑎 − 𝑌1𝑔1

𝑎

)
− d

d𝑡

(
𝑓 1
¤𝑎 − 𝑌1𝑔1

¤𝑎

))
, . . . ,

((
𝑓
𝑗
𝑎 − 𝑌 𝑗𝑔 𝑗𝑎

)
− d

d𝑡

(
𝑓
𝑗

¤𝑎 − 𝑌 𝑗𝑔 𝑗¤𝑎
))}

are linear independent.
In this case, the point (𝑢̄, 𝑣̄,Ω = Ω̄, 𝑋̄) is a proper efficient point in (P′).

4. Conclusions

In this study, we have employed weaker generalized convexity hypotheses than
those formulated in Chen [8], Kim et al. [22], following Ahmad [2] (for classical
multiobjective variational problems) in order to establish and provide character-
izations of symmetric dual models associated with new multiple cost variational
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control problems. More precisely, we have extended the framework to controlled
variational models, and, therefore, the derived results are significantly stronger
and more generous than those presented so far in the specialized literature.
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