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An observer-based control of linear systems
with uncertain parameters via LMI approach

Hiba HIZAZI, Mustapha LHOUSo , El Mostafa MAGRIo , Ayoub SAKKOUM

In this paper, the Linear Matrix Inequality (LMI) method is used to solve the problem
of making observer-based control solutions for a class of uncertain linear systems. The study
yields both control and observer gains derived from feasible LMI solutions. To illustrate the
effectiveness of our approach, we present a practical example, showcasing the practicality and
applicability of the proposed solutions.
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1. Introduction

As is acknowledged, observer-based control is a sophisticated and powerful
approach in the field of control theory, designed to enhance the performance and
robustness of control systems. It addresses the challenge of accurately estimating
the internal states of a dynamic system, even when those states cannot be directly
measured. This becomes particularly crucial in scenarios where precise control
is required, such as aerospace, robotics, and industrial automation.

So the observer-based control estimates the unobservable states of a system
using the available measured outputs. These estimated states are then used to de-
sign a control law that can effectively regulate the system’s behavior and achieve
desired objectives, such as stability or disturbance rejection. The observer was de-
veloped first for a deterministic continuous-time linear time-invariant system and
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has been extended by several researchers to time-varying, discrete, and stochastic
systems [1, 10–13,15, 16].

In practice, the mathematical model always involves some uncertain ele-
ments. These uncertainties can arise from various sources, such as manufactur-
ing tolerances, environmental changes, nonlinearities, or modeling inaccuracies.
Understanding and managing these uncertainties is crucial, as they can signif-
icantly impact the stability and performance of the system. Many works have
been devoted to the design of the observer or observer-based control of uncertain
systems [4, 6, 7, 9, 12].

Lyapunov stability theory provides a powerful framework to create an observer
that estimates the unobservable states of a system in such a way that the overall
system, including the observer, remains stable, whether the system is linear, time-
varying, or nonlinear [3,5]. The LMI method is a powerful tool in control theory
and applications.

In this article, we will adopt these two effective approaches (i.e., Lyapunov
stability theory and the LMI approach) to design observer-based control for a
class of state-perturbed systems. By formulating LMIs, we can readily derive
both control and observer gains. To exemplify the practicality and effectiveness
of our findings, we provide a numerical example.

In this work, we will treat the system considered in [14] using the LMI
method. The note is organized as follows: In Section 2, we provide the problem
formulation and main results concerning observer-based control via the LMI
approach for systems with state perturbations. A numerical example is given
in Section 3 to illustrate the proposed results. Finally, we draw a conclusion in
Section 4.

The following symbols are used in this study:

• (★) is used for the blocks induced by symmetry;
• 𝑆𝑇 represents the transposed matrix of 𝑆;
• R𝑛×𝑚 is the set of all real 𝑛 by 𝑚 matrices;
• 𝐼 is an identity matrix with an approximate dimension, and 𝐼𝑟 denotes an

identity matrix with dimension 𝑟;
• M𝑛 (R) stands for the space of all 𝑛 × 𝑛 real matrices;
• the value 0 denotes a zero matrix with an approximate dimension, and 0𝑛×𝑚

denotes a zero matrix with the dimension 𝑛 by 𝑚;
• for a square matrix 𝑆, 𝑆 ­ 0 (𝑆 ¬ 0) means that this matrix is positive

definite (negative definite);
• 𝑋 ­ 𝑌 means that the matrix 𝑋 − 𝑌 is symmetric positive semidefinite.
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Before giving the formulation of our problem, recall the result that we will use in
the proof of our main results:

Lemma 1 (Schur Lemma). Let 𝐻1, 𝐻2 and 𝐻3 be three matrices of appropriate
dimensions such that 𝐻1 = 𝐻𝑇1 and 𝐻3 = 𝐻𝑇3 . Then,[

𝐻1 𝐻2

𝐻𝑇2 𝐻3

]
< 0

if and only if 𝐻3 < 0 and 𝐻1 − 𝐻2𝐻
−1
3 𝐻𝑇2 < 0.

2. Problem formulation and main results

Initially, let’s consider a continuous uncertain linear system expressed by:

(S)
{
¤𝑥(𝑡) = (𝐴 + Δ𝐴)𝑥(𝑡) + 𝐵𝑢(𝑡),
𝑥(0) = 𝑥0 ,

(1)

where 𝑥(𝑡) ∈ R𝑛 is the state vector, 𝑢(𝑡) ∈ R𝑚 is the control input vector.
𝐴 ∈ M𝑛 (R), 𝐵 ∈ M𝑛,𝑚 (R), are constant matrices and Δ𝐴 ∈ M𝑛 (R) is the
perturbed matrix. The uncertain parameter Δ𝐴 will represent the impossibility
for exact mathematical model of a dynamic system due to the system complexity.

The output equation is given by:

𝑦(𝑡) = 𝐶𝑥(𝑡), (2)

where 𝐶 ∈ M𝑝,𝑛 (R).
Initially, let’s make the following assumptions:
★ the pairs (𝐴, 𝐵) and (𝐴,𝐶) are respectively stabilizable and detectable;
★ there exist matrices 𝑀 , 𝑁 , 𝐹, of appropriate dimensions so that

Δ𝐴 = 𝑀𝐹𝑁,

where the unknown matrix 𝐹 satisfies the condition

𝐹𝑇𝐹 ¬ 𝐼𝑑.

An appropriate dynamic observer-based control of the system (1)–(2) is provided
as follows:

(S)

¤̂𝑥(𝑡) = 𝐴̂𝑥(𝑡) + 𝐵̂𝑢(𝑡) + 𝐿 (𝑦(𝑡) − 𝑦̂(𝑡)),
𝑦̂(𝑡) = 𝐶𝑥(𝑡),
𝑢(𝑡) = −𝐾𝑥(𝑡),

(3)

where 𝑥(𝑡) ∈ R𝑛 is the estimation of 𝑥(𝑡), 𝑦̂(𝑡) ∈ R𝑝 is the observer output.
𝐾 ∈ M𝑚,𝑛 (R) is the control gain, 𝐿 ∈ M𝑛,𝑝 (R) is the observer gain.
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From (1), (2) and (3) we can write:

¤𝑥(𝑡) = (𝐴 − 𝐵𝐾 + Δ𝐴)𝑥(𝑡) + 𝐵𝐾𝑒(𝑡),

where 𝑒(𝑡) = 𝑥(𝑡) − 𝑥(𝑡) is the estimated error. Its derivative is:

¤𝑒(𝑡) =
[
𝐴 − 𝐴̂ + Δ𝐴 − 𝐵𝐾 + 𝐵̂𝐾

]
𝑥(𝑡) +

[
𝐴̂ + 𝐵𝐾 − 𝐵̂𝐾 − 𝐿𝐶

]
𝑒(𝑡).

Specify 𝑧(𝑡) =
[
𝑥(𝑡)
𝑒(𝑡)

]
, so

¤𝑧(𝑡) =
[

𝐴 − 𝐵𝐾 + Δ𝐴 𝐵𝐾

𝐴 − 𝐴̂ + Δ𝐴 − 𝐵𝐾 + 𝐵̂𝐾 𝐴̂ + 𝐵𝐾 − 𝐵̂𝐾 − 𝐿𝐶

]
𝑧(𝑡). (4)

In this paper, we will employ the LMI approach to design the appropriate observer-
based control of system (1).

Let’s examine the Lyapunov function

¤𝑉 (𝑧(𝑡)) = 𝑧(𝑡)𝑇
[
𝑃 0
0 𝑅

]
𝑧(𝑡) = 𝑥𝑇𝑃𝑥 + 𝑒𝑇𝑅𝑒.

Now, following the derivative of 𝑉 , we obtain:
¤𝑉 (𝑡) ¬ 𝑥(𝑡)𝑇

[
(𝐴 − 𝐵𝐾)𝑇𝑃 + 𝑃(𝐴 − 𝐵𝐾)

]
𝑥(𝑡)

+ 𝑒(𝑡)𝑇
[
( 𝐴̂ + 𝐾 (𝐵 − 𝐵̂) − 𝐿𝐶)𝑇𝑅 + 𝑅( 𝐴̂ + 𝐾 (𝐵 − 𝐵̂) − 𝐿𝐶)

]
𝑒(𝑡)

+ 𝑥(𝑡)𝑇
[
𝑃𝐵𝐾 + 𝐴𝑇𝑅 − 𝐴̂𝑇𝑅 + (𝐵̂ − 𝐵)𝑇 𝑘𝑇𝑅

]
𝑒(𝑡)

+ 𝑒(𝑡)𝑇
[
𝐾𝑇𝐵𝑇𝑃 + 𝑅𝐴 − 𝑅𝐴̂ + 𝑅𝐾 (𝐵̂ − 𝐵)

]
𝑥(𝑡)

+ 𝑥(𝑡)𝑇
[
(𝛿1 + 𝛿2) 𝑁𝑇𝑁 + 1

𝛿1
𝑃𝑀𝑀𝑇𝑃

]
𝑥(𝑡) + 𝑒(𝑡)𝑇

[
1
𝛿2
𝑅𝑀𝑀𝑇𝑅

]
𝑒(𝑡)

=

[
𝑥(𝑡)
𝑒(𝑡)

]𝑇 [∑
11

∑
12

(★) ∑
22

] [
𝑥(𝑡)
𝑒(𝑡)

]
=

[
𝑥(𝑡)
𝑒(𝑡)

]𝑇 ∑︁ [
𝑥(𝑡)
𝑒(𝑡)

]
, (5)

where 𝑃 and 𝑅 are symmetric positive–definite matrices, 𝛿1, 𝛿2, are positive
constants, and∑︁

11
= (𝐴 − 𝐵𝐾)𝑇𝑃 + 𝑃(𝐴 − 𝐵𝐾) + (𝛿1 + 𝛿2)𝑁𝑇𝑁 + 1

𝛿1
𝑃𝑀𝑀𝑇𝑃,∑︁

12
= 𝑃𝐵𝐾 + 𝐴𝑇𝑅 − 𝐴̂𝑇𝑅 + 𝐵̂𝑇𝐾𝑇𝑅 − 𝐵𝑇𝐾𝑇𝑅,∑︁

22
= ( 𝐴̂ + 𝐾 (𝐵 − 𝐵̂) − 𝐿𝐶)𝑇𝑅 + 𝑅( 𝐴̂ + 𝐾 (𝐵 − 𝐵̂) − 𝐿𝐶) + 1

𝛿2
𝑅𝑀𝑀𝑇𝑅,
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¤𝑉 (𝑡) < 0, ∀
[
𝑥(𝑡)
𝑒(𝑡)

]
≠ 0 if the following matrix inequality holds:[∑

11
∑

12

(★) ∑
22

]
< 0. (6)

Firstly we present an LMI result for the exponential stability of system (4) with
𝐵 = 𝐵̂.

We can get the control gain K and observer gain L for system (4) from the
following results [10].

Theorem 1. System (1) is asymptotically stabilizable by (3) if there exist some
positive constants 𝛿1, 𝛿2, 𝛽, and positive definite matrices 𝑅 ∈ R𝑛×𝑛, 𝐾 ∈ R𝑚×𝑛,
𝐿̂ ∈ R𝑛×𝑝 such that 

𝐺11 𝐺12 𝑀 0
(★) 𝐺22 0 𝑅𝑀

(★) (★) −𝛿1𝐼 0
(★) (★) (★) −𝛿2𝐼

 < 0, (7)

where

𝐺11 = 𝐴𝑇 + 𝐴 − 𝐾𝑇𝐵𝑇 − 𝐵𝐾 + (𝛿1 + 𝛿2) 𝑁𝑇𝑁 + 𝛽 · 𝐼,
𝐺12 = 𝐵𝐾 + 𝐴𝑇𝑅 − 𝐴̂𝑇𝑅,
𝐺22 = 𝐴̂𝑇𝑅 + 𝑅𝐴̂ − 𝐿̂𝐶 − 𝐶𝑇 𝐿̂𝑇 + 𝛽 · 𝐼 .

The stabilizing observer-based control gains are given by 𝐾 and 𝐿 = 𝑅−1 𝐿̂.

Proof. We put

𝐻1 =

[
𝐴𝑇P + P𝐴 − 𝐾̂𝑇𝐵𝑇 − 𝐵𝐾̂ 𝐺12

𝐺𝑇12 𝐴̂𝑇𝑅 + 𝑅𝐴̂ − 𝐿̂𝐶 − 𝐶𝑇 𝐿̂𝑇
]
,

𝐻2 =

[
𝑀 0
0 𝑅𝑀

]
and

𝐻3 =

[
−𝛿1𝐼 0

0 −𝛿2𝐼

]
so by using Schur lemma the LMI condition (7) implies:∑︁

1
= 𝐻1 − 𝐻2𝐻

−1
3 𝐻−1

2

< −𝛽 · 𝐼 .
(8)
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The matrix
∑

1 is equal to the matrix
∑

with 𝑃 = 𝐼 and 𝐿 = 𝑅−1 𝐿̂. By (6), (7),
and (8), we have

min [1, 𝜆min(𝑅)] · ∥𝑧(𝑡)∥2 ¬ 𝑉 (𝑧(𝑡)) ¬ max [1, 𝜆max(𝑅)] · ∥𝑧(𝑡)∥2

and
¤𝑉 (𝑧(𝑡)) ¬ −𝛽 · ∥𝑧(𝑡)∥2.

We conclude that (1) is exponentially stabilizable by (3) with the convergence
rate [𝛽/(2 · max [1, 𝜆max(𝑅)])], [4]. In Theorem 1 we made particular choice
of 𝑃, 𝑃 = 𝐼. 2

Now we add a new condition in order to make the theorem less conservative,
so we introduce a new invertible matrix 𝑃̂ satisfying the condition 𝑃𝐵 = 𝐵𝑃̂.

Theorem 2. System (1) is asymptotically stabilizable by (3) if there exist some
positive constants 𝛿1, 𝛿2, 𝛽, two positive definite matrices 𝑃, 𝑅 ∈ R𝑛×𝑛, and
𝐾̂ ∈ R𝑚×𝑛, 𝐿̂ ∈ R𝑛×𝑝, 𝑃̂ ∈ R𝑛×𝑝 such that

𝑊11 𝑊12 𝑃𝑀 0
(★) 𝑊22 0 𝑅𝑀

(★) (★) −𝛿1𝐼 0
(★) (★) (★) −𝛿2𝐼

 < 0, (9)

𝑃𝐵 = 𝐵𝑃̂, (10)

where

𝑊11 = 𝐴𝑇𝑃 + 𝑃𝐴 − 𝐾̂𝑇𝐵𝑇 − 𝐵𝐾̂ + (𝛿1 + 𝛿2) 𝑁𝑇𝑁 + 𝛽 · 𝐼,
𝑊12 = 𝐵𝐾̂ + 𝐴𝑇𝑅 − 𝐴̂𝑇𝑅,
𝑊22 = 𝐴̂𝑇𝑅 + 𝑅𝐴̂ − 𝐿̂𝐶 − 𝐶𝑇 𝐿̂𝑇 + 𝛽 · 𝐼 .

The stabilizing observer-based control gains are given by 𝐾 = 𝑃̂−1𝐾̂ and 𝐿 =

𝑅−1 𝐿̂.

Proof. We can complete this proof in view of the proof of Theorem 1 with
𝑃𝐵 = 𝐵𝑃̂, 𝐾 = 𝑃̂−1𝐾̂ and 𝐿 = 𝑅−1 𝐿̂. 2

Now we treat the case where 𝐵 ≠ 𝐵̂. When the control gain K has been
designed from Theorem 2, we may use this control gain to design the suitable
robust observer-based control from the following results.

Theorem 3. System (1) is asymptotically stabilizable by (3) if there exist some
positive constants 𝛿1, 𝛿2, 𝛽 two positive definite matrices 𝑃, 𝑅 ∈ R𝑛×𝑛, and
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𝐿̂ ∈ R𝑛×𝑝, 𝑃̂ ∈ R𝑛×𝑝 such that
𝑊11 𝑊12 𝑃𝑀 0
(★) 𝑊22 0 𝑅𝑀

(★) (★) −𝛿1𝐼 0
(★) (★) (★) −𝛿2𝐼

 < 0, (11)

where

𝑊11 = 𝐴𝑇𝑃 + 𝑃𝐴 − 𝐾̂𝑇𝐵𝑇 − 𝐵𝐾̂ + (𝛿1 + 𝛿2) 𝑁𝑇𝑁 + 𝛽 · 𝐼,
𝑊12 = 𝐵𝐾̂ + 𝐴𝑇𝑅 − 𝐴̂𝑇𝑅 − 𝐵𝑇𝐾𝑇𝑅 + 𝐵̂𝑇𝐾𝑇𝑅,
𝑊22 = 𝐴̂𝑇𝑅 + 𝑅𝐴̂ + 𝐵𝑇𝐾𝑇𝑅 − 𝐵̂𝑇𝐾𝑇𝑅 + 𝑅𝐾𝐵 − 𝑅𝐾𝐵̂ − 𝐿̂𝐶 − 𝐶𝑇 𝐿̂𝑇 + 𝛽 · 𝐼 .

The stabilizing observer-based control gains are given by K, 𝐿 = 𝑅−1 𝐿̂.

Proof. This is similar to the proof of Theorem 1 with 𝐿 = 𝑅−1 𝐿̂ in view of (5).

3. Numerical example

In this section we will treat two cases, the case where 𝐵 = 𝐵̂ and when the
𝐵 ≠ 𝐵̂

Let’s explore an example illustrating a basic gene expression process, as
described by the following model [14]:[

¤𝑥1(𝑡)
¤𝑥2(𝑡)

]
=

[
−𝛾1 0
𝑘2 −𝛾2

] [
¤𝑥1(𝑡)
¤𝑥2(𝑡)

]
+
[
1 0
0 1

]
𝑢(𝑡), (12)

where 𝑥1 ­ 0 represents the mean number of mRNA in the cell, 𝑥2 ­ 0 signifies
the mean number of protein of interest in the cell and 𝑢(𝑡) ­ 0 is the transcription
rate of DNA into mRNA, 𝛾1 > 0 is the degradation rate of mRNA, 𝑘2 > 0
represents the translation rate of mRNA into protein and 𝛾2 > 0 denotes the
degradation rate of the protein. The parameters are supposed to be uncertain and
described as follows 𝛾1 = 𝛾0

1 + 𝜀1𝛾
1
1 , 𝑘2 = 𝑘0

2 + 𝜀2𝑘
1
2 and 𝛾2 = 𝛾0

2 + 𝜀3𝛾
1
2 , where

𝜀𝑖 ∈ [−1, 1], 𝑖 = {1, 2, 3}.
For numerical application, let’s assume 𝛾0

1 = 1, 𝑘0
𝑝 = 2, and 𝛾0

2 = 1. Addi-
tionally, we posit that the parameters are known up to a percentage 𝑁 ∈ [0, 1)
of their nominal values, hence 𝛾1

1 = 𝑁𝛾0
1 , 𝛾1

2 = 𝑁𝛾0
2 and 𝑘1

2 = 𝑁𝑘0
2 with 𝑁 =

1
2

,
𝜀1 = −0.5, 𝜀2 = 0.8 and 𝜀3 = 0.4.

Consider 𝐶 =

[
1 0
0 1

]
, 𝐴̂ =

[
−0.3 1

1 −0.3

]
.

First we treat the case where 𝐵̂ = 𝐵.
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The uncertainties can be rewritten under the form Δ𝐴 = 𝑀𝐹𝑁 , with

𝑀 =

[
−1

2
1
2

0 8
5

]
, 𝐹 =

[
−1

2 0
0 1

2

]
and 𝑁 =

[
0 −1

4

1 1
4

]
by using Matlab LMI toolbox, our

LMI is solvable by choosing 𝛿1 = 10.2, and 𝛿2 = 34.18, we obtain the following
solutions:

𝑃 =

[
10.7203 0.4618
0.4618 0.5749

]
, 𝑅 =

[
20.9042 −3.4131
−3.4131 10.5531

]
,

𝐿̂ =

[
24.1360 48.9370
−11.4322 51.3965

]
, 𝑘̂ =

[
24.4471 −15.8086
17.5636 34.6514

]
The gains 𝐿 and 𝐾 are respectively given by:

𝐿 =

[
1.0322 3.3111
−0.7495 5.9411

]
, 𝐾 =

[
0.9991 −4.2167
29.7484 63.6612

]
.

with 𝑥(0) =
[

1
−1

]
and 𝑥(0) =

[
1
1

]
the simulation results are given in Figure 1.

Figure 1: The controlled states x, its estimate 𝑥

Figure 1 depicts the trajectories of the system states and their corresponding
estimates. As illustrated, the estimated states effectively track the actual states.

Now we treat the case 𝐵 ≠ 𝐵̂ where

𝐵̂ =

[
0.9 0.01
0.03 1

]
.

The control gain 𝐾 has been designed from Theorem 2, we find:

𝐾 =

[
0.9991 −4.2167
29.7484 63.6612

]
.
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After solving the LMI we find the following gains:

𝑃 =

[
4.0188 −1.8335
−1.8335 3.4514

]
, 𝑅 =

[
9.3120 −0.9744
−0.9744 2.2975

]
, 𝐿̂ =

[
4.4204 9.5938
2.6004 6.5247

]
.

The gain 𝐿 is given by:

𝐿 =

[
0.6207 1.3891
1.3951 3.4291

]
and the system’s convergence rate is 0.3061. With 𝑥(0) =

[
1
−1

]
and 𝑥(0) =

[
1
1

]
the simulation results are given in Figure 2.

Figure 2 show the results of state estimation. Notably, the state estimates
produced by the proposed observer converge towards the actual state 𝑥.

Figure 2: The controlled states 𝑥, its estimate 𝑥
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4. Conclusion

In this study, we have explored the applicability of the Linear Matrix Inequal-
ity (LMI) approach in the design of observer-based control for uncertain linear
systems, as formulated in equations (1)–(3). We have considered two distinct
cases, namely when 𝐵 = 𝐵̂ and when 𝐵 ≠ 𝐵̂. Our findings are supported by a nu-
merical example, providing practical insights into the utilization of our proposed
methodology.
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