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Finite-time observer design of a class of nonlinear systems

Abdessalem BOUZIDI and Thouraya KHARRAT

We consider the problem of global finite-time stability for a class of nonlinear systems. The
novelty in this paper is to consider a nonlinear finite time observer design, which introduces a
finite-time observer for nonlinear systems that can be put into a nonlinear canonical form up to
an output injection. The proof is based on the Lyapunov theory for Finite-Time Stability and the
observer design method.

Key words: global stabilization, finite-time observer, Lyapunov theory

1. Introduction

The problem of finite-time stabilization has been studied by many researchers,
see for instance [2, 13] in which it was proved that finite-time stable systems might
enjoy not only faster convergence but also better robustness and disturbance
rejection properties.

Recently, in the work [14], the synchronization has been regarded as a special
case of observer design problem, i.e. the state reconstruction from measurements
of an output variable under the assumption that the system structure and param-
eters are known.

In this paper, we consider a family of nonlinear systems of the form:

X1 =X+ fi(x,u, 1),
sz :xgz +f2(-x5 u, t)9
, ' (D
xn—l = x:’lnil +fn—l(x’ u’ t)5
xn =u+ fn(x, I/l,t),
y =X,
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where x = (x1,x2,...,x,)7 € R", u € Rand y € R are the system state and the
system input and output respectively; f; : R” X R X R, — R is a continuously
differentiable function, (i = 1,2,...,n) with £;(0,0,7) = 0, Vz. In the present
work, we suppose that 0 < r; < 1, forany i € {1,2,...,n} and r; = i with m;,

n;
n; are odd integers.

The purpose of this paper is to introduce a new type of finite time observer.
We consider the nonlinear system (1) and under additionally assumptions, we
construct an observer that makes the error between the considered system and
the observer convergent to zero in finite time. In the works [1, 7, 14], the authors
consider a family on nonlinear systems in the form (1) and choose ri =r; = ... =
r, = p > 1 with p is odd integer and in the work ( [15]), the author chooses
(r1 = p1,r2 = pay...,ty = pp) With p; > 0, (i = 1,...,n) is odd integer and
construct an observer for the nonlinear system. In [10], Ji Li and C. Qian choose
(ri=r=..=rp=r)withO<r <landr = B, (p < g) with p, g are odd

integers and design a finite time observer of the considered system. In the present
work, we consider the nonlinear system (1) and we choose (r; # ry # ... # ry)
with0 < r; < 1 for (i = 1,...,n) and r; = — with m;, n; are odd integers to

n;
construct a finite time observer.

The paper is organized as follows. First, we recall some definitions and prelim-
inary results of finite-time stability, stabilization and observer. Then, we proceed
for the design of finite time observer for the considered system. The idea of the
proof is to use Lyapunov theory for finite-time stability, and a recursive design
method that yields a state finite-time observer. Then, a numerical example is
given to illustrate the use of the main result.

Finally, the conclusion follows.

2. Notion of stability and Key technical lemmas
We consider the non-autonomous system,

x(1) = f(t,x), t>0, xeR" (2)

where f: Ry X R" — R” is continuous. We denote by x(z, 79, x9) the solution of
the system (2) starting from (¢, xg) € Ry X R".

Definition 1. [13] (Finite time stability)
The origin of the system (2) is finite-time stable if:
a) it is stable (2);
b) for all ty > 0, there exists n(ty) > 0, such that if ||xo|| < n(ty), then
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i) x(t,t9,x0) is defined for t > ty,
ii) there exists 0 < T(tg,x9) < +oo such that x(t,ty,x9) = 0 for all
t >ty + T (10, x0).
Denote
To(xo) = inf{T (t0,x0) > 0 : x(¢,10,x0) =0, Vt > to + T (t9,x0)},
To(xo) is called the settling time of the solution x(t, to, xg).

Definition 2. [13] (Stabilization in finite time)

The system (2) is finite-time stabilizable if there exists a feedback function u €
C%(R™) such that:

a) u(0) =0,

b) the origin of the closed loop system x = f(t,x,u(x)) is finite-time stable.
Definition 3. [13] (Uniform finite time stability)
The origin of the system (2) is uniformly finite-time stable if:

a) it is uniformly asymptotically stable,

b) it is finite-time stable,

c) there exists a positive definite continuous function a: R, — R, such that

the settling time of the system (2): To(t,x) < a(]|x]]), Vx € R".

Definition 4. [9] (Finite time observer)
We consider the system

3)

y =X,

{)’C = f(x,u,t),

where x = (x1,%2,...,x,)] € Ru € Rand y € R are the system state and the
system input and output respectively.
We call an observer of the system (3) any auxiliary system in the following
form:
£ = FEw. ), "
£() =£(@)
such that
Jim fle(@)1l = [lx(1) - 2@l = 0,

e(t) is called the error of observation.
The system (4) is a finite time observer for the system (3) if there exists a time
constant T such that for all t > to + 7,

2(1) = x(1)
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In the next, we recall the Lyapunov theory for finite time stability.

Theorem 1 (Lyapunov Theory for Finite-Time Stability).
Consider the nonlinear dynamical system (2). Then the following statements hold:

i) If there exist a continuously differentiable function V: [0,0) X D — R, a
class K function a(-), a function k: [0, 00) — Rysuch that k(t) > 0 for
almost all t € [0, ), a real number A € (0, 1), and an open neighborhood
M C D of the origin such that:

V(t,0) =0, t € [0, 00),
a(|lx|]) < V(t, x), t€[0,00), xeM,
V(t,x) < —k()(V(t,x)*, 1€[0,00), xe M,

then the zero solution x(t) = 0 to (1) is finite-time stable.

ii) If N = D = R" and there exist a continuously differentiable function
V:[0,00) X D — R, a class K function a(-), a function k: [0,00) — R
such that k(t) > 0 for almost all t € [0, o), and an open neighborhood
M C D of the origin such that (20)—(22) hold, then the zero solution
x(t) = 0 of the system (1) is globally finite-time stable.

Lemma 1. [7,11] Forx, y € R, and 0 < b < 1, we have the inequality
b
(Ixl+1y1) <lxP+1y", (5)
Therefore, for all real x;,i = 1,2, ...,n
b
(Txil+]x [+t x 1) < xn 1P+ [x2 1P+t | x, 1P, (6)

where b =2 < 1, with p,q > 0 are odd integers,
q

| xP+yP <2 x4yt (7)

Lemma 2. [7,11] Let n, m be positive real numbers and a, b, d continuous
and positive real functions, then ¥Yc > 0 we have:

n
m n m

n+m

| b [ d (8)

lal"lb|"d<clal™ +
n+m

c(n+m)

3. Design of a finite-time observer

Before the design of finite time observer, we introduce the following assump-
tion.
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Assumption 1. For i = 1,2,...,n, there exist positive constants a; such that
V(x,u,t) €e R*" xR xR, and y € R", we have:

|ﬁ(x’u’t) _ﬁ(ya uat)l < di(lxl _)71|ri + |X2 —)’2|ri +...+ |xi _)71'|ri)-

Assume that the system (1) is observable, then an observer for this system is
designed as:

=2+ fi(R)+ Lix1 (x1 = %),
Xy = X7+ fo (R1,%2) + Loxa (x2 — £2)

)

£ =u+ f (X1,..., %) + Loyn (x, — %),

where, fori = 1,...,n, L; > 0, and y;(.) is a continuous function which will be
chosen later.

For (i = 1,...,n), denote ¢; = x; — X;, then the observation error dynamics are
given by

é1 :x;' —)2;1 + fi(x1) = fi(X1) = Lix1 (er),

¢y =x2 — X2+ fo (x1,x2) — fa (R1,%2) — Lox2 (e2),

€n = fun(x1, ..., xn) — (X1, .0y Xn) — Lxn(en).

Theorem 2. If the assumption (1) is satisfied, the system (10) is globally finite-
time stable.

For the proof of the main result, we need the following steps.

First step: In the first step, we prove the following result:

3—}”1
€l
3-r;
continuous function which will be chosen later. Then V| is non negative and the
derivative of V| along the trajectories of the system (1) satisfies:

Proposition 1. Let Vi(e;) = and x(ey) = e? + ®(ey), where ¢y is a

Vi<—(Li - (a+1)) e%+4%e§ —Lie; '@y (e1) . (11)
eB—rl
Proof. LetVi(e;) = ———.
3 - r
We have ry = 7:—11 m1, n; are odd integers, we obtain 3 —r| = 3nln—_1ml, then

V, is a positive function of class C', where V(e;) < ei_”. Then the derivative of
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V1 along the trajectories of the system (10) is:
Vl = ef_rlél
=" (Xgl —J?SI) +e7 " (filxr) = fi(R1) = LieT "y (e) .
<27t eol " + aler) ™ (v — 117 = Lixi (en) e "

- 2, 47 2 211
<(ar+ ey +2mes— Liey ' x1 (e1) .

Let 1 (e1) = e|' + @1 (e1), we obtain:

—(Ll—(a1+1))€1+4rl€2 L1e r]q)l (61) O

Second step: Let 1 < k < n— 1, we assume at step k — 1, there exists a positive
definite and proper function of class Cl, Vi, (e, ..., ex—1), which satisfies:

Vi-1(eq, ...,ex-1) >0, for (eq,....,ex—1) #0,

Vici(et, ..., ex—1) < e?_rl + ...+ ez:rl"‘l
and
k-1 k-1 1
Vit <= ) (Li— @+ 1) e} = ) Lie] " (e) + 471 ¢}
i=1 i=1
with

x1(er) = el + @y (e1),
X2 (62) =e) + D (er),

Xk-1 (ek—l) = e} + Dy (ex-1)
with ®;(e;),i = (1, ..., k — 1) is a continuous function which will be chosen later.

Proposition 2. We consider

3—ri

Vk(el’---aek) :Vk—l(ela---’ek—l)+3 .
_rk

Then

Vi(er,...,ex) < Z(L C)e Z:Le2 "D, (e)+4’kek+1

=1

with C; is a positive constant, fori € {1, ..., k}.
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Proof.

3—rk
e
Proposition 3. Let Vi = Vi + Sk—, is a positive function of C', then the
derivative of Vi along the trajectories of the system (10) gives

Vk = Vk 1+ ei_rkék

2— £ ~ ~
=Vi_ 1+e; rk(xk+1 rk1)+e TRty e xk) = [ (R1, .0 K1)

(a) (b)
— Lee; " xier) .

N———

(¢)
Now we estimate the expression (a):
e (k| = 27k ) < 21 ek P Py — Rpa |
< 2" e T e |
€
< ei +4’ke%+1 .

Then, according to Lemma (2) we estimate the expression (b):
we have, for x,Xx € R

e " (fiel) = fi®) < alex " [(wr = £11%) + oo+ (g = 2]™)]

< ailex* " [ler|™ + ... + lex|™]

s k-1
(_rk) Ze +2(ag + Der .
i=1
Now we let yi(ey) = e K+ @y (er); We obtain
k—1 k—1

e
(Li - (@ +1)) ef - Z Lie]"®; (e;) + 471 e}
i:l l:1
k-1

2
J T 2 _ 2 2 2—-r
+ef+47 kek+1 + (ak ) 2 :ei +2(ax + e — Liei — Liey @ (ex)
i=1

Z(L C)e ZLe2 "iD;(e;) + 47 kek+1

i=1

. 2
With C; =2a; +3 + 47«1 +d,;k,f0r1 =1,....k
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Last step: Using the inductive argument above, at the nth step, we obtain the
following result.

3—r
e, "

Proposition 4. Let V,(eq,...,e,) = Vy_1(eq,...,en—1) +

e + ®(ey)n. Then

and yy(e,) =

n

n n
Vi(er,....en) < — Z(Li ~Cej - Z Lieiz_riq)i(ei)
i=1 i=1

and the closed-loop system (10) is globally finite-time stable.
Proof. Let

3_
e, "

Vo=V,_1 + ,
n n—1 3_rn

V, is a positive function of C!. Then
V, =V, + e,%_’”én
= Vit + €57 (fal®) = fa(®)) = Luey " xu(en)
< Vit + @nlen 7 [(Per = 210™) + oo # (b = 2al™)] = Luey ™ xa(en)
< Vet +217a@, e P (lea ™ + o+ leal™) = Luen ™ xn(en)

n
n—1

2
<Var+a7 Y e} +2(ay + 1)ek = Lue2 ™ xn(en).
i=1

Let y,(e,) = e," + ®,(e,). We obtain

n n
V, < - Z(Li ~Cy)e? - Z Li€,~2_ri®i(€i)-
i=1 i=1

1 2
With C; =2a; +3+4m-1 +a,",for1 =1, ..., n.
We have

Let ®;(e;) = e?l, for(i=1,...,n) and a = % €]0, 1. We obtain:

2r;

n n 5 2 n
Vn+V,?<—Z(Li—Ci)€i2—ZLi€i 3 +Z€i 3.
i=1 i=1

i=1
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If we choose L; > Cy;L, > C»;...;L, > C,,, we obtain
V,+ VY <O0.

Then the system (10) is a globally finite time stable.

4. Example

Consider the following nonlinear system of the for

1
=) 4
2(1+x7)
i =x, (12)
X3 =u,
y=x
. 1 . . . . .
with f(x1) = ———- is a continuously differentiable function and forx, y € R

2(1+x3)
we have | fi(x) = fi()] < 2lx = yP’/7.
The observer is given by:

2 s5)7 1 .

X=X +—+L1 X1 —X1),
2 2(1+%2) x( )

A ~3/5 a

b =8 + Loy (2 - 2),

)33 =u-+ L3X(X3 —)?3).

Now, let ¢; = x; — X;. We obtain,

. 5/7  o5/7 1 1
é1=x, —Xx - - L el),

TR 00 2048 1x(er) 13
ér=x," -7 - Lax(ea), 4
é3=—Lix(es)

with
x(en) =e}'"+ @ (en),
x(e2) = 83/5 + D5 (e2),
x(e3) = e;/“ + D3 (e3).
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In the first step

let Vi(ey) = 1_6 16/7 and we estimate V;

1 1
2(1+x3)  2(1+3%})

y S5/T  A5/7
Viten < ler® [ = 57| + 1117

- L 69/7 ( 31 +(1)1(61))
1
—(L1 - 3)6% Zez Lle (I)l(e]).

In the second step,
We let,
Va(er,e2) =Vi(er) + — ;2/5
12
then
) 5
Va(er,e2) < —(L1 —3)ej — (Lo — Z)é% - L1€?/7<1>1(€1) - Lzeg/ssz(ez) +e3

and

16/7 12/5

Va(ey,e2) < +e,

In the last step,
Let, V3(e1, e2,e3) = Va(er, er) + éé §6/11 Then:

< Valer,e2) — Lyey M (el + @3(e3))
5
—(Ly - 3)6% — (Lz — Z) e% — (L3 - 1)63 L1€ d)l(el)

~ Lre) ®a(e2) - Laey " @3 (e3)

and
Vi(eq, ez, e3) < 16/7 +e§2/5 +e§6/11.
Now, we let
®(e) =)',
©a(e2) = ¢,
D3(e3) = e;/% .

If we choose @ =2/3 and L; =4, L, =3, L3 = 2, we obtain,
Vi(er, ez, e3) + V' (e1,2,€3) < 0.

Then, the system (13) is globally finite-time stable.
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5. Conclusion

In this paper, we give a simpler design finite-time observer method to achieve
globally finite-time stabilization of a family of nonlinear system (1), under the
assumption (1). Finally, a numerical example has also been given to demonstrate
the use of our main result.
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