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Design of FOPID controllers by using 3D plots

Mehmet Emir KOKSAL

A three-dimensional (3D) graphical method is developed to tune the gain parameters of the
fractional-order proportional-integral-derivative (FOPID) controller knowing fractional orders.
The controlled plant itself is also fractional order (FO) and it may have a time delay. For
special cases, the method is applicable for integer-order PID controller design for integer and
fractional-order systems with or without time delay. Some graphical design tools are used
beneficially in literature using 2D plots. Although the use of some minor 3D plots has appeared,
they are based on shifting 2D plots to the third dimension, which makes the approach semi-
or quasi-3D. This paper presents the mathematical formulations of five design specifications
in accordance with the 3D drawing with programming implementations by MATLAB. For
designing controllers by using the introduced 3D graphical method, system design specifications
such as phase margin (PM), gain margin (GM), phase flatness (PF), low-frequency output
disturbance rejection (LFODR) and high-frequency noise rejection (HFNR) are considered, and
their important characteristics are shown. The requirements are mapped in the 3D Euclid space
(𝐾𝑝 , 𝐾𝑖 , 𝐾𝑑) ∈ 𝑅3 by 3D surfaces and/or lines so that the proportional, integral, derivative
control coefficients 𝐾𝑝 , 𝐾𝑖 , 𝐾𝑑 can be chosen to meet the given specifications in an optimum
way and to allow trade-off or compromise.
Key words: PID controller, FOPID controller, phase margin, gain margin, Iso-damping, phase
flatness, noise rejection, 3D plots

1. Introduction

The branch of mathematics that deals with derivatives and integrations of
fractional (non-integer) orders is known as fractional calculus. A system model
that consists of a fractional differential equation (FDE) and/or a fractional integral
equation (FIE) is said to be a fractional-order system (FOS). FOSs have recently
become very useful in studying typical behaviors of dynamic systems in many
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different branches of science. Hence, FO has become an essential tool that can be
used for modelling and controlling systems of fractional nature by using FOPID
controllers.

There are three commonly used defining formulas for fractional deriva-
tives. They are the Grunwald-Letnikov (GL) fractional derivative [50], Riemann-
Liouville (RL) fractional derivative [41] and Caputo’s fractional derivative [13]
definition defined as

𝐶
𝑎 𝐷

𝛼
𝑡 𝑓 (𝑡) =

1
Γ(𝛼 − 𝑛)

𝑡∫
𝑎

𝑓 (𝑛) (𝜏)d𝜏
(𝑡 − 𝜏)1−𝑛+𝛼 for 𝑛 − 1 < 𝛼 < 𝑛, (1)

where 𝑛 is the smallest integer that is greater than or equal to 𝛼. If 𝛼 = 𝑛 then
Caputo’s definition turns to a classical form. When it comes to solving differen-
tial equations, Caputo’s fractional derivatives do not need the initial condition’s
definition of the fractional derivative. Hence, Caputo’s fractional derivative is
very popular and most of the systems use Caputo’s definition.

Since the study of dynamical systems is mostly done by means of transfer
functions, the Laplace transform of the FO derivatives and integrals is essential
for optimum training. Considering the Laplace transform of the FO, the most
overall formulation is given as

L {𝐷𝛼 𝑓 (𝑡)} = 𝑠𝛼L{ 𝑓 (𝑡)} −
𝑛−1∑︁
𝑘=0

𝑠𝑘
[
d𝛼−1−𝑘 𝑓 (𝑡)

d𝑡𝛼−1−𝑘

]
𝑡=0
, (2)

where 𝑛 is an integer number, such that 𝑛 − 1 < 𝛼 < 𝑛 and 𝛼 can be a non-
integer number. When the initial (derivative part) condition is zero, this equation
converts to

L {𝐷𝛼 𝑓 (𝑡)} = 𝑠𝛼L 𝑓 (𝑡). (3)
A FO linear time-invariant system with single input and single output is

represented by the general form(
𝑚∑︁
𝑖=0

𝑎𝑖𝐷
𝛼𝑖

)
𝑦(𝑡) = ©­«

𝑛∑︁
𝑗=0

𝑏 𝑗𝐷
𝛽 𝑗ª®¬ 𝑥(𝑡), (4)

where 𝐷𝛾 is the fractional derivative operator, 𝛾 = 𝛼1, 𝛼2, . . . , 𝛼𝑚 and
𝛽1, 𝛽2, . . . , 𝛽𝑛. Taking the Laplace transform, the FO transfer function becomes

𝐻 (𝑠) = 𝑌 (𝑠)
𝑋 (𝑠) =

𝑛∑
𝑗=0
𝑏 𝑗 𝑠

𝛽 𝑗

𝑚∑
𝑖=0
𝑎𝑖𝑠

𝛼𝑖

. (5)
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For the stability of the system, it is required that all the poles of this transfer
function, that is the roots of the characteristic equation

𝑚∑︁
𝑖=0

𝑎𝑖𝑠
𝛼𝑖 = 0 (6)

are in the left half of the complex 𝑠-plane. To check this, Routh Hurwitz standards
can’t be used directly in FOS because of multivalued functions, also known as
“pseudo polynomials with rational power”. Instead, the linear matrix inequality
method and some other algorithms have been used [30,32,52]. However, an exact
𝑠-domain stability test like Routh Hurwitz Criterion exists for testing the stability
of commensurate FOSs [47]; the term 𝑠𝛼𝑖 in the above equation is written as (𝑠𝛼)𝑖
where 𝛼 is the commensurate power. For 0 < 𝛼 ¬ 1 and 1 < 𝛼 ¬ 2, stable and
unstable regions on the complex 𝑠-plane are separated by the sectors ±𝛼𝜋/2 as
shown in Fig. 1.

Figure 1: Stability regions of FO LTI system with orders 0 < 𝛼 ¬ 1 (on the left)
1 < 𝛼 < 2 (on the right)

Due to its design simplicity and effectiveness, integer-order PID controllers
have been used widely in industry since the early 1920s. Nowadays, there is a lot
of usage of the PID controller conception in the desire of demanding a precise
and enhanced automatic control system. A PID controller continuously computes
the error 𝑒(𝑡) = 𝑦(𝑡) − 𝑟 (𝑡), considering the preferred set-point, which is the
reference point 𝑟 (𝑡) and the measured values from the plant output 𝑦(𝑡); and
accordingly, it applies an improvement regarding the P, I and D control terms and
tries to lessen the error values by the modification of the controlled output [4]. In
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general, PID controller output 𝑢(𝑡) is expressed as

𝑢(𝑡) = 𝐾𝑃 𝑒(𝑡) + 𝐾𝑖
𝑡∫

0

𝑒(𝑡)d𝑡 + 𝐾𝑑
d
d𝑡
𝑒(𝑡), (7)

where 𝐾𝑝, 𝐾𝑖 and 𝐾𝑑 are the proportional, derivative and integral gain constants,
respectively.

Over the last few decades, industrial applications have been using systems that
contain fractional derivatives and fractional integrals [72]. Different areas that
have used FO controllers are electronics [9], documentation of systems [63], robot
manipulations [26], canal control for irrigations [25], mechatronic-systems [44,
75], medicine [66], and heat control systems [33].

It is important to mention that the use of FOS theory can compactly regulate
and control many physical systems and can easily control these systems with the
help of FOPID controllers [58]. Also, FOPID controllers can be used even when
the system has time delay behavior or is unstable [31].

The generalization of the traditional PID controller can be modified using
FOs. The PI𝜆D𝜇 controller is as follows

𝑢(𝑡) = 𝐾𝑝 𝑒(𝑡) + 𝐾𝑖 𝐷−𝜆𝑒(𝑡) + 𝐾𝑑𝐷𝜇𝑒(𝑡), (8)

where 𝜆 is the non-integer integrator-order and 𝜇 is the non-integer derivative-
order.

The continuous transfer function of the PI𝜆D𝜇 controller can be represented as

𝐺𝑐 (𝑠) =
𝑈 (𝑠)
𝐸 (𝑠) =

(
𝐾𝑝 + 𝐾𝑖

1
𝑠𝜆

+ 𝐾𝑑 𝑠𝜇
)
= 𝐾𝑝

(
1 + 1

𝜏𝑖𝑠
𝜆
+ 𝜏𝑑 𝑠𝜇

)
(𝜆, 𝜇 ­ 0), (9)

where 𝜏𝑖 and 𝜏𝑑 are the associated time constants given as

𝜏𝑖 =
𝐾𝑝

𝐾𝑖
and 𝜏𝑑 =

𝐾𝑑

𝐾𝑝
. (10)

Different from the standard PID controller, two extra parameters exist in the
PI𝜆D𝜇 controller. Scientists have indicated that these two additional parameters
reinforce the system properties, also these parameters increase the flexibility of
the system and its stability [12, 76]. When designing FOPID controllers, five
parameters (𝐾𝑝, 𝐾𝑖, 𝐾𝑑 , 𝜆, 𝜇) must be considered to achieve design specifica-
tions concerning (relative) stability, robustness, disturbance and noise rejection
performance characteristics. So, the optimum and the most appropriate control
of the system can be reached under the consideration of all the tuning parameters
(𝐾𝑝, 𝐾𝑖, 𝐾𝑑 , 𝜆, 𝜇).
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PI𝜆D𝜇 control-design was first studied at the end of the 20th century [58].
Since then and for the sake of their flexibility and reliability because of the five
parameters, the research on these controllers has been increasing continuously [7,
11, 22, 28, 36, 37, 39, 40, 42, 54, 56, 65].

It is essential to have a global approach for the automatic optimization of
the controller’s parameters (𝐾𝑝, 𝐾𝑖, 𝐾𝑑 , 𝜆, 𝜇) to have efficient and effective
FOPID controllers. Despite the flexibility of FOPID controllers, there are some
difficulties in designing fractional controllers in the time domain. Furthermore,
it has been detected that the procedures focused at the “gain” and the “phase”
margins presented in the past studies for conventional order systems are not totally
appropriate to the FOS.

Numerous evolutions for parameter optimization algorithms have been devel-
oped for the last decades, such as genetic algorithms [1, 14,39,61]. In [6], it was
suggested that differential evolution algorithms have very useful effects on the
FOPID controllers. Smart optimization for designing FOPID controllers based on
particle swarm optimization (PSO) is proposed in [11,45,74]. A PSO algorithm is
a progressive research process that has been demonstrated to have actual high ef-
fectiveness in facilitating both the time domain and the frequency domain control
strategy. Adaptive PSO algorithm accomplishes more rapid convergence-speed
and enhanced resolution precision with the smallest incremental computational
responsibility [2]. Another application of PSO algorithm for tuning the integral
order (𝜆) and the derivative order (𝜇) parameters is proposed in [3] for a slide
mode FOPID controller and an observer that intends for the non-linear contin-
uous stabilization, so that is guaranteed in synchronous switching closed-loop
system stability. PSO algorithm is also used by Dabiri et al. to find the optimum
tuning parameters [18], where a method to discretize the FDE with the variable
operators has been suggested.

Choosing appropriate tuning parameters is very important for designing an ef-
fective control system algorithm. Depending on this selection, the model structure
can be modified according to the desired systems. Selecting the best parameters
and making the best approximation lead the system to have better progression [62]
proposed two different modeling parts. The first one is to design an integer-order
system model using “differential evolution algorithm (DEA) and “artificial bee
colony” (ABC), and this is done using integer and fractional model construc-
tions with time delays. The second part is done using a new prototype attained
with the assistance of MATLAB/Simulink set to design a FOPID controller. Sen-
berger and Bagis have also presented a study that tests the system performance
of high order modeling systems using ABC algorithms. Another system model
is presented in [49], establishing on the cascade of a linear model and non-linear
second-order Volterra model using differential evolution algorithms.
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In designing many FOPID controllers, the transfer function of the FO is
approximated by integer-order transfer function using different methods [15,
20, 53, 58] so that FOPID controllers have been prolonged to general forms of
conventional PID controllers.

For the closed-loop control systems viewpoint, asymptotic tracking of various
forms of set-point inputs (for example step and ramp) are some of the noticeable
objectives of control systems [68]. To control the system performance, integral
performance indices are established on the system error, also time is regarded
as a computable measure. A system controller is on its optimal when the system
parameters are tuned to values such that the pre-required design restriction is
met and when the integral indices touch their lowest points. Some of the impor-
tant time-domain performance criteria include “Integral Absolute Error (IAE)”,
“Integral Time Square Error (ITSE)”, “Integral Time Absolute Error (ITAE)”,
“Integral Square Error (ISE)”, “Integral Square Time Error (ISTE)” and “Inte-
gral Square Time Square Error (ISTES)”. The mathematical formulation of these
integral performance indices is well-known and can be found in, for example [20].

The fact is that each of the different types of integral performance indices has
its advantages in control system design [59]. According to [59], ITSE has the most
benefits of punishing the system error further, and because of the presence of the
time multiplication term, ITSE restrains out the system oscillation very rapidly.
Conversely, when unexpected alterations occur in the reference point, ITAE-
based controllers are preferred. The time-multiplication term in ITAE integral
indices disciplines the error further at future or later steps and supports reducing
the settling-time 𝑇𝑠 which is defined as the time that elapses for the output to
remain near the reference value with an error less than ∓5%. Also, the absolute
error that takes in the ITAE is for minimizing the overpass. ITAE can produce
small overshoot and oscillations compared to the IAE and the ISE performances.
Further, the ITAE has the best selectivity and sensitivity compared to the IAE
and ISE [64] “In contrast to ITAE, ITSE also has less sensitivity, and it is not
contented computationally” [45].

For FOPID optimal design, different smart techniques have been suggested
in [21] in order to diminish the integral performance indices. ITAE is used for
FOPI control system design in a permanent magnet synchronous motor using
Hybrid Differential Artificial Bee Colony Algorithm (HDABCA) in [59]. Opti-
mizing the ITAE with the PSO algorithm established in [45] for FOPID control
system design stability. In [8], a very useful application of ITAE using different
evolutionary algorithms based on the FO system controllers was proposed.

Recently, few scientists placed metrics concentrated on lessening the control
signal. Integral Square Controller Output and Integral Square Deviation Con-
troller Output are the best and most extensively used ones among them. In [10],
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a genetic algorithm to improve and find the parameters of the best controller and
to optimize the weighted sum of ISE and Integral Square Controller Output have
been used. Furthermore, Cao et al. have used PSO for a similar application.

Different from the evolutionary and PSO-based design, another important
way of designing a FOPID controller is for Fuzzy instructions [21].

In the time domain optimization methods of controller design, the error func-
tion 𝑒(𝑡) = 𝑟 (𝑡) − 𝑦(𝑡) is not the only objective to minimize. There are other
performance indices. Different from the time integrals, an optimization method
using “Differential Evolutions” has been proposed in [6] for the problem opti-
mizations of FOPID controllers such as “dominant pole-placement”. PSO-based
optimizations outline has been designed in [35] to minimize the “weighted sum,
rise-time, overshoot, settling-time steady-state-errors” of the FOPID control sys-
tems. Some other approaches for minimization and system optimization can be
found in [19, 55, 60, 74].

2. FOPID control system design

2.1. Basic control structure

For the design of the PI𝜆D𝜇 controller, the following feedback control structure
in Fig. 2 is considered.

Figure 2: Basic structure of single input and single output FO control system

In this figure,𝑌 (𝑠) represents the output of the system,𝑈 (𝑠) is the controller’s
output signal, 𝑅(𝑠) is the reference input, 𝐸 (𝑠) is the error, 𝐷 (𝑠) and 𝑁 (𝑠)
represent the output disturbance and measurement noise, respectively. 𝐺𝑐 (𝑠) is
the FOPID controller’s transfer function as defined in Eq. (9) and

𝐺 𝑝 (𝑠) =
𝐴(𝑠)
𝐵(𝑠) 𝑒

−𝜃𝑠 =

𝑛∑
𝑘=0

𝑏𝑘 𝑠
𝛽𝑘

𝑚∑
𝑟=0
𝑎𝑟 𝑠

∝𝑟

𝑒−𝜃𝑠 (11)
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is the transfer function of the controlled system (FO plant with a delay time 𝜃).
The virtual gain 𝐺𝑣 (not actually present) is chosen as

𝐺𝑣 = 𝑔𝑚 , 𝐺𝑣 = 𝑒
− 𝑗𝜑𝑚 or 𝐺𝑣 = 𝑔𝑚𝑒

− 𝑗𝜑𝑚 (12)

to gain relative stability requirements GM 𝑔𝑚, PM 𝜑𝑚 or both, respectively, that
will be defined in the sequel. It is also called gain-phase margin tester [17, 29].
Therefore, it should be taken as the identity (𝐺𝑣 = 1) unless it is stated differently.

The output of the control system is given as

𝑌 (𝑠) =
𝐺𝑐 (𝑠)𝐺𝑣𝐺 𝑝 (𝑠)

1 + 𝐺𝑐 (𝑠)𝐺𝑣𝐺 𝑝 (𝑠)
𝑅(𝑠) +

𝐺𝑐 (𝑠)𝐺𝑣𝐺 𝑝 (𝑠)
1 + 𝐺𝑐 (𝑠)𝐺𝑣𝐺 𝑝 (𝑠)

𝑁 (𝑠)

+ 1
1 + 𝐺𝑐 (𝑠)𝐺𝑣𝐺 𝑝 (𝑠)

𝐷 (𝑠)

= 𝑇𝑅 (𝑠)𝑅(𝑠) + 𝑇𝑁 (𝑠)𝑁 (𝑠) + 𝑇𝐷 (𝑠)𝐷 (𝑠). (13)

Here, 𝑇𝑅 (𝑠), 𝑇𝑁 (𝑠), 𝑇𝐷 (𝑠) are the transfer functions between the input ref-
erence, the noise signal, the disturbance signal, respectively, and the controlled
output of the plant.

2.2. Relative stability of FOPID control system

For the stability of the basic control system introduced above, all the zeros of
the characteristic equation

1 + 𝐺𝑐 (𝑠)𝐺𝑣𝐺 𝑝 (𝑠) = 0 (14)

have to be in the left half-plane. Most times, the characteristic equation does
not lead to a commensurate characteristic polynomial (the polynomial of 𝑠𝛼 as
described in the Introduction) and so the stability test therein cannot be applied.
In the general case, to check the system stability in the frequency domain, we
first convert the 𝑠-plane into the complex plane 𝐺𝑐 ( 𝑗𝜔)𝐺𝑣𝐺 𝑝 ( 𝑗𝜔). The Nyquist
plot of the open-loop gain 𝐺𝑐 ( 𝑗𝜔)𝐺𝑣𝐺 𝑝 ( 𝑗𝜔) is obtained as the plot on the com-
plex 𝐺𝑐 ( 𝑗𝜔)𝐺𝑣𝐺 𝑝 ( 𝑗𝜔) plane for 𝜔 = [0,∞) Through the conversion, Eq. (14)
becomes

𝐺𝑐 ( 𝑗𝜔)𝐺𝑣𝐺 𝑝 ( 𝑗𝜔) = −1, (15)

which points out the absolute stability point (ASP = (−1 + 𝑗0)) in the complex
plane of 𝐺 ( 𝑗𝜔) = 𝐺𝑐 ( 𝑗𝜔)𝐺𝑣𝐺 𝑝 ( 𝑗𝜔) where the system enters into an unstable
state [57]. There are two other important stability points on 𝐺 ( 𝑗𝜔)-plane as
shown on the typical Nyquit plot of Fig. 3 (drawn for𝐺𝑣 = 1); these are the phase
crossover point (PCOP) where the phase Ø(𝜔) of 𝐺 ( 𝑗𝜔) becomes −180◦ at the
phase crossover frequency 𝜔𝑝𝑐, and the gain crossover point (GCOP) where the
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Figure 3: Typical Nyquist plot of the open-loop gain 𝐺𝑐 ( 𝑗𝜔)𝐺 𝑝 ( 𝑗𝜔)

gain𝑀 (𝜔) of𝐺 ( 𝑗𝜔) becomes 1 at the gain crossover frequency𝜔𝑔𝑐. These are the
points of which relative locations with respect to the ASP = (−1+ 𝑗0) determines
the relative stability of the closed loop system. Expressing mathematically:

PCOP: Ø(𝜔𝑝𝑐) = Arg
[
𝐺𝑐 ( 𝑗𝜔𝑝𝑐)𝐺 𝑝 ( 𝑗𝜔𝑝𝑐)

]
= −180◦;

𝐺 ( 𝑗𝜔𝑝𝑐) =
1
𝑔𝑚
𝑒− 𝑗𝜋 = − 1

𝑔𝑚
,

(16)

GCOP: 𝑀 (𝜔𝑔𝑐) =
��𝐺𝑐 ( 𝑗𝜔𝑔𝑐)𝐺 𝑝 ( 𝑗𝜔𝑔𝑐)

�� = 1;
𝐺 ( 𝑗𝜔𝑔𝑐) = 1𝑒− 𝑗 (𝜋−𝜑𝑚) = 1𝑒 𝑗 (−𝜋+𝜑𝑚) ,

(17)

where

𝑔𝑚 = − 1
𝐺𝑐 ( 𝑗𝜔𝑝𝑐)𝐺 𝑝 ( 𝑗𝜔𝑝𝑐)

, GM = 20 log (𝑔𝑚) in dB, (18)

𝜑𝑚 = arg
[
𝐺𝑐 ( 𝑗𝜔𝑔𝑐)𝐺 𝑝 ( 𝑗𝜔𝑔𝑐)

]
+ 𝜋, PM =

180◦

𝜋
𝜑𝑚 in degrees (19)

are defined as GM and PM, respectively. If 𝜑𝑚 comes out to be greater than 𝜋,
then +𝜋 should be replaced by 𝜋 in Eq. (19). Note that it is usual to express
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GM in decibels and PM in degrees. Larger GM results with a PCOP to the very
right of the ASP (−1, 0) hence with a more stable CLS. Similarly, greater PM
results with a GCOP to the very downright of the ASP point (−1, 0) hence with
a more stable CLS. This is because the possibility of the encirclement of the
ASP (−1, 0) by the Nyquist plot reduces with larger values of GM and PM and
the system becomes relatively more stable according to Nyquist criteria. A gain
margin > 20 dB and a phase margin > 60◦ result with sufficiently stable CLSs.
Therefore, GM and PM are very important measures of robustness in designing
controllers. It is known that PM is related to the damping of the system and can
also serve as a performance measure [27, 51].

2.3. Frequency domain method of FOPID controller design

Traditional PID controller is a standard feedback mechanism control loop
commonly used in many industrial applications. This PID controller tries to
reduce the error by computing and fixing the error for the corrective achievement
that can regulate the procedure accordingly. As seen in Eq. (7), three different
parameters 𝐾𝑝, 𝐾𝑖, 𝐾𝑑 are involved in the standard PID controllers. 𝐾𝑝 is used to
determine the present error response, 𝐾𝑖 is used to determine the previous latest
errors based on the responses, and 𝐾𝑑 is used to determine the response of the
system to the degree at which the error had been varying.

Though the FOSs are very rare, commonly, the integer-order system’s approx-
imation might have some significant variations between the real system and their
mathematical styles. So, using FOPID is one of the most important possibilities
to progress the traditional PID controllers [24, 34, 58].

In the design of FOPID controllers, there are two surplus parameters 𝜆 and 𝜇
compared to the conventional PID controller; so, there are five different parame-
ters to consider (𝐾𝑝, 𝐾𝑖, 𝐾𝑑 , 𝜆, 𝜇), which increases the flexibility of succeeding
the current preferred requirements. However, these also increase the system’s
complexity. So, the task is to develop a feasible and reliable FOPID controller
that behaves and meets the same system design requirements (necessities) and
performance but has less parameter numbers. The most important point here
is to find a suitable and achievable estimation for the integral and derivative
orders (𝜆, 𝜇).

Numerous efforts to discover an optimal set for PI𝜆D𝜇 controller’s five pa-
rameters have been published so as to accomplish predefined criteria of the
system [6, 23]; especially the integral order (𝜆) and the derivative order (𝜇) pa-
rameters are either known or can be found by using the existing methods in the
literature [3]. Ziegler-Nichols parameters tuning rules were stated in [70]. Also,
some other methods have been stated in [6, 23, 46, 71].
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In this paper, the non-integer order of integration 𝜆 and differentiation 𝜇 in
PI𝜆D𝜇 are assumed to be determined by one of the above-mentioned methods
present in the literature. Then, according to the design specifications stated in the
next subsection, the remaining three tuning parameters𝐾𝑝, 𝐾𝑖, 𝐾𝑑 are determined
by using 3D graphical approach in the space 𝑅3 = (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) as described in
Section 4.

2.4. Design specifications

With the plant transfer function 𝐺 𝑝 (𝑠) in Eq. (11), the objective is to find a
controller 𝐺𝑐 (𝑠) as in Eq. (9), so that the open-loop system meets the following
frequency domain design specifications [51]:

(a) Phase margin specification (𝜑𝑚, 𝜔𝑔𝑐): For sufficiently good relative stabil-
ity, PM defined in Eq. (19) at the gain-crossover frequency 𝜔𝑔𝑐 should be
larger or equal to some pre-assigned value 𝜑𝑚. This mean

arg
[
𝐺𝑐 ( 𝑗𝜔𝑔𝑐)𝐺 𝑝 ( 𝑗𝜔𝑔𝑐)

]
­ 𝜑𝑚 − 𝜋.

Letting 𝐺𝑣 = 𝑒
− 𝑗𝜑𝑚 and subtracting 𝜑𝑚 from both sides, this equation can

be written as
arg

[
𝐺𝑐 ( 𝑗𝜔𝑔𝑐)𝐺𝑣𝐺 𝑝 ( 𝑗𝜔𝑔𝑐)

]
­ −𝜋 (20)

(b) Gain margin specification (𝑔𝑚, 𝜔𝑝𝑐): Sustaining a preferred GM defined in
Eq. (18) at the phase crossover frequency 𝜔𝑝𝑐 should be larger or equal to
some pre-assigned value 𝑔𝑚. This means

− 1
𝐺𝑐 ( 𝑗𝜔𝑝𝑐)𝐺 𝑝 ( 𝑗𝜔𝑝𝑐)

­ 𝑔𝑚 .

Letting 𝐺𝑣 = 𝑔𝑚 and dividing both sides by 𝑔𝑚 this equation can be writ-
ten as

− 1
𝐺𝑐 ( 𝑗𝜔𝑝𝑐)𝐺𝑣𝐺 𝑝 ( 𝑗𝜔𝑝𝑐)

­ 1. (21)

(c) Robustness to gain variation or Iso-damping (𝜓spec, 𝜔𝑔𝑐): The phase of the
open-loop system must be flat at 𝜔𝑔𝑐 [16]. This condition is expressed by

𝜓 𝑓 = − d
d𝜔

Arg
[
𝐺𝑐 ( 𝑗𝜔)𝐺 𝑝 ( 𝑗𝜔)

] ����
𝜔=𝜔𝑔𝑐

¬ 𝜓spec (usually ­ 0). (22)

Decreasing 𝜓spec increases relative stability and the system is more robust
to gain changes and the overshoot of the response is almost constant within
a gain range, which is known as iso-damping of time response.
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(d) Output disturbance rejection (𝐵𝑑 , 𝜔𝑑): A constraint on the disturbance
transfer function 𝑇𝐷 (𝑠) in Eq. (13) with 𝐺𝑣 = 1 can be set to prevent the
low-frequency disturbance by setting����𝑇𝐷 ( 𝑗𝜔) = 1

1 + 𝐺𝑐 ( 𝑗𝜔)𝐺 𝑝 ( 𝑗𝜔)

����
𝜔¬𝜔𝑑

¬ 𝐵𝑑 , (23)

where 𝐵𝑑 is an upper limit for the noise gain for frequencies 𝜔 ¬ 𝜔𝑑 . 𝐵𝑑 is
the load disturbance suppression for frequencies 𝜔 ¬ 𝜔𝑑 [19, 51].

(e) High-frequency noise rejection (𝐶𝑛, 𝜔𝑛): A constraint on the noise transfer
function 𝑇𝑁 (𝑠) in Eq. (13) with 𝐺𝑣 = 1 (also known as the complementary
sensitivity function or noise attenuation requirement [19]), can be set to
prevent the interference of high-frequency noise by setting����𝑇𝑁 ( 𝑗𝜔) = 𝐺𝑐 ( 𝑗𝜔)𝐺 𝑝 ( 𝑗𝜔)

1 + 𝐺𝑐 ( 𝑗𝜔)𝐺 𝑝 ( 𝑗𝜔)

����
𝜔­𝜔𝑛

¬ 𝐶𝑛 , (24)

where 𝐶𝑛 is the lower bound on the complementary sensitivity function for
frequencies 𝜔 ­ 𝜔𝑛 [19, 51].

The condition (b) is not included as a design specification in [51]. Due to
its importance from a relative stability point of view and to guarantee a stable
control system, it is included in the design requirements in this paper. If both
specifications (a) and (b) are given simultaneously, then Eqs. (20) and (21) should
be satisfied simultaneously by choosing the virtual gain 𝐺𝑣 = 𝑔𝑚𝑒

− 𝑗𝜑𝑚 . That is
why Eq. (12) is defined and used as the virtual gain. Furthermore, although
steady-state error cancellation is included in [51], the fractional integration 𝑠−𝜆
in the controller is an efficient term to cancel the steady-state error. So the steady-
state error specification is automatically fulfilled, and this specification is null
and not included in the above specification list.

To achieve the above required performance parameters (𝜑𝑚, 𝜔𝑔𝑐), (𝑔𝑚, 𝜔𝑝𝑐),
(𝜓spec, 𝜔𝑔𝑐), (𝐵𝑑 , 𝜔𝑑), and (𝐶𝑛, 𝜔𝑛), the values that the controller gains
𝐾𝑝, 𝐾𝑖, 𝐾𝑑 can take will be discussed graphically in the next section by using 3D
plots in the space (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) ∈ 𝑅3.

3. Formulation of the design specifications for the 3D plots

Based on the design specifications set in the previous section, their formula-
tions for the 3D plots are considered in this section. The plots supply an optimum
set of design parameters (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) ∈ 𝑅3.

For refreshing the mind, the plant transfer function 𝐺 𝑝 (𝑠) is a FO rational
function with a time delay; the FO integrator and differentiator control orders 𝜆
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and 𝜇 are either known or can be found by using the existing methods mentioned
above.

The computations of the loci of acceptable regions in the 3D space satisfying
the given specifications in Section 2.4 are obtained in the same order therein.

3.1. Stability boundaries

To find the stability boundaries [6, 17, 29]] for achieving the specified phase
and gain margins defined by items (a) and (b) in Section 2.4, consider Eq. (14)
together with Eqs. (9), (11) and (12). Note that stability boundaries are computed
by considering 𝐺𝑣 = 𝑔𝑚 to guarantee a GM of 𝑔𝑚, 𝐺𝑣 = 𝑒−𝜑𝑚 to guarantee a
PM of 𝜑𝑚 and 𝐺𝑣 = 𝑔𝑚𝑒

−𝜑𝑚 to guarantee both. Hence, with 𝐺𝑣 = 𝑔𝑚𝑒
− 𝑗𝜑𝑚 , the

characteristic equation (14) results; further, the relative stability boundaries are
defined by replacing the inequalities in Eqs. (20) and (21) by the equality signs;
thus, the stability boundaries satisfy Eq. (15).

Real root boundary (RRB) is found by letting 𝑠 = 0 in Eq. (14), which leads to

𝐾𝑖 = 0. (25)

Hence, RRB is a plane perpendicular to 𝐾𝑝 − 𝐾𝑖 plane in (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) = 𝑅3.
Complex root boundary (CRB) is obtained by 𝑠 = 𝑗𝜔 in Eq. (14); this

leads to Eqs. (15). Using the expressions (9), (11), (12) in (15), multiplying by
𝜔𝜆𝑒 𝑗 (0.5𝜋𝜆−𝛾)/𝑁 , collecting the terms with𝐾𝑝, 𝐾𝑖, 𝐾𝑑 on the left side, and finally,
equating the imaginary and real parts on both sides, we obtain

𝜔𝜆 sin
(𝜋
2
𝜆

)
0 𝜔𝜆+𝜇 sin

(𝜋
2
(𝜆 + 𝜇)

)
𝜔𝜆 cos

(𝜋
2
𝜆

)
1 𝜔𝜆+𝜇 cos

(𝜋
2
(𝜆 + 𝜇)

)

𝐾𝑝
𝐾𝑖
𝐾𝑑

 = −𝜔
𝜆

𝑁


sin

(𝜋
2
𝜆 − 𝛾

)
cos

(𝜋
2
𝜆 − 𝛾

) (26)

where
𝐺𝑣𝐺 𝑝 ( 𝑗𝜔) = 𝑁 (𝜔)𝑒 𝑗𝛾(𝜔) , (27)

𝑁 (𝜔) = 𝑔𝑚


[
𝑛∑
𝑘=0

𝑏𝑘𝜔
𝛽𝑘 cos (0.5𝜋𝛽𝑘 )

]2
+

[
𝑛∑
𝑘=0

𝑏𝑘𝜔
𝛽𝑘 sin (0.5𝜋𝛽𝑘 )

]2

[
𝑚∑
𝑟=0
𝑎𝑟𝜔

𝛼𝑟 cos (0.5𝜋𝛼𝑟)
]2

+
[
𝑚∑
𝑟=0
𝑎𝑟𝜔

𝛼𝑟 sin (0.5𝜋𝛼𝑟)
]2



1
2

, (28)

𝛾(𝜔) = −𝜑𝑚 + 𝛽(𝜔) − 𝜃𝜔, (29)

𝛽(𝜔) = arctan

𝑛∑
𝑘=0

𝑏𝑘𝜔
𝛽𝑘 sin (0.5𝜋𝛽𝑘 )

𝑛∑
𝑘=0

𝑏𝑘𝜔
𝛽𝑘 cos (0.5𝜋𝛽𝑘 )

− arctan

𝑚∑
𝑟=0
𝑎𝑟𝜔

𝛼𝑟 sin (0.5𝜋𝛼𝑟)

𝑚∑
𝑟=0
𝑎𝑟𝜔

𝛼𝑟 cos (0.5𝜋𝛼𝑟)
. (30)



388 M.E. KOKSAL

Drawing 𝐾𝑝 from the first line of Eq. (26) and inserting the result in the second
line of Eq. (26), and similarly Drawing 𝐾𝑑 from the first line of Eq. (26) and
inserting the result in the second line of Eq. (26), we obtain the following matrix
equation: 

𝜔𝜆 sin
(𝜋
2
𝜆

)
0 𝜔𝜆+𝜇 sin

(𝜋
2
(𝜆 + 𝜇)

)
0 sin

(𝜋
2
𝜆

)
−𝜔𝜆+𝜇 sin

(𝜋
2
𝜇

)
𝜔𝜆 sin

(𝜋
2
𝜇

)
sin

(𝜋
2
(𝜆 + 𝜇)

)
0



𝐾𝑝
𝐾𝑖
𝐾𝑑


= −𝜔

𝜆

𝑁


sin

(𝜋
2
𝜆 − 𝛾

)
sin (𝛾)

sin
(𝜋
2
𝜇 + 𝛾

)
 . (31)

In this form, only any 2 of the equations are linearly independent at a time
and the remaining is linearly dependent on these two. In Eq. (31), each line con-
tains only two of the variables (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) unlike the second line of Eq. (26).
Therefore, it is more convenient to use than Eq. (26) for the programming im-
plementation of the stability surfaces (for the use of the second and third lines
of Eq. (31), see Section 4.1). In 3-dimensional Euclid space 𝑅3 = (𝐾𝑝, 𝐾𝑖, 𝐾𝑑)
Eq. (26) or Eq. (31) defines a surface as the parameter 𝜔 changes from to ∞. This
surface separates the stable and unstable regions with 𝐺𝑣 = 𝑔𝑚𝑒

− 𝑗𝜑𝑚 present in
the control loop; further if 𝐺𝑣 = 𝑔𝑚 (𝐺𝑣 = 𝑒− 𝑗𝜑𝑚) the stable region guarantees
stability with the required gain (phase) margin. If both of the PM and GM spec-
ifications are desired to be satisfied simultaneously, 𝐺𝑣 = 𝑔𝑚𝑒

− 𝑗𝜑𝑚 should be
chosen. Due to the presence of 𝑔𝑚 and 𝜑𝑚, the stability boundaries so obtained
are called the relative stability surfaces. Otherwise, they are called the (absolute
or real) stability surfaces.

Infinite root boundary results when 𝜔 → ∞ does not exist for the control
system applications [17, 29].

The illustration of finding stability boundaries RRB, CRB and the program-
ming details will be given in Section 4.

3.2. Phase flatness surface and flatness curve

First, the gain crossover frequency condition in Eq. (17) is used together with
Eqs. (9) and (11) defining𝐺𝑐 and𝐺 𝑝 to obtain the equation that must be satisfied
by 𝜔 = 𝜔𝑔𝑐; 𝐺 𝑝 ( 𝑗𝜔) is written as in Eq. (27), where 𝑁 and 𝛾 are expressed in
Eqs. (28) and (29) with 𝑔𝑚 = 1, 𝜑𝑚 = 0. Second, the phase flatness condition in
Eq. (22) with the equality sign is used together with Eq. (9) and (11), defining
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𝐺𝑐 and 𝐺 𝑝. Combining these two conditions, the equations describing constant
phase flatness surface in 3-dimensional space are obtained as:

𝐾2
𝑝𝜔

2𝜆 + 𝐾2
𝑑𝜔

2(𝜆+𝜇) + 𝐾2
𝑖 + 2𝐾𝑝𝐾𝑑𝜔2𝜆+𝜇 cos(0.5𝜋𝜇) + 2𝐾𝑝𝐾𝑖𝜔𝜆 cos(0.5𝜋𝜆)

+ 2𝐾𝑑𝐾𝑖𝜔𝜆+𝜇 cos (0.5𝜋(𝜆 + 𝜇)) = 𝜔2𝜆

𝑁2 , (32)

𝐾𝑝𝐾𝑖𝜆 sin(0.5𝜋𝜆)+𝐾𝑝𝐾𝑑𝜔𝜆+𝜇𝜇 sin(0.5𝜋𝜇)+𝐾𝑖𝐾𝑑 (𝜆+𝜇)𝜔𝜇 sin [0.5𝜋(𝜆 + 𝜇)]

=
𝜔𝜆+1

𝑁2

(
𝜃 − 𝜓spec −

d𝛽
d𝜔

)
, (33)

where 𝑁 , 𝛽, 𝛾 are defined before and
d𝛽
d𝜔

is derived to be

d𝛽
d𝜔

=

𝜔−1
𝑛−1∑
𝑘=1

[
𝑛∑

ℎ=𝑘+1
𝑏𝑘𝑏ℎ𝜔

𝛽𝑘+𝛽ℎ (𝛽𝑘 − 𝛽ℎ) sin [0.5𝜋 (𝛽𝑘 − 𝛽ℎ)]
]

𝑛∑
𝑘=1

𝑏2
𝑘
𝜔2𝛽𝑘 + 2

𝑛−1∑
𝑘=1

[
𝑛∑

ℎ=𝑘+1
𝑏𝑘𝑏ℎ𝜔

𝛽𝑘+𝛽ℎ cos [0.5𝜋 (𝛽𝑘 − 𝛽ℎ)]
]

−
𝜔−1

𝑚−1∑
𝑟=1

[
𝑚∑

ℎ=𝑟+1
𝑎𝑟𝑎ℎ𝜔

𝛼𝑟+𝛼ℎ (𝛼𝑟 − 𝛼ℎ) sin [0.5𝜋 (𝛼𝑟 − 𝛼ℎ)]
]

𝑚∑
𝑟=1
𝑎2
𝑟𝜔

2𝛼𝑟 + 2
𝑚−1∑
𝑟=1

[
𝑚∑

ℎ=𝑟+1
𝑎𝑟𝑎ℎ𝜔

𝛼𝑟+𝛼ℎ cos [0.5𝜋 (𝛼𝑟 − 𝛼ℎ)]
] . (34)

On the face flatness surface 𝜓 𝑓 = −𝜓spec the value of the face flatness in
Eq. (22) is exactly satisfied, that is 𝜓 𝑓 = 𝜓spec. On one side of this surface, the
flatness is smaller than the value specified by this equation, and on the other side,
greater. In the design of the controller, any point (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) chosen on this
surface or the greater side will fulfill the requirement

d
d𝜔

Arg
[
𝐺𝑐 ( 𝑗𝜔)𝐺 𝑝 ( 𝑗𝜔)

] ��
𝜔=𝜔𝑔𝑐

­ −𝜓spec (usually 0) (35)

If the gain cross-over frequency 𝜔𝑔𝑐 is given, then Eqs. (32) and (33) define a
curve in the 3D (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) space where Eqs. (28), (29) and (30) are evaluated
at 𝜔 = 𝜔𝑔𝑐. This curve is defined as the flatness curve on which Eq. (12) is
satisfied with equality.

3.3. Disturbance rejection surface

Using Eqs. (9) and (11) for 𝐺𝑐 (𝑠 = 𝑗𝜔𝑑) and 𝐺 𝑝 (𝑠 = 𝑗𝜔𝑑), respectively,
the equation of disturbance rejection surface is obtained from Eq. (23) by taking
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the equality sign as[
𝑃 + 𝐼 cos(0.5𝜋𝜆) + 𝐷 cos(0.5𝜋𝜇) +

𝜔𝜆
𝑑

𝑁
cos(𝛾)

]2

+
[
−𝐼 sin(0.5𝜋𝜆) + 𝐷 sin(0.5𝜋𝜇) +

𝜔𝜆
𝑑

𝑁
sin(𝛾)

]2

=
𝜔2𝜆
𝑑

𝑁2𝐵2
𝑑

, (36)

where 𝐺 𝑝 ( 𝑗𝜔𝑑) = 𝑁𝑒 𝑗𝛾; 𝑁 (𝜔𝑑), 𝛾(𝜔𝑑) are defined in Eqs. (28), (29), (30) with
𝑔𝑚 = 1, 𝜑𝑚 = 0; and

𝑃 = 𝐾𝑝𝜔
𝜆
𝑑 , 𝐼 = 𝐾𝑖 , 𝐷 = 𝐾𝑑𝜔

𝜆+𝜇
𝑑
. (37)

Output disturbance rejection specification is satisfied on the side

[·]2 + [·]2 ­
𝜔2𝜆
𝑑

𝑁2𝐵2
𝑑

for all 𝜔 ¬ 𝜔𝑑 , (38)

of this surface where the term in the parenthesis represents the left-hand sides of
Eqs. (36).

3.4. High-frequency noise rejection surface

High-frequency noise rejection condition in Eq. (24) together with Eqs. (9)
and (11) for 𝐺𝑐 (𝑠 = 𝑗𝜔𝑛) and 𝐺 𝑝 (𝑠 = 𝑗𝜔𝑑𝑛), respectively, yield

𝐶2
𝑛 − 1
𝐶2
𝑛

[
𝑃2 + 𝐼2 + 𝐷2 + 2𝑃𝐼 cos(0.5𝜋𝜆) + 2𝑃𝐷 cos(0.5𝜋𝜇)

+ 2𝐼𝐷 cos {0.5𝜋(𝜆 + 𝜇)}
]
+

2𝜔𝜆𝑛
𝑁

[
𝑃 cos(𝛾) + 𝐼 cos(0.5𝜋𝜆 − 𝛾)

+ 𝐷 cos(0.5𝜋𝜇 + 𝛾)
]
+ 𝜔

2𝜆

𝑁2 ­ 0. (39)

Or, assuming |𝐶𝑛 | ¬ 1, which is usually the case,[
𝑃2 + 𝐼2 + 𝐷2 + 2𝑃𝐼 cos(0.5𝜋𝜆) + 2𝑃𝐷 cos(0.5𝜋𝜇) + 2𝐼𝐷𝑐𝑜𝑠 {0.5𝜋(𝜆 + 𝜇)}

]
+

2𝜔𝜆𝑛𝐶2
𝑛

𝑁 (𝐶2
𝑛 − 1)

[𝑃 cos(𝛾) + 𝐼 cos(0.5𝜋𝜆 − 𝛾) + 𝐷 cos(0.5𝜋𝜇 + 𝛾)]

+
𝜔2𝜆
𝑛 𝐶

2
𝑛

𝑁2(𝐶2
𝑛 − 1)

¬ 0. (40)

In Eqs. (39) and (40), 𝐺 𝑝 ( 𝑗𝜔𝑛) = 𝑁𝑒 𝑗𝛾; 𝑁 , 𝛾, 𝑃, 𝐼, 𝐷 are defined as in
Eqs. (28), (29), (37), all with 𝑔𝑚 = 1, 𝜑𝑚 = 0, 𝜔 = 𝜔𝑛.
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Note that the direction of the inequality sign in Eq. (40) should be reversed if
|𝐶𝑛 | < 1; further, if the equality sign is taken instead of the inequality sign, this
equation defines a surface (constant noise rejection surface 𝐶𝑛 at frequency 𝜔𝑛).
If 𝜔 ­ 𝜔𝑛, Eq. (24) will be satisfied on the side of this surface, which will be
defined in Section 4.

In Eqs. (36), (39) and (40), 𝑃, 𝐼, 𝐷 are used instead of 𝐾𝑝, 𝐾𝑖, 𝐾𝑑 for
programming easiness, see Section 4.

4. 3D programming implementations

In this section, programming details for the 3D plots of stability, flatness,
disturbance and noise surfaces as well as the flatness curve, are illustrated. The
basic ideas for the preparation of the related function subprograms and their use
are illustrated. The programs are prepared by using MATLAB language.

4.1. Stability surfaces

Consider Eq. (31) for CRB. For a mesh-grid structure for the variables 𝐾𝑝,
𝐾𝑖. The third line in Eq. (31) is

𝑓 [
(
𝐾𝑝, 𝐾𝑖

)
, 𝜔] = 𝐾𝑝𝜔𝜆 sin(0.5𝜋𝜇) + 𝐾𝑖 sin [0.5𝜋(𝜆 + 𝜇)]

+ 𝜔𝜆

𝑁
sin(0.5𝜋𝜆 + 𝛾) = 0 (41)

should be satisfied for each grid point (𝐾 𝑝, 𝐾𝑖).When the frequency𝜔 is scanned
with convenient stepsΔ𝜔 over a reasonable range and 𝑓

[
(𝐾𝑝, 𝐾𝑖), 𝜔

]
is computed

for each frequency, the frequencies satisfying Eq. (41) can be found by checking

𝑓
[ (
𝐾𝑝, 𝐾𝑖

)
, 𝜔𝑛−1

]
· 𝑓

[ (
𝐾𝑝, 𝐾𝑖

)
, 𝜔𝑛

]
¬ 0. (42)

Whenever this equation is satisfied, the solution of Eq. (41) for 𝜔 is thus found
for the grid point (𝐾𝑝, 𝐾𝑖) within an error ±Δ𝜔. Then the second line of Eq. (31)
can be used to find 𝐾𝑑 as

𝐾𝑑 =

𝜔−𝜆𝐾𝑖 sin(0.5𝜋𝜆) +
sin(𝛾)
𝑁

𝜔𝜇 sin(0.5𝜋𝜇) (43)

which is the point on the stability surface corresponding to (𝐾𝑝, 𝐾𝑖). A 3D surface
plot is obtained by the MATLAB function “mesh”.

RRB 𝐾𝑖 = 0 is easy to plot since it is simply (𝐾𝑝, 𝐾𝑑) plane.
We note that due to the transcendental nature of the function 𝑓

[ (
𝐾𝑝, 𝐾𝑖

)
, 𝜔

]
,

we may have more than one solution. Each solution is considered as a separate
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stability surface and checked by some test points to decide which side is stable in
the programming.

4.2. Flatness surface

Consider Eqs. (32) and (33). For a mesh-grid structure for the variables𝐾𝑝, 𝐾𝑖,
Eq. (33) is solved for 𝐾𝑑:

𝐾𝑑 (𝐾𝑝, 𝐾𝑖, 𝜔) =

𝜔𝜆+𝜇

𝑁2

(
𝜃 − 𝜓spec −

d𝛽
d𝜔

)
− 𝐾𝑝𝐾𝑖𝜆 sin(0.5𝜋𝜆)

𝐾𝑝𝜔
𝜆+𝜇𝜇 sin(0.5𝜋𝜇) + 𝐾𝑖 (𝜆 + 𝜇)𝜔𝜇 sin [0.5𝜋(𝜆 + 𝜇)]

. (44)

Substitute this 𝐾𝑑 in Eq. (32) to obtain

𝑓 𝑓
[ (
𝐾𝑝, 𝐾𝑖

)
, 𝜔

]
= 𝐾2

𝑑

(
𝐾𝑝, 𝐾𝑖, 𝜔

)
𝜔2(𝜆+𝜇)

+ 𝐾𝑑
(
𝐾𝑝, 𝐾𝑖, 𝜔

) [
2𝐾𝑝𝜔2𝜆+𝜇 cos(0.5𝜋𝜇) + 2𝐾𝑖𝜔𝜆+𝜇 cos (0.5𝜋(𝜆 + 𝜇))

]
+ 𝐾2

𝑝𝜔
2𝜆 + 𝐾2

𝑖 + 2𝐾𝑝𝐾𝑖𝜔𝜆 cos(0.5𝜋𝜆) − 𝜔
2𝜆

𝑁2 = 0. (45)

This equation should be satisfied for each grid point (𝐾𝑝, 𝐾𝑖).When the frequency
𝜔 is scanned with convenient steps Δ𝜔 over a reasonable range, the frequencies
satisfying Eq. (45) can be found by checking

𝑓 𝑓
[ (
𝐾𝑝, 𝐾𝑖

)
, 𝜔𝑛−1

]
· 𝑓 𝑓

[ (
𝐾𝑝, 𝐾𝑖

)
, 𝜔𝑛

]
¬ 0. (46)

Whenever this equation is satisfied, the solution of Eq. (45) for 𝜔 is thus found
for the grid point (𝐾𝑝, 𝐾𝑖) within an error ±Δ𝜔. Then Eq. (44) can be used to
find 𝐾𝑑 which is the point on the flatness surface corresponding to (𝐾𝑝, 𝐾𝑖). 3D
Surface plot is obtained by the MATLAB function “mesh”. We note that due to
the transcendental nature of the function 𝑓 𝑓

[ (
𝐾𝑝, 𝐾𝑖

)
, 𝜔

]
in Eq. (45), we may

have more than one solution. Each solution is considered as a separate flatness
surface and at most, four flatness surfaces are considered in the programming.

4.3. Flatness curve

When the GCOF 𝜔𝑔𝑐 is given and the flatness is specified at this frequency
as in Eq. (22) (with an equality sign), then Eqs. (32) and (33) define the flatness
curve in the space (𝐾𝑝, 𝐾𝑖, 𝐾𝑖) as already indicated in Section 3.2. To find the
flatness curve, we draw 𝐾𝑖 from Eq. (33) to obtain

𝐾𝑖 =

𝜔𝜆+𝜇

𝑁2

(
𝜃 − 𝜓spec −

d𝛽
d𝜔

)
− 𝐾𝑑𝐾𝑝𝜔𝜆+𝜇𝜇 sin(0.5𝜋𝜇)

𝐾𝑝𝜆 sin(0.5𝜋𝜆) + 𝐾𝑑 (𝜆 + 𝜇)𝜔𝜇 sin [0.5𝜋(𝜆 + 𝜇)] . (47)
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Substituting this in Eq. (32) and rearranging, we obtain the following fourth-
order polynomial equation in 𝐾𝑑:

𝑞4𝐾
4
𝑑 + 𝑞3𝐾

3
𝑑 + 𝑞2𝐾

2
𝑑 + 𝑞1𝐾𝑑 + 𝑞0 = 0, (48)

where

𝑞4 = 𝑎𝑔2, 𝑞3 = 𝑔(2 𝑓 𝑎 + ℎ𝑐 + 𝑏𝑔),

𝑞2 = 𝑎 𝑓 2 + 𝑓 ℎ𝑐 + 2𝑔 𝑓 𝑏 + 𝑒𝑔2 + ℎ2 + 𝑐𝐻𝑔 + 𝑑ℎ𝑔,

𝑞1 = 2ℎ𝐻 + 𝑔𝑑𝐻 + 𝑓 𝑐𝐻 + 𝑓 𝑑ℎ + 𝑏 𝑓 2 + 2𝑔𝑒 𝑓 , 𝑞0 = 𝐻2 + 𝑓 𝑑𝐻 + 𝑒 𝑓 2,

𝑎 = 𝜔2𝜆+2𝜇, 𝑏 = 2𝐾𝑝𝜔2𝜆+𝜇 cos(0.5𝜋𝜇), 𝑐 = 2𝜔𝜆+𝜇 cos [0.5𝜋(𝜆 + 𝜇)] ,

𝑑 = 2𝐾𝑝𝜔𝜆 cos(0.5𝜋𝜆), 𝑒 = 𝐾2
𝑝𝜔

2𝜆 − 𝜔
2𝜆

𝑁2 , 𝑓 = 𝐾𝑝𝜆 sin(0.5𝜋𝜆),

𝑔 = 𝜔𝜇 (𝜆 + 𝜇) sin [0.5𝜋(𝜆 + 𝜇)] , ℎ = −𝐾𝑝𝜔𝜆+𝜇𝜇 sin(0.5𝜋𝜇),

𝐻 =
𝜔𝜆+𝜇

𝑁2

(
𝜃 − 𝜓spec −

d𝛽
d𝜔

)
.

Choose a set of successive values of 𝐾𝑝, find the roots of Eq. (48) for each
value of 𝐾𝑝, and then the corresponding values of 𝐾𝑖 by using Eq. (47). Then,
obtain 3D plot of (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) by using MATLAB function “plot3”. The function
subprogram prepared for computing the flatness curve is done by “FlatnsCurve.m
and flatnessC.m” and the results are shown in Section 5 “Examples”. In general,
Eq. (48) has four roots and only real roots of it are considered. Hence there may
be more than one flatness curve, each of which must be justified.

4.4. Disturbance rejection surface

Consider Eq. (36) to find the surface on which the disturbance specification is
satisfied with an equality sign. Then the disturbance specification will be satisfied
on and on one side of this surface as implied by Eq. (38). Eq. (36) can be arranged
as a quadratic equation in the parameter 𝐷 as follows:

𝐷2 + 2𝐷

{
𝑃 cos(0.5𝜋𝜇) + 𝐼 cos [0.5𝜋(𝜆 + 𝜇)] +

𝜔𝜆
𝑑

𝑁
cos(0.5𝜋𝜇 + 𝛾)

}
+

{
𝑃2 + 𝐼2 + 2𝑃𝐼 cos(0.5𝜋𝜆) +

2𝜔𝜆
𝑑

𝑁
[𝑃 cos(𝛾) + 𝐼 cos(0.5𝜋𝜆 − 𝛾)]

+
𝜔2𝜆
𝑑

𝑁2

(
1 − 1

𝐵2
𝑑

)}
= 0, (49)
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where 𝑁, 𝛾, 𝑃, 𝐼, 𝐷 are as defined in Eqs. (28), (29) and (37) with 𝜔 = 𝜔𝑑 .
Equation (49) is solved for each grid point of 𝐾𝑝, 𝐾𝑖. Then Eq. (37) is used to
find 𝐾𝑑 = 𝐷/𝜔(𝜆+𝜇)

𝑑
. If a real root exists, then there are two solutions for 𝐷

and hence for 𝐾𝑑 , and the permissible region to satisfy Eq. (38), or Eq. (49)
with ­ is outside of these roots. This corresponds to the outside of the two
disturbance surfaces in the 3D implementation obtained by the MATLAB “mesh”
function. The evaluation of the disturbance surfaces is conducted by the program
“distbound.m” and shown by the examples given in Section 5.

4.5. Noise rejection surface

Noise rejection surface is defined by Eqs. (39) or (40) with the equality sign
is taken. Its equation is rewritten below in quadratic form in the parameter 𝐷.

𝐷2 + 2𝐷

{
𝑃 cos(0.5𝜋𝜇) + 𝐼 cos [0.5𝜋(𝜆 + 𝜇)]

+
𝜔𝜆𝑛𝐶

2
𝑛

𝑁
(
𝐶2
𝑛 − 1

) cos(0.5𝜋𝜇 + 𝛾)
}
+ 𝑃2 + 𝐼2 + 2𝑃𝐼 cos(0.5𝜋𝜆)

+
𝜔𝜆𝑛𝐶

2
𝑛

𝑁
(
𝐶2
𝑛 − 1

) [
2𝑃 cos(𝛾) + 2𝐼 cos(0.5𝜋𝜆 − 𝛾) +

𝜔𝜆𝑛

𝑁

]
= 0, (50)

where 𝑁, 𝛾𝑃, 𝐼, 𝐷 are as defined in Eqs. (28), (29), (37) with 𝜔 = 𝜔𝑛. Equa-
tion (50) is solved for each grid point of 𝐾𝑝, 𝐾𝑖. Then Eq. (37) is used to find
𝐾𝑑 = 𝐷/𝜔(𝜆+𝜇)

𝑛 . If a real root exists, then there are two solutions for 𝐷 and
hence for 𝐾𝑑 , and the permissible region to satisfy Eq. (39) is inside of these
roots (the case |𝐶𝑛 | ¬ 1, otherwise outside). This corresponds to the inside of the
two noise surfaces in the 3D implementation obtained by the MATLAB “mesh”
function. The evaluation of the noise surfaces is conducted by MATLAB program
“noisebound.m” and the results are demonstrated in the next section.

4.6. Performance characteristics

For any example with the FOPID controller and a rational FO plant transfer
function with time delay, some performance characteristics are calculated and/or
plotted to verify the design results. This is done by the prepared function subpro-
gram “performance”. The outputs of this program are: noise rejection variation
with 𝜔, Disturbance rejection variation with 𝜔, PF variation with 𝜔; further,
Nichols chart, polar plot, Nyquist plot, gain and phase plots (Bode diagrams)
all for open-loop gain; continuing, controller transfer function 𝐺𝑐, Plant transfer
function 𝐺 𝑝, open loop transfer function 𝐺𝑐𝐺 𝑝, gain margins 𝐺𝑀, 𝑔𝑚 (in dB,
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and normal), phase margins 𝑃𝑀, 𝜑𝑚 (in degrees and radians), phase crossover
frequency 𝜔𝑝𝑐, and finally, gain crossover frequency 𝜔𝑔𝑐.

5. Examples

Examples presented in this section are taken as benchmark problems chosen
from the literature. Each one of the examples clarifies the theory and design
specifications considered in Section 2, demonstrates the validity of formulation
aspects in Section 3, and finally, the usability of programming aspects of 3D plots
in Section 4.

5.1. Example 1

Consider the experimental platform controlling liquid level in Basic Process
Ring 38-100 Feedback Unit treated [51]. The plant (liquid level system) is char-
acterized by the transfer function

𝐺 𝑝 (𝑠) =
3.13

433.33𝑠 + 1
𝑒−50𝑠 . (51)

Design specifications are given as: GCOF 𝜔𝑔𝑐 = 0.008 rad/s, PM 𝜑𝑚 = 𝜋/3,
robustness to variations in the gain of the plant must be fulfilled (𝜓spec = 0 s
at 𝜔𝑔𝑐), sensitivity function ¬ 𝐵𝑑 = −20 dB for 𝜔 ¬ 𝜔𝑑 = 0.001 rad/s noise
rejection ¬ 𝐶𝑛 = −20 dB for 𝜔 ­ 𝜔𝑛 = 10 rad/s. In [51], the function FIMCON
in the optimization toolbox of MATLAB is used to find the FOPID controller
transfer function

𝐺𝑐 = 0.6152 + 0.01
𝑠0.8968 + 4.3867𝑠0.4773. (52)

Performance characteristics:

The control system performance is analyzed by the subprogram “perfor-
mance” (described in Section 4.6); the elapsed and CPU times are recorded
as 1.6571 s and 1.7188 s, respectively. The realized performance characteristics
satisfy the specified ones as seen in Table 1. Especially the ones indicated by
‘+’ sign in the comment column, fulfill the given design specifications. The
performance characteristics are illustrated by the plots shown in Figs. 4–10.

Oustaloup continuous approximation [53] is used with order 𝑁 = 5, 𝜔𝑏 =

10−4, 𝜔ℎ = 104 rad/s for evaluation of step response by the FO Simulink blocks
which appear in the FOTF Toolbox for FO system analyzer in MATLAB [73].
The function subprograms in this toolbox are also used for programming im-
plementations presented in Section 4. The resulting step response is shown in
Fig. 10, and it has an overshoot of 14.3%.
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Table 1: Performance characteristics of PI𝜆D𝜇 controlled liquid level system

Characteristics Specification
(*Not specified) Realized Comments: –: No comment

=: Exact value, +: Satisfied value
𝜔𝑔𝑐 (rad/s) 0.008 0.008 =

PM (degrees)
𝜑𝑚 (rad)

60
1.0472

60.0808
1.0486 =

𝜓spec (s) 0 −0.0124 +
𝐵𝑑

𝐵𝑑 (dB)
0.1
−20

0.0706
−23.0178 +

𝜔𝑑 (rad/s) 0.001 0.001 =

𝐶𝑛

𝐶𝑛 (dB)
0.1
−20

0.0099
−40.1217 +

𝜔𝑛 (rad/s) 10 10 =

𝜔𝑝𝑐 (rad/s) * 0.0392 −-

GM (dB)
𝑔𝑚

* 11.7541
3.8699 −-

Overshoot (%) * 14.3 (found by Simulink)
Rise time (s) * 50 + 138 (from 10 % to 90%)

Settling time (s) * 50 + 587 (95–105% of the final value)
Elapsed time * 1.6571 s −-

CPU time * 1.7188 s −-

Figure 4: Bode diagram of Example 1



DESIGN OF FOPID CONTROLLERS BY USING 3D PLOTS 397

Figure 5: Nyquist plot of Example 1

Figure 6: Polar plot of Example 1

Figure 7: Phase flatness curve of Example 1
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Figure 8: Disturbance rejection curve of Example 1

Figure 9: Noise rejection curve of Example 1

Figure 10: Step response of the closed-loop system of Example 1
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Disturbance and noise rejection boundaries:

The disturbance rejection requirement is illustrated by the two boundary
surfaces obtained by using MATLAB programing and the result of the 3D plot is
shown in Fig. 11. It is observed in this figure that the point TP1 = (𝐾𝑝, 𝐾𝑖, 𝐾𝑑)
with the designed parameters of PI𝜆D𝜇 controller (𝐾𝑝 = 0.6152, 𝐾𝑖 = 0.01,
𝐾𝑑 = 4.3867) is in the permissible region. Hence the disturbance rejection
specification is satisfied. In fact, in Table 1, the transfer function |𝑇𝐷 | = 0.0706,
which is less than the specified limit 𝐵𝑑 = 0.1 at𝜔𝑑 = 0.001 rad/s, and |𝑇𝐷 | ¬ 0.1
for all 𝜔 ¬ 𝜔𝑑 . In Fig. 11, TP1 is the designed point. When the test point TP2
is taken between the boundary surfaces DBU and DBL as TP2 = (𝐾𝑝 = 0.6,
𝐾𝑖 = 0.002, 𝐾𝑑 = 25), then the disturbance rejection specification will not
be satisfied as expected; in fact, it is calculated that |𝑇𝐷 | = 0.2464 ­ 0.1 at
𝜔𝑑 = 0.001 rad/s.

Figure 11: Disturbance rejection boundaries and the test points of Example 1

When the noise specification is considered, Table 1 shows that noise rejection
is well satisfied with the chosen controller parameters. In Fig. 12, noise rejection
boundaries in 3-dimensional (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) space, which are obtained by using
the prepared MATLAB function and is shown with the test point TP1 of the
designed controller. When the controller parameters are changed to 𝐾𝑝 = 0.9,
𝐾𝑖 = 0.01, 𝐾𝑑 = 55, which corresponds to the test point TP2, this point is
outside of the permissible region as seen in Fig. 12; then, the noise transfer
function takes the value |𝑇𝑁 ( 𝑗𝜔𝑛) | = 0.1226 (0.1144), which is obviously
greater than 𝐶𝑛 = 0.1, so the noise rejection specification is violated at TP2.
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Figure 12: Noise rejection boundaries and the test points of Example 1

A similar result is observed for TP3 = (𝐾𝑝 = 0.9, 𝐾𝑖 = 0.01, 𝐾𝑑 = −55) where
|𝑇𝑁 ( 𝑗𝜔𝑛) | = 0.1144 > 𝐶𝑛 = 0.1.

Phase flatness curves and surfaces:

Robustness to variations in the gain of the plant is satisfied by the phase
flatness curve 𝜓 𝑓 = 0 at 𝜔𝑔𝑐. By choosing 𝜓spec = 0 at 𝜔𝑔𝑐 = 0.008 rad/s
in Eq. (22), the flatness curves are obtained as shown in Fig. 13. Obviously,
the designed parameters fulfill this requirement (see the test point TP1). In fact
𝜓 𝑓 = −0.0124 � 0 at 𝜔𝑔𝑐 = 0.008 rad/s and TP1 is almost on this curve.
In the same figure, the phase flatness surface 𝜓 𝑓 = 0 without restricting the
gain crossover frequency 𝜔𝑔𝑐 are also shown. It is naturally true that the phase
flatness curve is on this surface, as seen in the figure. Consider the two test points
TP2 = (𝐾𝑝 = 0.2, 𝐾𝑖 = 0.018, 𝐾𝑑 = 10) and TP3 = (𝐾𝑝 = 0.5, 𝐾𝑖 = 0.01,
𝐾𝑑 = 18), which are inside and outside of the phase flatness boundaries. At TP3,
it is found that 𝜓 𝑓 = 41.9616 s ≫ 0 at 𝜔𝑔𝑐 = 0.0093, which is far away from
𝜓spec = 0. At TP2, it is found that 𝜓 𝑓 = −48.8777 s ≪ 0 at 𝜔𝑔𝑐 = 0.0281, which
is far away from 𝜓spec = 0 and being much negative, the relative stability is poor,
and the system may go to instability easily with uncertain plant parameters. So,
the outer region of the phase flatness boundary is hardly desired design area. Note
that the flatness curve data (FlatC1) is not in the visible range of the axis, and the
phase flatness surfaces F3 and F4 do not exist for this example.

Complex root boundaries are plotted for a 𝐺𝑀 = 11.7541 dB (𝑔𝑚 = 3.8699)
as realized by design in [51] (see Table 1). The virtual phase margin 𝜑𝑚 is
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Figure 13: Phase flatness curves and surfaces, and the test points

assumed zero. As expected, due to the delay term of the plant transfer function
and the transcendental behavior of the CRB equations treated in Section 3.1
and the possibility of the existence of multiple solutions of some mathematical
operation, there are multiple solutions for the boundary surface. Note that the
designed system becomes unstable when the open-loop gain is multiplied by the
GM that is by 𝑔𝑚 = 3.8699, which causes the Nyquist plot to pass from the
critical point (−1, 0). Hence, the test point TP1 should be on the CRB; this is in
fact, so as seen on the red surface CRB2 in Fig. 14.

Figure 14: Complex root boundaries and the test points of Example 1
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In this figure, some other test points are indicated:
TP2 (0.6152, 0.01, 7) and TP3 (0.6152, 0.01, 1) are chosen above and below

of CRB2; it is checked by performance.m that the GMs in dB at these test points
are 9.3433 < 11.7541 and 14.5091 > 11.7541, respectively. So, CRB2 is the
true stability boundary for achieving the relative stability of GM (11.7541 dB).

Considering CRB1, the test points TP4 (0.48, 0.0095, 1.1102) chosen on
this surface and the associated GM is computed as 11.7471 � 11.7541, hence
CRB1 is another true CRB; in upperside and lower side of this surface GMs at
TP3 and TP5 (0.48, 0.0095, −5), GMs are computed as 14.5091 > 11.7541 and
1.9726 < 11.7541 dB, respectively, which supports the trueness of CRB1.

It deserves to note that the test points TP6 (0.48, 0.0095, 20.43) on CRB6, TP7
(0.48, 0.0095, −19.0772) on CRB5, TP8 (0.48, 0.0095, 14.2996) on CRB4, TP9
(0.48, 0.0095, −12.2779) on CRB3 do not yield the correct 𝐺𝑀 = 11.7541 dB
nor its approximate value. Hence the CRBs CRB2-CRB6 are not true relative
stability surfaces associated with this GM. The reason is mentioned before, and
one must check the trueness of the computed CRBs by using some test points. The
use of test points to eliminate unwanted results originating from multiple solutions
of some mathematical problems is a common trend in studying FOS [29].

5.2. Example 2

Consider the benchmark problem treated as Example 2 in [75], FO plant
model is given as [58]

𝐺 𝑝 =
1

0.8𝑠2.2 + 0.5𝑠0.9 + 1
. (53)

According to the proposed method in [75], it is selected that 𝜆 = 0.1 and
𝜇 = 1.15 to achieve a GM 𝑔𝑚 = 1.3 (2.2789 dB) and PM 𝜑𝑚 = 𝜋/3 (60◦),
then the controller parameters are determined as 𝐾𝑝 = 233.4234, 𝐾𝑖 = 22.3972,
𝐾𝑑 = 18.5274. Thus, the controller transfer function is

𝐺𝑐 = 233.4234 + 22.3972
𝑠0.1

+ 18.5274𝑠1.15

=
18.5274𝑠1.25 + 233.4234𝑠0.1 + 22.3972

𝑠0.1
. (54)

Performance characteristics:

The performance characteristics of the designed control system are shown in
Table 2. The elapsed and CPU times for running the subprogram “performance”
are recorded as 3.1323 and 4.1719 s, respectively. The realized performance
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characteristics are satisfying the specified PM and GM as indicated by ‘+’ in the
last column of Table 2.

Table 2: Performance characteristics of PI𝜆D𝜇 controlled system of Example 2

Characteristics Specification
(*Not specified) Realized

Comments: –: No comment
=: Exact value, +: Satisfied value

!: Can be improved
𝜔𝑔𝑐 (rad/s) * 19.8601 −-

PM (degrees)
𝜑𝑚 (rad)

60◦
1.0472

60.9404
1.0636 +

𝜓 𝑓 (s) * −0.0244 !

𝐵𝑑

𝐵𝑑 (dB) * 0.3455
−9.2306 !

𝜔𝑑 (rad/s) * 8 −-

𝐶𝑛

𝐶𝑛 (dB) * 0.2657
−11.5114 !

𝜔𝑛 (rad/s) * 70 −-

𝜔𝑝𝑐 (rad/s) * not defined −-

GM (dB)
𝑔𝑚

2.2789
1.3

∞
∞ +

Overshoot (%) * 25.2 (found by Simulink)

Rise time (s) * 0.0707 (from 10 % to 90%)

Settling time (s) * 0.4860 (95–105% of the final value)

Elapsed time (s) * 3.1323 −-

CPU time (s) * 4.1719 −-

Let us first check the realized parameters 𝜑𝑚, 𝜓 𝑓 , 𝐵𝑑 , 𝐶𝑛, 𝑔𝑚 shown in
Table 2 by verifying the 3D plots. The stability boundaries, flatness curves and
surfaces, disturbance and noise boundaries together with the test point TP0 =

(𝐾𝑝 = 233.4234, 𝐾𝑖 = 22.3972, 𝐾𝑑 = 18.5274) obtained with 𝑔𝑚 = 1, 𝜑𝑚 =

60.9404◦, 𝜔𝑔𝑐 = 19.8601, 𝜓spec = −0.0244 s, 𝐵𝑑 = 0.3455 at 𝜔𝑑 = 8, 𝐶𝑛 =

0.2657 at 𝜔𝑛 = 70 are shown in Figs. 15, 16, 17, 18, respectively.
Table 3 shows the PMs and GMs calculated at some test points. It is seen

that complex root boundary CRBE1, satisfies the property of PM crossing of
60.9404◦, that is the test point TP0 is on this surface; note that, in Table 3, the
phase at TP2 is above 60.9404◦ (64.2633◦) whilst TP9 and TP10 result with PMs
below 60.9404◦ (31.6260◦, 58.2803◦).
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Figure 15: Stability boundaries and the test points for Example 2

Table 3: Stability characteristics of test points for Example 2

Test
point 𝐾𝑝 𝐾𝑖 𝐾𝑑 Marker PM

(degrees)
GM
(dB) Stability

TP0 𝐾𝑝0 =

233.4234
𝐾𝑖0 =

22.3972
𝐾𝑑0 =

18.5274 * 60.9404 ∞ S

TP1 𝐾𝑝0 𝐾𝑖0 −𝐾𝑑0 o −75.8054 −50.3260 U
TP2 𝐾𝑝0 −𝐾𝑖0 𝐾𝑑0 x 64.2633 ∞ S
TP3 𝐾𝑝0 −𝐾𝑖0 −𝐾𝑑0 ⊓ −77.3033 −48.6125 U
TP4 −𝐾𝑝0 𝐾𝑖0 𝐾𝑑0 Diamond 102.6967 −46.0955 U
TP5 𝐾𝑝0 𝐾𝑖0 −𝐾𝑑0 Pentagram −115.7367 −46.1052 U
TP6 𝐾𝑝0 𝐾𝑖0 𝐾𝑑0 Hexagram 104.1946 ∞ U
TP7 𝐾𝑝0 𝐾𝑖0 −𝐾𝑑0 < | −119.0596 ∞ U
TP8 𝐾𝑝0 𝐾𝑖0 10.5274 . 31.8576 −19.9537 U
TP9 𝐾𝑝0 𝐾𝑖0 9.5274 > 31.6260 −23.1595 U
TP10 𝐾𝑝0 𝐾𝑖0 17.5274 + 58.2803 ∞ S
TP11 𝐾𝑝0 𝐾𝑖0 −15.5274 + −123.8282 −46.1044 U

Having the positive GMs and PMs, test points TP0, TP2, TP10 correspond to
a stable system, which is also verified by obtaining the step responses shown in
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Fig. 16. All the other test points correspond to unstable systems. Since PM for
TP10 < 60◦, the only test points shown in Table 3 remaining in the feasible stable
region (stable region satisfying the given PM specification) are TP0 and TP2.
The overshoots are measured as 26.9, 24.5% and 28.5% for TP0, TP2, TP10,
respectively. This similarity between the overshoots is expected due to near PMs
of values 60.9404◦, 64.2633◦, 58.2803◦, respectively.

Figure 16: Step responses for the test points TP0, TP2, TP10 of Example 2

Phase flatness curves and surfaces:

Flatness curves and surfaces are shown in Figs. 17 and 18, which include
some critical test points at which the relevant performance characteristics are
shown in Table 4. The time properties are elapsed time = 29.7287 s, CPU time
= 48.6250 s.

The following observations are pointed out about the flatness plots:
i. On all the flatness curves FlatC1–FlatC4, 𝜓 𝑓 = 0.0244, which is the case it

should be (see TP0-TP12).
ii. On all the flatness surfaces FS1–FS2, 𝜓 𝑓 = 0.0244 within three significant

digits (see TP13, TP14). Since these points are not on the flatness curves
𝜔𝑔𝑐 ≠ 19.86, it is 12.8061 (24.2674) at TP13 (TP14).
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Figure 17: Phase flatness curves and surfaces, and the test points TP0–TP6, TP15–TP17
of Example 2

Figure 18: Phase Flatness curves and surfaces, and the test points TP0 and TP7–TP14
of Example 2

iii. In particular, the test point TP0 lies on the flatness curve (FlatC2) and the
flatness surface FS2; further the flatness curve FC2 is on the flatness surface
FS2. Since the curves and surfaces are not drawn for the same range of the
controller parameters, the complete coincidence cannot be observed on the
figures.

iv. When the test point is out of the flatness curves and because of this on the
flatness surfaces, the phase flatness deviates from𝜓 𝑓 = 0.0244; for example,
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Table 4: Phase flatness characteristics of some test points of Example 2

Test
point 𝐾𝑝 𝐾𝑖 𝐾𝑑 𝜔𝑔𝑐 −𝜓 𝑓

GM
(dB)

PM
(degrees) Stability

TP0 233.4234 22.3972 18.5274 19.8601 0.0244 ∞ 60.9404 S
TP1 265 −635.6 −21.21 19.8625 0.0244 −13.5713 −112.0665 U
TP2 135 −473.1 −20.53 19.8563 0.0244 −13.6652 −113.6843 U
TP3 −155 −117.1 −18.97 19.8600 0.0244 ∞ −117.8024 U
TP4 −405 180.4 −17.51 19.8583 0.0244 −46.6953 −122.2076 U
TP5 160 603.3 7.42 19.8602 0.0244 1.1178 −1.6409 U
TP6 −100 972 7.262 19.8604 0.0244 4.1339 −6.5587 U
TP7 −80 943.8 7.269 19.8599 0.0244 3.9307 −6.2016 U
TP8 365 307.4 7.679 19.8607 0.0244 −2.0696 2.8195 S
TP9 −480 267.3 −17.04 19.8582 0.0244 −47.4766 −123.7497 U
TP10 −135 −141.3 −19.08 19.8588 0.0244 ∞ −117.4902 U
TP11 95 −423.5 −20.32 19.8565 0.0244 −151.3584 −114.2098 U
TP12 335 −723.7 −21.57 19.8647 0.0244 −109.6292 −111.2481 U
TP13 −240 26 −3.4 12.8061 0.0244 −46.1883 −179.2739 U
TP14 470 30 22.1 24.2674 0.0245 −27.8106 53.4259 S
TP15 233.4 22.4 30 20.1367 −0.0198 −49.7082 −69.5048 U
TP16 233.4 22.4 8 14.0624 0.0461 −14.0027 20.0876 S
TP17 233.4 22.4 −15 20.1367 −0.0198 −49.7082 −69.5048 U

see the test points TP15, TP16, TP17, at which 𝜓 𝑓 = −0.0198 < 0.0244,
= 0.0461 > 0.0244, = −0.0198 < 0.0244, respectively. That is face flatness
requirement is satisfied between the face flatness surfaces FS1 and FS2, and
it is not satisfied outside.

Disturbance rejection boundaries:

Disturbance rejection boundaries including the test points tabulated in Table 5
are shown in Fig. 19. It is seen that the test point TP0 at which the disturbance
is 𝐵𝑑 = 0.3455 (−9.2306 dB) at 𝜔𝑑 = 8 rad/s is on the disturbance boundary
as expected. The disturbances at test points TP1, TP2, TP7, which are outside
the boundary defined by the disturbance boundary surfaces DBU and DBL are
computed as −12.8050, −11.1968, and −11.5875 dB, which are all less than
−9.2306 dB. On the other hand, the disturbances at the test points TP3, TP4,
TP5, TP6, which are all on the inner side of the disturbance boundary surfaces
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Table 5: Disturbance characteristics of some test points for Example 2

Test
point 𝐾𝑝 𝐾𝑖 𝐾𝑑

𝐵𝑑 (dB)
at 𝜔𝑑 =

8 r/s

𝐶𝑛 (dB)
at 𝜔𝑛 =

70 r/s
−𝜓 𝑓

PM
(degrees)

GM
(dB)

Stabi-
lity

TP0 233.423 22.397 18.527 −9.2336 −11.5114 0.0244 60.3404 ∞ S
TP1 230.1 31.88 26.84 −11.5581 −8.5031 0.0086 73.9958 ∞ S
TP2 236.7 12.92 10.22 −7.1768 −16.6134 0.0486 31.0285 −19.9884 S
TP3 240 3.44 1.918 −6.8526 −29.2536 0.0120 −8.1255 11.1198 U
TP4 243.4 −6.04 −6.388 −8.6061 −19.7476 −0.0287 −44.1608 −46.8469 U
TP5 246.7 −15.52 −14.69 −10.9464 −13.2978 −0.0205 −69.3573 −48.4513 U
TP6 250 −25 −23 −13.0966 −9.8731 −0.0089 −81.8201 −49.7436 U
TP7 120 −4 −19.01 −10.1111 −11.5104 −0.0089 −84.4180 −46.3027 U

Figure 19: Disturbance rejection surface and test points of Example 2
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DBU and DBL are −6.6959, 2.6749, 1.0445 and −7.3311 dB which are greater
than −9.2306 dB; this means disturbance specification is not satisfied at these
points. So, the theoretical results of Section 4.4 and the 3D plot of disturbance
rejection surfaces are well verified.

Noise rejection boundaries:

Noise rejection boundaries including the test points tabulated in Table 6 are
shown in Fig. 20. It is seen that the test point TP0 at which the noise gain is
𝐶𝑛 = 0.2657 (−11.5114 dB) at 𝜔 = 70 rad/s is on the noise boundary (NBU) as
expected. The same property is valid for the test point TP7, which is on the lower
boundary NBL. Being between the noise boundary surfaces NBU and NBL, the
test points TP2, TP3, TP4, and TP5 satisfy the noise rejection requirement since
the noise gains at these points are all smaller than the specified value−11.5114 dB
at𝜔𝑛 = 70 rad/s. The test point TP1, which is above the noise boundary NBU does
not satisfy the noise rejection requirement since it yields a noise gain −8.5031 dB
which is greater than the specified value −11.5114 dB. Similarly, the test point
TP6, which is below the noise boundary NBL does not satisfy the noise rejection
requirement since it yields a noise gain −9.8731 dB which is greater than the
specified value −11.5114 dB. As a result, the points remaining between the noise
boundary surfaces NBU and NBL are the feasible points from the noise rejection
point of view, and the points outside of these boundaries are not permissible.

So, the theoretical results of Section 3.4 and their computer implementation
in Section 4.5 for 3D plots of noise rejection surfaces are well verified.

Table 6: Noise characteristics of some test points for Example 2

Test
point 𝐾𝑝 𝐾𝑖 𝐾𝑑

𝐵𝑑 (dB)
at 𝜔𝑑 =

8 r/s

𝐶𝑛 (dB)
at 𝜔𝑛 =

70 r/s
−𝜓 𝑓

PM
(degrees)

GM
(dB)

Stabi-
lity

TP0 233.423 22.397 18.527 −9.2336 −11.5114 0.0244 60.3404 ∞ S

TP1 230.1 31.88 26.84 −11.5581 −8.5031 0.0086 73.9958 ∞ S

TP2 236.7 12.92 10.22 −7.1768 −16.6134 0.0486 31.0285 −19.9884 S

TP3 240 3.44 1.918 −6.8526 −29.2536 0.0120 −8.1255 11.1198 U

TP4 243.4 −6.04 −6.388 −8.6061 −19.7476 −0.0287 −44.1608 −46.8469 U

TP5 246.7 −15.52 −14.69 −10.9464 −13.2978 −0.0205 −69.3573 −48.4513 U

TP6 250 −25 −23 −13.0966 −9.8731 −0.0089 −81.8201 −49.7436 U

TP7 120 −4 −19.01 −10.1111 −11.5104 −0.0089 −84.4180 −46.3027 U
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Figure 20: Noise rejection boundaries, and the test points for Example 2

Composite 3D plottings:

When the controller parameters are to be changed to obtain better perfor-
mances than the specified ones, the new set of parameters should be chosen in
the permissible regions defined by the individual plots. Therefore, a collection of
the related boundaries is preferred on the same sD coordinate axis. For example,
flatness, disturbance and noise are of concern, then the related boundaries are re-
drawn altogether as in Fig. 21 (flatness curves FC1, FC3, FC4 cannot be observed

Figure 21: Flatness, disturbance and noise boundaries on a single 3D plot of Example 2
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since they are out of the used scale) for the given example. Hence, a better design
point (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) can be chosen by the use of MATLAB 3D plotting facilities
together with the subprogram “performance” to test the results. For example, the
test point TP+ shown in this figure has design parameters 𝐾𝑝 = 310, 𝐾𝑖 = 20,
𝐾𝑑 = 15 and it is in the permissible regions defined by the flatness, disturbance
and noise boundaries. Therefore, it is expected to give performance results better
than the test point TP0; in fact, flatness, disturbance rejection and noise rejection
values of TP+ are 0.0382 s, 10.5988 dB, 13.2581 dB, which are all greater than
those 0.0244 s, 9.2336 dB, 11.5114 dB of TP0 representing the design point of
the benchmark example considered.

The composition is not restricted to the flatness, disturbance and noise plots
only. Other 3D plots (stability boundaries, specified phase and gain margin bound-
aries) can also be combined among themselves or together with the above plots
in a similar manner.

5.3. Example 3

This example is taken from [5], which presents a FOPI controller design for
stabilizing the power control of a pressurized heavy water reactor. The reactor
model is given by the transfer function

𝐺 𝑝 (𝑠) =
1522.8947

𝑠2.0971 + 8.1944𝑠1.0036 + 7.7684
𝑒−2.0043·10−12𝑠 . (55)

Design specifications are PM 𝜑𝑚 = 𝜋/2 (90◦), GCOF𝑤𝑔𝑐 = 0.3 rad/s at which a
flat phase satisfying𝜓 𝑓 = 0𝑠 is required. For this non-integer order plus time delay
(NOPTD) plant, Bhase and Patre have obtained the following FOPI controller,

𝐺𝑐 (𝑠) = 0.0016323 + 0.001506
𝑠1.004 . (56)

They claimed that their controller design approach provides better robust perfor-
mance than other methods [20, 39].

The purpose of this example is to show how a PID controller design better
than [5] can be achieved by using 3D methods presented in this paper.

Performance characteristics:

The performance characteristics of the control system designed by Bhase and
Patre are shown in Table 7. The elapsed and CPU times for running the sub-
program “performance” are recorded as 9.4474 s and 7.2355 s, respectively. The
realized performance characteristics are satisfying the specified PM as indicated
specified PM and PF as indicated by � in Table 7.
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Table 7: Performance characteristics of PI𝜆 controlled system of Example 3

Characteristics Specification
(*Not specified) Realized

Comments: –: No comment
=: Almost exact,+: Satisfied

!: Can be improved
𝜔𝑔𝑐 (rad/s) 0.3 0.3003 =

PM (degrees)
𝜑𝑚 (rad) 90 90.0006

1.5708 =

𝜓 𝑓 (s) 0 −0.0022 +
𝐵𝑑

𝐵𝑑 (dB) * 0.1651
−15.6433 !

𝜔𝑑 (rad/s) * 0.05 –

𝐶𝑛

𝐶𝑛 (dB) * 0.1159
−18.7212 !

𝜔𝑛 (rad/s) * 3 –
𝜔𝑝𝑐 (rad/s) * 32.999 –

GM (dB)
𝑔𝑚

* 55.6438
605.6060 !

Overshoot (%) * 0% (found by Simulink)
Rise time (s) * 7.2355 (from 10% to 90%)

Settling time (s) * 10.1088 (95–105% of the final value)
Elapsed time (s) * 9.4474 –

CPU time (s) * 9.2656 –

Complex root boundaries:

For the modification of the designed PI𝜆 controller to obtain a proper PID
controller, consider PI𝜆=1.004 D𝜇=1. The CRBs are drawn first with 𝜆 = 1.00,
and performance characteristics are tested while keeping the same values 𝐾𝑝 =

0.0016323, 𝐾𝑖 = 0.001506 and for different 𝐾𝑑 values tabulated in Table 8.
Complex root boundaries and test points in the table are shown in Fig. 22.
The following observations are detected from the results of Fig. 22 and Table 8.
i. Only 2 CRBs are observed in the 3D plots, CRB1, and CRB2. Since PM

is measured as 90◦ at TP2 and TP0, these are the actual feasible points
between which the PM specification is satisfied. As a result, the feasible
region is bounded by the CRB2 on the top and by the CRB1 at the bottom.

ii. The controlled system is unstable for 𝐾𝑑 < −0.0049, hence the region
below 𝐾𝑑 = −0.0049 (so are the test points TP6-TP9) is out of interest. In
facts, these points yield both negative GM and PM.
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Table 8: Test points and the associated performance characteristics of Example 3

Test
point 𝐾𝑑 𝐶𝑛 𝐵𝑑

−𝜓 𝑓

(s)
PM
(◦)

GM
(dB)

𝜔𝑔𝑐

(rad/s) Stability

TP1 0.050 0.9077 0.1793 −0.0023 87.4079 ∞ 52.4630 S

TP2 0.0351 0.8734 0.1749 −0.0044 89.9963 ∞ 38.0901 S

TP3 0.02 0.7967 0.1705 −0.0129 96.5714 ∞ 22.8036 S

TP0 0 0.1159 0.1651 0.0022 90.0006 55.6438 0.3003 S

TP4 −0.0048 44.3871 0.1639 −0.8276 77.4509 0.1772 0.5168 S

TP5 −0.0049 109.1646 0.1639 −0.2993 0.2673 0.0041 3.0149 S, U

TP6 −0.0050 48.0528 0.1638 −0.2598 −7.9166 −0.1627 3.5207 U

TP7 −0.020 1.3362 0.1601 −0.0132 −83.0231 −11.9591 22.8096 U

TP8 −0.0356 1.1653 0.1563 −0.0044 −89.9897 −16.9233 38.5833 U

TP9 −0.06 1.0920 0.1508 −0.0016 −93.5597 −21.4333 61.8681 U

Figure 22: Flatness, disturbance and noise boundaries on a single 3D plot of Example 2

iii. In the sense of phase flatness TP3 with 𝐾𝑑 = 0.02 yields a better PM
(= 96◦ > 90◦) then TP0 with 𝐾𝑑 = 0; further, it yields a flatness over a
larger range of frequencies around𝜔𝑔𝑐 = 22.8036 rad/s (though the flatness
is slightly less than that of TP0, it is still almost 0). Disturbance rejection
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properties are almost the same. Although TP0 has higher noise suppression,
this characteristic is not a design specification.

iv. Result: 𝐾𝑑 should satisfy 0 ¬ 𝐾𝑑 ¬ 0.0351.

Phase flatness curves and surfaces

For discussing the phase flatness boundaries, the test points shown in Table 9
are considered. TP2 is on the flatness surface FS2 and TP0 is on the FS1 whilst
TP3 is between these surfaces. See Fig. 23, where the flatness curves FC1 and
FC2 do not exist for this example, that is there are only two flatness curves.
Hence, the phase requirement specification 𝜓 𝑓 ­ 0.0022 is satisfied for these

Table 9: Test points for discussing the phase flatness boundaries and the associated performance
characteristics of Example 3

Test
point 𝐾𝑑 𝐶𝑛 𝐵𝑑

−𝜓 𝑓

(s)
PM
(◦)

GM
(dB)

𝜔𝑔𝑐

(rad/s) Stability

TP1* 0.02 0.7967 0.1705 −0.0129 96.5714 ∞ 22.8036 S
TP2 0.013 0.7175 0.1686 2.0175 95.8821 ∞ 0.2008 S
TP3 0.007 0.5759 0.1670 1.1140 94.1412 ∞ 0.2304 S
TP0 0 0.1159 0.1651 0.0022 90.0006 55.6438 0.3003 S
TP4 −0.010 1.9972 0.1626 −0.0509 −65.9491 −6.0306 11.6598 U

*Some of the data for TP1 is not reliable since there are three different 𝜔𝑔𝑐.

Figure 23: Phase flatness curves and surfaces of Example 3
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test points. Note that the original design gives a phase flatness 0.0022, therefore
the “0” phase flatness requirement is made more stringent by choosing 0.0022
instead of 0. TP1 and TP4 do not satisfy the phase flatness requirement for having
𝜓 𝑓 < 0.0022 s. Note that TP1 is above FS2 and TP4 is below FS1. Note also that
TP0 is on the flatness curve (FlatC4) as well, which should be the case.

Noise boundaries:

Noise boundaries are plotted in Fig. 24. The permissible region is between
the boundary surfaces NBU and NBL. The designed system is at the test point
TP0, which is on the surface NBL. The data for the test points in the figure are
given in Table 10. It is observed that TP2, TP3 and TP0 satisfy the noise rejection

Figure 24: Noise rejection boundary surfaces for Example 3

Table 10: Test points for discussing the noise rejection boundaries and the associated performance
characteristics for Example 3

Test
point 𝐾𝑑 𝐶𝑛 𝐵𝑑

−𝜓 𝑓

(s)
PM
(◦)

GM
(dB)

𝜔𝑔𝑐

(rad/s) Stability

TP1 0.0010 0.1685 0.1654 0.1667 90.8924 ∞ 0.2852 S
TP2 0.00045 0.1144 0.1653 0.0765 90.4232 ∞ 0.2931 S
TP3 0.0003 0.1075 0.1652 0.0518 90.2866 ∞ 0.2954 S
TP0 0 0.1159 0.1651 0.0022 90.0006 55.6438 0.3003 S
TP4 −0.0005 0.1953 0.1650 −0.0810 89.4818 18.7161 0.3090 U
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requirement, and the test points TP1 and TP4 do not. The mentioned requirement
is not a design specification. It is the limit by considering the PI𝜆 design in [5].
Therefore, the following result can be waived.

Result: 𝐾𝑑 should satisfy 0 ¬ 𝐾𝑑 ¬ 0.00045.

Disturbance boundaries:

There is no disturbance specification given in the design problem. In fact,
the disturbance rejection is hardly affected by the change in the parameter 𝐾𝑑 .
This is observed from the plots (not included here since they are also observed in
Tables 4–6) of the relevant boundaries, which give a large region of permissible
values for 𝐾𝑑 . See also the results in Tables 4–6 where 𝐵𝑑 changes in the limits
� [0.16−0.18] only.

Step responses:

The step responses of the original design with PI𝜆 controller and the suggested
PID controller are shown in Fig. 25. The step response with a combination of PID
and PI Delay controller is also shown on the same figure. The critical time-domain
characteristics are indicated in Table 11.

Figure 25: Step responses of the system of Example 3 with different controllers

Table 11: Time characteristics with the controllers PI𝜆, PID and PID + Delay

Controller 𝐾𝑝 𝐾𝑖 𝜆 𝐾𝑑 𝜇 𝑇𝑟 (s) 𝑇𝑠 (s) Overshoot
(%)

PI𝜆 0.0016323 0.001506, 1.004 0, 0 7.25 10 0
PID 0.0016323 0.001506, 1 0.007, 1 8.58 10 0
(PID) + PI 0.2 s Delay 0.08 0.02, 1 0, 0 0.27 2.5 1
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6. Conclusions

After a short introduction of the FOS, PID and FOPID controllers and giving
the fundamental definitions and properties of FO calculus, important design meth-
ods of FOPID controllers are reviewed. And then, the main topics of the paper are
considered in Sections 3, 4 and exemplified in Section 5. The frequency-domain
design specifications are given in Section 2 and frequency domain PI𝜆D𝜇 control
design formulas convenient for the 3D design method to realize these specifi-
cations are derived in Section 3. In particular, frequency-domain characteristics
such as stability boundaries to yield the required gain and phase margins, phase
flatness surfaces and curves to achieve the required iso-damping property, bound-
ary surfaces LFODR and HFNR limits are considered. Section 4 illustrates how
the derived formulas can be implemented for computer programming yielding
3D plots usable in choosing design parameters.

The 3D plots and their use in designing ordinary PID or FOPID controllers
have not been considered before in the literature on this extent. The method itself
and different 3D plots are illustrated by examples in Section 5. The formulas
derived in Section 3 and the 3D plots described in Section 4 are verified by these
examples.

The presented method applies to control IO as well as FO plants with time
delay by using PI𝜆D𝜇 controllers, in particular by using any of PI, PD, PI𝜆, PD𝜇,
PID controller.

FOTF toolbox [73] is used for preparing the subprograms to obtain the 3D
plots of different surfaces and curves from the obtained formulas. The programs
are written using MATLAB notation. Oustaloup continuous approximation [53]
is used with order 𝑁 = 5, 𝜔𝑏 = 10−4, 𝜔ℎ = 104 rad/s for evaluation of step re-
sponse by the FO Simulink blocks which appear in the FOTF. Although FOTF’s
subprograms have accelerated the work dealt with in the paper, there have been
prepared many basic subroutines based on the formulations and computer imple-
mentations covered in Sections 3 and 4, respectively. Some of them are deserved to
be mentioned without giving details as “Bass.m”, “derivative.m”, “distbound.m”,
“flatnessC.m”, “FlatnsCurve.m”, “flatsur.m”, “noisebound.m”, “performance.m”
(as already mentione before), “RRBminMax.m”, “RRBplot.m”, “solution.m”,
“StabBound.m”, “stepResp.m”, and finally “testpoint.m” inclusion of which de-
tails in this article are not found to be appropriate from the viewpoints of neither
contribution nor space.

The main advantage of the presented 3D design method of PI𝜆D𝜇 controllers is
that one view in 3D (𝐾𝑝, 𝐾𝑖, 𝐾𝑑) space what ranges of the parameters can be used
to achieve the required design specifications, which helps to find the optimum
control set (𝐾𝑝, 𝐾𝑖, 𝐾𝑑). Different 3D plots (stability boundaries, specified phase
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and gain margin boundaries, disturbance and noise rejection boundaries) can be
combined among themselves or altogether to improve the design parameters 𝐾𝑝,
𝐾𝑖, 𝐾𝑑 to refine all the performance characteristics globally and simultaneously.
This may cause confusion and crowded scenery on the 2D paperwork; however,
it supplies great easiness on the MATLAB screen to decide on the choice of
optimal controller parameters.

On account of its main advantage mentioned, there are a few restrictions that
can be listed as follows:

i. The method assumes the FOs 𝜆 and 𝜇 to be known. Never mind, these
can be determined by other conventional design techniques reviewed and
referred in the literature surveys of Section 1 and particularly Section 2.3.

ii. Although the method is applicable for a large range of variety of plant
transfer functions (FO or IO rational transfer functions with or without
delay), it cannot be used for linear or nonlinear time-varying plants, for
stochastic plants and plants having hysteresis behavior.

iii. Since the formulas derived in this work are valid for any of PI𝜆D𝜇 con-
trollers and its above-mentioned special forms, they cannot be used for
other controller designs such as (PID)𝜆 [38], DOF FOPID [48], TID (Tilt
integral derivative, P1/𝑛ID) [43], FO lead-lag [69] controls.

There are a few points that should be cared on when using the presented 3D
method of design of 𝑃𝐼𝜆𝐷𝜇 controllers:

1. Due to the exponential (delay) term in the plant transfer function and due
to the FOs in the transfer functions of the controller and/or plant as well as
the multivalued solutions of some algebraic equations in the formulations,
the boundaries computed for the stability, flatness, noise and disturbance
rejections may be multiple. One has to decide which of them are true ones
and which sides of these boundaries are permissible regions for the searched
characteristics satisfying the given requirements. To decide this, some test
points should be tried by the program “performance” and the convenient
regions should be chosen accordingly [30].

2. When the Nyquist plots of the open-loop gain cross negative real axis
(multiple phase crossovers) and unity gain circle (multiple gain crossovers),
improper GM and PM values may result. This surely occurs when the
delay term (𝑒−𝜃𝑠) is present in the plant transfer function and may occur
when the plot travels in the right half-plane due to non-minimum phase
transfer functions or the multiple values of inverse trigonometric functions
(especially inverse tangent). One should investigate the actual Bode plots
given by “performance” instead of looking at the numerical results only;
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that is, both the numerical results obtained by “performance” and the 3D
plots used for different characteristics should always be judged.

We terminate the conclusions by noting that similar approaches valid for
the 3D design of PI𝜆D𝜇 controllers presented in this paper can be worked out
for other types of FO controllers and the relevant formulations and computer
implementations can be programmed as a future work.
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