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On symmetric dual models associated
with multiple cost control problems
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In this paper, we build a symmetric dual model associated with a family of multiple cost
control problems. More concretely, under weaker generalized convexity hypotheses than those
formulated in previous research works (for classical multiobjective variational problems), we
establish and extend the framework to controlled variational models, and, therefore, the derived
results become significantly stronger and more generous than those presented so far in the
specialized literature.
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cient point.

1. Introduction

Because of the increasingly accentuated randomness of the medium, initial
data more often include inaccuracies. For modeling various processes in industry
and economics to make decisions, some complete information regarding the
parameters and variables involved is not always attainable. Therefore, a suitable
and adequate framework of uncertainty is a necessity to build the model, or new
techniques must be adapted to obtain efficient solutions in a given sense. In the
realm of optimization problems grappling with uncertainty, robust optimization,
fuzzy optimization, and interval-valued optimization stand out as burgeoning
branches within the vast landscape of mathematics. Recent developments in this
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regard can be read in the following research works: Treantd and Saeed [34], Bagri
et al. [4], Guo et al. [18, 19], Jayswal et al. [20], Saeed and Treantad [24], Shi et
al. [28], Treanta [32,33], Sun et al. [30].

Over time, various researchers have been interested in obtaining certain so-
lution techniques by considering symmetric-type duality for multiobjective pro-
gramming problems. Among the first approaches to this concept of symmetric
duality for quadratic programming were proposed by Dorn [13] and Dantzig et
al. [11]. Then, Mond and Hanson [23] initially established a pair of symmetric
duals and demonstrated the duality results by considering convexity and concav-
ity hypotheses. Thereafter, Smart and Mond [29], by omitting the non-negativity
constraints presented in Mond and Hanson [23], studied symmetric-type dual-
ity under invexity assumptions. Moreover, they also stated the static case, by
relaxing the time dependency. Schaible [25-27] provided a unified approach of
fractional programming. In [17], Gulati et al., following Mond and Hanson [23],
extended the results for a family of minimax programming problems. Chandra
et al. [7] introduced for the first time a symmetric dual in fractional nonlinear
programming. Furthermore, Gulati et al. [16] have given a generalization of these
results and considered the static and continuous fractional nonlinear models. For
multiobjective fractional nonlinear extremization problems, a symmetric duality
was established by Weir [38], where various duality theorems have been derived
by using convexity hypotheses. These results were extended by Yang et al. [39] to
the nondifferentiable situation by considering support-type functions. Also, Kim
and Lee [21] presented a pair of symmetric duals for multiobjective variational
problems by invexity assumptions. In [15], Gulati et al. presented other sym-
metric duals for multiobjective variational models under pseudoconvexity and
pseudoconcavity hypotheses. A contribution was also made by Chen [9], who es-
tablished results of symmetric duality for multiobjective mixed integer programs.
Then, Chen [8] and Kim et al. [22] obtained duality results in symmetric multiple
objective fractional models governed by convex functions. Recently, Abdulaleem
and Treantd [1] established optimality and duality results for E-differentiable
multiobjective problems. Also, Antczak et al. [3] investigated efficiency and
duality associated with nonconvex nondifferentiable optimization problems. Fur-
ther, Das et al. [12] studied set-valued fractional extremization models by using
contingent epi-derivative. In [31], Treantd and Mititelu, studied duality governed
by (p, b) — quasiinvexity in multi-dimensional multiple objective fractional con-
trol problems. Very recently, Upadhyay et al. [35-37] analyzed multiobjective
semi-infinite programming problems on Hadamard manifolds.

The exploration of symmetric duality within the realm of multiobjective frac-
tional problems has expanded into the broader landscape of continuous-time
variational problems. Through this extension, a nuanced understanding of weak
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and strong dualities has been cultivated under generalized convexity assump-
tions. In this context, the integration of a control variable into the optimization
process plays a pivotal role. This intricate interplay between optimization objec-
tives and control variables introduces novel perspectives and avenues for analysis.
Moreover, a profound connection between these variational problems and their
counterparts in the realm of multiobjective symmetric dual control problems will
be elucidated in this study. This network of relationships sheds light on the under-
lying principles governing optimization strategies in complex and multiobjective
scenarios. More precisely, in this paper, we use weaker generalized convexity hy-
potheses than those formulated in Chen [8], Kim et al. [22], following Ahmad [2]
(for classical multiobjective variational problems) to establish and provide char-
acterizations of symmetric dual models associated with new multiple cost vari-
ational control problems. Concretely, we extend the framework to controlled
variational models, and, therefore, the derived results are significantly stronger
and more generous than those presented so far in the specialized literature.

The paper continues as follows. Section 2 presents notations, definitions, and
preliminary tools for introducing the problem under study. Section 3 formulates
the primal and dual models and establishes various duality results for this pair of
problems. In Section 4, we state the conclusions associated with this study.

2. Preliminary tools

Let K = [t1,12] be a real interval, and f* (¢, a(z), a(t), n(z), b(t), b(t), £ (1))
and g7 (t,a(t),a(t), n(1), b(t) b(1), {(t)), where a: K — R", n: K — R’,
b: K - R", ¢: K — R/ (see d and b as derivatives for a and b with re-
spect to ¢ € K), are C>-class functionals, for y € {1,2,...,j}. In the paper,
fas i 2 £y fby and fg represent the gradients associated with the functional

f(ta(),a(t), 7 (1), b(1), b(1), { (1))

with respect to a, d, «, b, b and Z,

po(2r ey po(2r ey
“ \oa” 7 dan) @ \gal” " dar)
P2 ary' po (2L o\
b (9b1’-'-’ abm bl b al-)la"'a abm b
o (28 arr\' po(or op !

Ve aﬂ_l"", 671'5 ) é’ a{l,'..’agl ’

forye{1,2,...,j}.Similarly, g}, glyi .S gi, gz and gz denote the gradient vectors
of g¥(t,a(t),a(t), n(t), b(1), b(t), (t)) with respect to a, d, m, b, b and £.
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The following computations will be used to prove the strong duality theorem
(see Theorem 2 in the next section):

d Yy _ rY Y i Y 7 Yy . Y e Y s Y 2
@l T I T b H T+ At Sy a1 L

involving
9 if.y :if.y 9 ify =
o \de b dr’bs gl \dt’b b’
0 (d )\ _ d o (d .\ _ .y
on dtfb _dtfl'vr’ on drfb =T
0 (dy)_d 9 (d y)_d y
ob dtfl'7 _dtfi?b’ ob d;fb _d;fbb"'fbb’
o (d )\ o (d .\ _d
o5 \ar’s | = o oa \arls | = arlba’
0 d y d Yy Yy 0 d y y .
5= 73/ : —=\|=f=/, f 1,2,...,7}.
dad dtfb dtfbd+fba’ Jii dtfb fbd’ or yE{ , 2, ,]}

Similarly, we can write the above-mentioned computations for the integral func-
tional g.

Let C'(K,R") and C'(K,R™) denote the spaces of piecewise smooth state
functions a and b, respectively, equipped with norm ||a|| = ||a||e + ||¢]| and
1611 = 16| + 115]] 0, respectively. Also, let CO(K,R*) and C°(K, R!) denote the
spaces of piecewise continuous control functions m and ¢, respectively, equipped
with uniform norm, as well.

Consider the following multi-cost variational control problem (see Bector and
Husain [5] for the classical multiobjective variational model):

(P) {nir} /¢1(t,a(t),7r(t))dt,...,/¢j(t,a(t),7r(t))dt

subject to
a(ty) = a =given, a(ty) =B = given,

h(t,a(t),n(t)) £0, teKk,
Y(t,a(t),n(t)) =a(t), tek,

where ¢*: C1(K,R")XCY(K,R*) - R, y=1,/, h*: C/(K,R")xC*(K,R*) — R,
t=1,rand y7: CY(K,R") x C°(K,R*) = R, 7 = 1, n, are continuously differ-
entiable functionals.
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Let S denote the set of all feasible solutions of (P), that is,
s = {(a.m e C' (K, R)XCOK, R a(t1) = @, a(t2) = B, hit,a(1),7(1) £ 0,
w(t,a(), x(0) = a(0), 1 € K},

Definition 1 (Geoffrion [14]). A point (a°, 7°) € S is named efficient point of
(P) if, for all (a, ) € S, we have

/qby (t,ao(t),ﬂo(t)) dt>/¢y(t,a(t),ﬂ(t))dt, forally e {1,2,...,/},

123 5]
= [ ¢ (w5 0) di = [ ¢ (a0 x )

I3 3]
forall y € {1,2,...,j}. The efficient point (a°,7°) € S is named properly
efficient point of (P) if (3) M > 0 so that, for y € {1,2,...,j}, we have

t 5]
[ o (narw)ai- [ @@.aw.xmar
3]

1
4]

5]
<M / ¢ (t,a(t), m(1))dt / ¢ (1.a(), (1)) dr
1 3]
for some i, such that
123 5]
/ ¢ (t,a(r), x(1))dt > / ¢ (r, (1), no(t)) di
131 n
whenever (a,n) € S, and
5] 5]
[ o tatrnar< [ ¢ (na0.5°0) ar
1 14
An efficient point that is not properly efficient point is called improperly efficient
point. Thus, for (a®, n°) € S to be improperly efficient point means that to every
sufficiently large M > 0, there is an (a, ) € Sandany € {1,2, ..., j} such that

5]

/¢y(t,a(t),n(t))dt<j2¢y (t,ao(t),ﬂo(t)) di

13
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and
%]

jz¢y (t, ao(t),ﬂ'o(t)) dr — / & (t,a(t), n(1))dt

1
5]

> M / & (t,a(r), n(1))ds - / ¢ (t, ao(t),ﬂo(t)) dr
foralli € {1,2,...,]}, satisfying
/ &' (t,a(r), x(1))ds > / & (r, ao(t),ﬂo(t)) dr.

Definition 2 (Borwein [6]). A point (a°, 7°) € S is named weak efficient point
for (P) if there exists no other (a,n) € S such that

/¢y (t,ao(t),ﬂo(t)) dt>/¢y(t,a(t),7r(t))dt, forally € {1,2,...,j}.

From the above-mentioned definitions, it follows that if (ao, 710) € Siseflicient
point of (P), it is a weak efficient point of (P), as well.

Definition 3. The integral functional

F(d,b)=/f(t,d(t),é(f),f(f),b(f),b(t),{(t))df

is said to be pseudoinvex at a,d and n if there exist the vector-valued func-
tionals z € R", with z(t,a,d,n,a,4,7) = Z|;=, 4=, = 0, and p € R’ with
u(t,a,a,n,a,a,n) =0, such that, for each b, b and {, we have

15}

[ & seteaamb .o+ frtt.a.d.m.b.5.0)

31
dz’ .
+d—ifa(t,a,d,ﬂ,b,b,{)]dt >0

15 5]
i/f(t,d,d,ﬁ,b,b,{)dt>/f(t,a,d,n,b,b,{)dt,
11 131

forall a, aand 7.
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5]
Similarly, the integral functional — / f(t,a(t),a(t), n(t), b(1), l;(t), Z(t))dt
3]

is said to be pseudoinvex at b, b and  if there exist the vector-valued func-
tionals‘n € R’”, with n(t,b,b,{,b,b,{) = Nli=t,4=, = 0, and v € R! with
v(t,b,b,l,b,b,) =0, such that, for each a, a and n, we have

5]

/[UTﬁ;(t,a,d,ﬂ,b,b,{)+nyZ(t,a,d,7r,b,l},g)
13
dn’ ) .
+ng(l,a,a,ﬂ,b,b,§)]dt <0

15 1
:/f(t,a,d,n,l_),l;,f)dl‘</f(t,a,d,ﬂ,b,b,f)df,
131 131

for all l;,l; and (.

In the sequel, we will write z(7, a, b) for z(#,a, a, 7, b, b,¢) and n(t, a, b) for
n(t,a,a,n,b,b,). Also, we write (a, b) instead of (a, n, b, ).

3. Symmetric dual models

In this section, we introduce the controlled continuous analog associated with
the static symmetric multiobjective dual programs (see Weir [38]):

1) I . .
/ it a,a,m, b,b,¢)dt / fi(t,a,a,m, b, b,¢)dt
131

1

(P) min -
(avb) 2 1 . 7
/ g (t,a,a,m,b,b,)dt

13

9 o e ey

1) . ]
/ g/ (t,a,a,m,b,b,l)dt

13

subject to
a(ti) =0=a(t2),  b(t1) =0=>b(t),
a(t)) =0=da(t), b(t)) =0 = b(1),
yzi;gy {Gy(a,b) (fby - %fg) — F¥(a, b) (gz - %gz)} <0, tek,
im {Gy(a,b) (fg _ %fg) ~ F(a.b) (gg _ %g;)} <0, 1€k,
y=1
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j

d od
T Yy _ = ) oy Yy _ oY
b ZIQY{Gy(a,b)(fb dtfb) F(a,b)(gb dtgb)}>0’ t ek,
y:
ijyzy y_ 4o FY(a,b y—iy>o;eK
{§¥2GOL)Q—EQ-(m)& 8] >0 1€k,
y:

Q> 0,

and

153 LA
/fl(t,u,u,p,v,\'/,g)dt /ff(t,u,u,p,v,\'/,g)dt
(D) max t1t2 yee s -
() / gl(t,u,b't,p,v,\'/,g)dt

n

1 )
/ g (t,u,u, p,v,v,0)dt

1

subject to
u(ty) =0=u(r), v(t)=0=v(tr),

Ift(l]) =0=L't(l‘2), V(l]) :0:\'/(1‘2),

J
d d
Y@ @ (-5 - P g- )l 2o rek,
y=1
: d
> {1 - 542 - P e - ] z0 rek,
y=1
uTZj:Qy G’ (u,v) fy—if.y - F(u,v) gy—igy. <0, tekK
1 ’ ¢ drd ’ 4 droa ’ ’
y:
TiQy G’ (u,v) fy—if.y — F¥(u,v) gy—igy. <0, tekK
g 1 ’ Toode'? ’ Toodet? ’ ’
y:

Q >0,

where, for y = 1,2,...,7, f”: K X R x RS x R x R! — R,, and g¥: K X
R?* x R® x R?" x R} — R, \{0} are C?-class functionals and

12} 5]
F(a,b) = / f(t,a,a,m, b,b,)dt, G(a,b) = / g (t,a,a,m b,b,0)dt.

1 13
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Remark 1. Ifwe consider G’ (a,b) =1,y = 1,2, ..., j, and remove control func-
tions, then the considered models (P) and (D) become the variational problems
studied by Gulati et al. [15]. In addition, if we take j = 1 (and remove control
functions), the above-mentioned models, (P) and (D), become the variational
problems investigated in Gulati et al. [16].

Let us notice that we do not consider (as in Kim et al. [22]) the restriction
Qfe = 1,e = (1,1,---,1) € R/, in the formulation of problems (P) and (D)
since it does not interfere in establishing the following duality results. Moreover,
its emergence creates difficulties in proving strong and converse duality theorems
(see Remark 2).

Next, we give an equivalent variant of the above-mentioned considered mod-
els:

(P) min (YI,YZ, N .,Yf)

(a,b)
subject to
a(ty) =0=a(n), b(t1) =0=b(12), (D)
a(n)=0=d(t),  b(n)=0=0b(tr), ()

5]

/fy(t,a,a,n,b,b,g)dt

131
4]

- Yy/gy(r,a,a,n,b,b,g)drzo, y=1,2,...,7], (3)

/ d d
;Qy{(fg_afg)_yy(gz_agz)}go, t ek, “)
Zjlgy{fy—ify— ygy—igy}<0 tek @)
= ¢ dr'é ¢ ared]| =" ’
T : y Yy d Yy y y d y
< d d
¢ Zﬂy{(fé«y—afg)— y(82‘a§§)}>0, tek, (5"

Q>0, (6)
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and _
(D)  max (Xl,Xz, 5 .,Xf)

(uv)

subject to

u(tl) =0=u(l‘2), v(h) =0=V(l‘2),
u(ty) =0 =1u(rn), v(t1) =0="v(n),

4]
/fy(t, u, i, p,v,v,0)dt
151

5]

- Xy/gy(t,u,u,p,v,f/,g)dt=0, y=12,...,7],

Sl e e
- dr dr
JQy y_d VoY d v >
Sallp-sn)-x(a-saltzo ek,
y=
Tj y y_ 4y A d v
u ZQ fa—afd -X ga_aga <0, teK,
y=1
J
St vl <o e
y=1 : t

Q> 0.

(7)

8)

)

(10)

(10)

(11)

(11)

(12)

Further, let us consider A and B as the feasible solution sets for (P) and (D),

respectively.

The following two results (weak and strong type duality) are formulated
in accordance with (P’) and (D’) but, of course, these results apply equally

to (P) and (D).

Theorem 1. Let (a(t), b(t), Q,Y) € A and (u(t), v(t), Q, X) € B be feasible

solutions in (P’) and (D), respectively. Assume that:
%)

J
(l) Z Qy/{fy(t’ ()’ ()’ ()9 v, V, Q) - Xygy(t’ ()’ ()» ()’ v, ‘.}’ Q)}dt is pseu-

y=1 1

doinvex at u,u and p, with z(t,a,u) +u(t) 2 0, u(t,a,u) +p(t) 2 0,t € K;
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j ?
(”) - Z Qy‘/{fy(t’ u, I/.t, P> ()’ ()9 ('))_ngy(t7 u, I/.l, P ()a ()’ (-))}dtispseu-
y=1 .

doinvex at v,v and o, with n(t,v,b) + b(t) 2 0, v(t,v,b) + () 2 0, t € K.
Then, the relation Y £ X is valid.

Proof. Relations given in (10) and (10), joint with z(¢,a,u) + u(t) =2 0
u(t,a,u) + p(t) 2 0,t € K, involves

et a0 |2 (= 5051) - X e = )| 5 0
d

[t au) +p ()] [ {(f fn)—x(gn—%gﬁ)}]w,

and, by using (11) and (11"), we get
(z(t,a,u))T |Q f—if - X —i. >0 tek
< ’ ’ a df a dtga = ’ ’

(u(t.a,))” [sz {(f _ %fﬁ) X ( _ igﬁ)}] S0, rek

which imply

4]

0< [ zttan” |2t - Xew - 5 (o= X || a

1) T
- [ [stean e - X + EEE 0 - xga) as

—z(t,a,u)"Q(fs — Xga) t

)

and B
/2 |t 0.0 QU fr — Xe) +

3

T
MQ (fi — Xg») ]dt > 0.

Since z(t,a,u) =0, att =t| and t = 15, it follows

5]

/ |2t a0 Q(fa - Xga) +

1

dz(t,a,u)’

=0 (fa - Xgq) |de >0
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and

5]

/ [ﬂ(r, a,u)"Q(fr — Xgx) +

13|

du(t,a,u)’

1 Q(fr — Xgx) |dt >0,

involving
5]

/ |2t 0.0 Q(f, ~ Xga) + t,a.0) Qfr ~ Xg)

13
dz(t a,u)’
dt
Now, by using the pseudoinvexity assumption given in (i), we obtain

Q(fa—Xga) [d1>0

19)
Q/ {f(t,a,a,nm,v,v,0)— Xg(t,a,a,n,v,v,0)}dt

Q/ {f(t,u,u,p,v,v,0) — Xg(t,u,u,p,v,v,0)}dt.

Taking into account the relation in (9), the above inequality gives

Q/ {f(t,a,a,n,v,v,0) — Xg(t,a,a,m,v,v,0)}dt > 0. (13)

n

On the other hand, relations given in (4) and (4’), together with n(¢, v, b) +
b(r) 2 0,v(t,v,b) +{(t) 2 0,1 € K, implies

[1(t,v. b) + b()]” [ {(fb——fb) (gb—% )}]@,

[v(t.v.b) + £ [ {(z——fg) (84—%85)}]<0,

and, by using (5) and (5'), we get

(n(r,v,b»T[ {(fb——fb) Y(gb—% )}]go, e

(v(t,v, b)) [ {( 7 = dtfg) Y(gg—%gé)}] <0, tek,
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which imply
i d
0> / U(I,V,b)T [Q {(fb - ng) - a (fb - ng)}] dr

n
5]

dn(t,v,b)"
= / [U(t, v, )" Q(fy - Ygp) + UTQ (fs —Ygp) ]dt
151
- n(t’ v, b)TQ (fb - ng)|§zZ’
and
5]
dv(t,v,b)T

/ [V(Z, Vv, b)TQ(fg -Ygr)+ Q (fg - Ygg') ]dt < 0.

5]

dr

Since nj(t,v,b) =0, att = t; and t = 15, it follows

5]

[ [t - ven+ 020 g (1, ~ ) [ar < 0
3]
and
ty b)T
[ [ vorac -veo s D0 (1 - veg) far <o
3
involving

%)
[ |@v-0 00 - ven) + v b0 - Yo
3]
d T
L dn(,v.b)
dr
Now, by using the pseudoinvexity assumption given in (ii), we obtain

Q(fb—ng)]dt<0.

1)
Q/ {f(t,a,a,nm,v,v,0)—Yg(t,a,a,m,v,v,0)}dt
31

%)
< Q/ {f(t,a,d,n,b,k,{) —Yg(t,a,d,ﬂ,b,b,z:)} dz.
5]
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Taking into account the relation in (3), the above inequality gives

%]
Q/ {f(t,a,a,nm,v,v,0)—Yg(t,a,a,m,v,v,0)}dt <0

The above inequality along with (13) yields

j B2
ZQy(Yy—Xy)/gy(t,a,d,ﬂ,v,v,g)dt>0. (14)
y=1 1

If, for some y € {1,2,...,j}, we have Y» < X?, and, fori € {1,2,...,/}, with

5]
i # y, we have Y < X', then since /gy(t,a,d,ﬂ,v,\'/, o)dt > 0and Q > 0, it

31
results a contradiction with relation given in (14). O

Theorem 2. Consider the hypotheses stated in Theorem 1 are satisfied and
assume that:

(i) (a,b,Q,Y) is a proper efficient point in (P’);

(ii) consider the following relations

J

¥’ Zfly {(fbyb - ngZb) - % (fbyb B ngZb)}

y=1

+_; T(I)ngy{ (fbyb_ gbb)}
J

d? O - _ - _ _
- ]_ YI£Y _vyyeY T y[£Y _vyvy,Y
+ 3P0 E Q (fbb ngb) +¥(1) § Q (fgb Yggb)

y=1 y=1

‘P(t)TZQy(fy _prg ) () =0

(5 -78) - 5 (5 - 7)) pwr
+{(f§y—l7ygz)—%(féy—fyg?)}‘i’(t)T:O, ye{l,2,...,j}, teK

implies ¥(1) =¥(1) =0, t € K;
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(iii) the following elements

(- 7et) = g (7= 76d) ) oo (- P7d) - 5 (77 - 776]) )

are linear independent.

In this case, the point (a,b,Q = Q,Y) is a proper efficient point in (D’).

Proof. Since (a, b, Q,7Y) is a properly efficient point of (P"), we get (@, b, Q,Y)
is a weak efficient point of (P’). Thus, by Fritz John criteria (see Craven [10]),
there exist the multipliers o, 5, Y € R/, and the piecewise smooth functions
' K> R" w: K—>R,S, ¢: K— R,such that

L:Zj:ayfy+i,8y(fy—l7ygy)

y=1 y=1
J

+ [0 =8B | YO {(fg -Pg) - (1 - ng;)}
y=1

+[w(t) —s()Z(D)]" j ol -re) - L(pore) 1o

[w(®) = DN | Y @ §(7 - Pgl) -7 (£ - 78)

y=1 ’

fulfils the next conditions at (&, b, Q, Y):

P R K 15
a_aa"*‘@d—a rek, (15)
d 2
Ly — aLb + FLb =0, tek, (16)
Lo=0, tek, (17)
Ly=0, te€Kk, (18)
5]
/ﬁy(fy—ngy)dt:O, ve{l,2,....j}, tek, (19)
n
T ! d
® Yy VY.,V y VY oY _
(1) ZIQY{(fb—ngb)—a(fb—ngb)}_O, rek, (20)
y:

T T J Y y VY,V d Yy VY oY
5(1)b(1) ;Q {(fb -7 gb)—a(fb -7 gb)}:O, rek, (1)
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j —_
w(r)’ Z oM {(ny - ngz) -
y=1

J
s(HIN" Y @ {(fg -1g)
y=1

Y =0,

all
)_

1

_wgg)} 0. ek

Sl-re))

((@,T(1),6(1), (1), Y, 5(1)) 2 0,
(a,B,I(t),0(1),w(1), Y, s(t)) #0,

Lr =0,
L =0,

teKk,
rek.

teK,
tek,

0,

tek,

(22)

(23)

(24)
(25)
(26)
(27)
(28)

The relations given above are valid in K, excepting the peaks associated with
(a(t),b(t),Q,Y), where the relations (15), (16) are satisfied for unique left and
right-hand limits.

: . d d
Next, by using the computations on Efb and agb, ye{l,2,...

Section 2, the relations given in (15)—(18) become:

J
2.7

y=1

x gﬁy {(f,f —Y”gia) - % (fffa -Y
;
Sl
=1
yd2
T
J _ v oy d (.,
X ;Q {(fga -y gga) BT (féa
ijl {(f(a Pel) - g (fy B
V=1
y=1

la

{(fa ) - S - ng;)}+<r<r>—a<t>z3<r>f

g:a) (fy -Y

Y
4 gia)

0,

Ygga)} - S0 - b))’

d Yy vy .Y y VY.,V
dr (fba -Y gba) - (fba -Y gba)

)]

tek,

, J}, from

g )} - (w0~ 20

(29)
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yzi; _5(0)9) {( 7)) - (fg_fygg)}

J

Sor (-7 7))
y=

d i -
+E (T'(2) _5(t)b(t))TZQ { (fbyb N gbb)}

y=1

+(I(1) = ()b (n)"

2

d A _
+—s {—(rm = 8(nb(0)" ; @ (17, - nggb)}

Sor{(-re)- (-7

y=1

+(w(n) = (D))"

d T A _
- [w(r) - s(Z)’ ; Q' (£, -7ey)| =0 rek.  G0)

(- 7)) - 5 (5 - gy ) o -swboy

{(f? r ?) (f;y—fyg?)}(w(t)—c(t)Z(t))T—YT:O,
ye{l,2,..., j}, tek, 31)

and
@ B - (F0) - 50h0]® (5] - 1)
—(w(t) - g(t)f(t))TQy (gz - ditgz) =0, ye{l,2,..., jt, teK. (32)

By considering Y = 0, from Q > 0 and relation (24), we get Y = 0. Conse-
quently, relations given in (31) become

{(fg -Pg) - (7 - ngg)} (N (0) = ()b (1)

- {(fg -Pe) - (1 - ng;)} (1) = ¢ (1) =
ye{l,2,...,j}, teKk, (33)



pisma.pan.pl P N www.journals.pan.pl
Y
S~

282 S. TREANTA, V. IONICA, G. YE, W. LIU

involving, as a special case, the following

- d _ _
(5 -78) - & (17 - Pep)f ro - by =
yed{l,2,..., Jjt, tek, (34)

and

_ d
{(fg -7y - (7 ngz)} (1) = ¢(OZ(E)T =
yed{l,2,..., Jj}, teK.
Multiplying by (I'(¢) — 6(¢)b(t)) relation (30) and by considering (34), it results
J

Sorl(n-ra) -4 -va)

y=1

(T(1) = 6(nb(1)" {

|- (ﬂﬂbODTESSy{ (ﬁi"_gw)ﬂ

2

d - - _
+ s {—(F(r) - 6(0b(n) ; (£, - ngg,,)}

J
> (£, -7

+(w(r) = s ()"

y=1
d I _
- [(w(r) - ()" ;} Q' (£ - ng;l.,)”
x (I'(t) = 6(1)b (1)) = 0. (35)
This, following hypothesis (ii), yields
['(t)-6(t)b(t) =0, teKk, (36)
w(t)—¢()i()=0, teK. (37)

From (30), we have

30 o0 {(1-78) - & (7)) =0

y=1
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which, by considering hypothesis (iii), implies
-5(HQ =0, ye{l,2,...,j}

or
B=6(Q. (38)
Now, by (29), (36) and (38) we obtain
J
e { ~-7g) - t(fdy—ng;)} =0, reKk. (39)
y=1
From (36), we get
- F(t)
b(t) = 60) 20, tek. (40)

By considering the relation formulated in (28), we obtain

S 50 |(1-7w) - L (1)

y=1

J
+(T(0) =)' | ), & {(f,,yg -7g),) - % (5,7 ng§)}

y=1

_ L _ d ]
+ (0 = s(OZE)" | Y {(fgg -Pel) - (£ - YYg;()} =0, 1€K.
y=1 -
(1)

By considering the relation formulated in (27), we obtain

J
S (s -7gl)
y=1
j

+ (D) = (b)) | > & {(fby,r - ngin) - % (f;fﬂ - ngiﬂ)}
=1

y
J

) =207 | Y@ {1, - Pey.) - 5 (1, -7 ) || <0 ek
y=1

(42)
From relations (36) and (38), forr € K,6(t) =0, we get 3=0and I'(zr) =0
respectively. Moreover, relation (32) involves @ = 0. A similar analysis can
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be established for ¢(t) = 0, t € K. Hence (a,8,I'(¢),0(t), w(t), Y,¢(t)) = 0,
contradicting the Fritz John condition (26). Thus, it results 6(7), (1) > 0,7 € K.
By (39) and (40)—(42), we obtain (a,b,Q,Y) € B i.e., (a,b,Y) is feasible
point in (D’) with Q = Q, and, moreover, the cost functionals become equal.
If (a, b, Y) is not an efficient point for (D’) with Q = Q, then there exists a
point (u°,v%, X°) feasible for (D’) such that
xX0>7

which contradicts Theorem 1. Next, let us as show that (a, b,Q, Y)isa prop-
erly efficient point for (D’). By contrary, if it is not so, therefore, for some
(u°,v°,Q, X°) € B and some y, X% — ¥¥ > M for any M > 0, since

5]
/ g’ (t, aa,w v, v0, QO) dt >0
3]

and @ > 0,y € {1,2,...,j}, it follows
j 2
Zﬂy (I_/y - Xoy) / g’ (t, a,a,nwv°,v0, QO) dtr <0,
y=1 f

which is in contradiction with Theorem 1. Consequently, (a, b,Y) is properly
efficient point of (D”) with Q = Q. O

Remark 2. As we established previously, unlike Kim et al. [22], we can not
consider QT e = 1 in the primal model since we need a new multiplier € € R
associated with it and, thus, (31) is formulated as follows

(5 -78) - 5 (5 - ) o -swbor

{(f§ Pg) - < (17 -7 )}(w(r)— sOZET =Y +e=0,
ye{l,2,...,j}, teKk.

By the above computation, we obtain Y = 0 but we can not get € = 0. Thus, we
do not have (33), playing a pivotal role in establishing the strong-type duality.

Next, we state a converse-type duality theorem. Its proof is in the same manner
as in Theorem 2 given above.

Theorem 3. Consider the assumptions given in Theorem 1 are fulfilled and
suppose that:
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(i) (@t,7,Q, X) is a proper efficient point in (D' );
(ii) consider the following relations
J B B d _
vor{ e (o= Pgia) - 5 12, P

o ‘P(r)TZm{ = P83}

J
+ PO D O (- Tel)
y=1

J
PO YO (e~ V8k)
P(n)T Z & (f2, -8 ) }lp(z) )
=1

2 -7 - 57 - P e

=P -5 02 - e F o
ve{l,2,...,j}, teKk,

implies ¥(t) =¥(t) =0,t € K;

(iii) the following elements

{((fJ—Ylgé) —%(fdl—Ylgé)) ((f - Vigh) -+ (fdj—ngﬁ))}

are linear independent.
In this case, the point (ii, v, Q = Q, X) is a proper efficient point in (P’).

4. Conclusions

In this study, we have employed weaker generalized convexity hypotheses than
those formulated in Chen [8], Kim et al. [22], following Ahmad [2] (for classical
multiobjective variational problems) in order to establish and provide character-
izations of symmetric dual models associated with new multiple cost variational
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control problems. More precisely, we have extended the framework to controlled
variational models, and, therefore, the derived results are significantly stronger
and more generous than those presented so far in the specialized literature.
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