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Multi-criteria parcel locker-based vehicle routing
with pickup and delivery

Jarosław RUDYo

In this paper a variant of Vehicle Routing Problem with Pickup and Delivery for parcel
locker-based delivery is considered. The mathematical model of the problem is formulated with
a bi-criteria goal function to minimize both the total distance traveled by all vehicles and the
maximal order delivery time. The model assumes alternative delivery locations, where the order
has to be delivered to the closest locations where its originally indented location has no available
lockers left. The problem considers two types of orders (delivery and pickup) and accounts for
vehicle and locker capacities, a possibility of non-symmetric distances, varying in-day travel
times and order size categories. An order-based solution representation is proposed. A procedure
to compute the goal function value and establish solution feasibility via the use of Discrete Event
Simulation is presented. Three additional solution representations are proposed based on the idea
of grouping orders and a number of properties showcasing their advantages and drawbacks are
established. A procedure to generate problem instances based on real-life data is proposed and
used to construct a basic benchmark dataset with 320 problem instances with number of orders
ranging from 70 to 7177. Two heuristic solving methods are proposed: a greedy algorithm and
a Genetic Algorithm metaheuristic. Each algorithm was implemented in four variants, one for
each of the proposed solution representations. A number of computer experiments are performed
on the proposed benchmark dataset and its derivatives, to establish the effectiveness of solution
representations and algorithms, as well as to research the influence of several parameters on the
obtained solutions and their feasibility. Results indicate that the alternative representations vastly
outperform the standard representation in terms of Hyper-volume Indicator and both considered
criteria. The genetic Algorithm also significantly outperforms the greedy method, although the
advantage decreases with the increase of the number of orders. Other experiments indicate how
vehicle-to-order, delivery-to-pickup, and locker occupancy ratios affect the feasibility of the
solution.
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1. Introduction

Parcel locker-based delivery (PLBD) is a popular modern delivery service,
where instead of delivering parcels directly to customers’ home or office, each
customer designates one of the existing fixed parcel locker locations for delivery.
Each day, couriers deliver parcels to designated points from which customers may
retrieve the parcels at their leisure. This is convenient for both couriers (since
fewer delivery points have to be visited with easier and more predictable parking
spots) and customers (since couriers become independent from customer-specific
time windows for parcel retrieval). Moreover, such a service is often also extended
with parcel sending instead of just parcel delivery, meaning that customers can
leave their parcels in the parcel locker of their choice. Such parcels are then
collected during the day and transported to the company hub. Once again, this
simplifies things for both couriers and customers, saving them from having to
visit more distant company hubs or post offices. The effectiveness of PLBD
compared to traditional home delivery has been the focus of several research
papers, which consistently concluded that PLBD leads to a significant decrease
in traffic congestion and pollution [3, 8, 19]. Similarly, research has shown that
PLBD systems reduce the distance traveled by vehicles [12], the time spent by
vehicles “on the curb”, as well as parcel delivery times [20].

As with many processes in logistics and transport, PLBD can be viewed as
an optimization problem and an extension of the well-known Vehicle Routing
Problem (VRP). There exist obvious similarities between PLBD and common
VRP variants such as the Capacitated Vehicle Routing Problem (CVRP), where
each vehicle has limited capacity, and the Vehicle Routing Problem with Pickup
and Delivery (VRP-PD). However, PLBD has several features that are uncommon
in VRP problems. First, in regular VRP capacity of customers is negligible, i.e.
we assume the customer has always the space necessary to accept the delivery.
However, in PLBD each parcel locker might be a destination of multiple orders
and it is possible that the orders will be collected by the customers only the
next day. Thus, locker capacity must be considered. Secondly, parcels come in
different weights and sizes. While the former is a typical VRP feature (i.e. weight
affects whether a group of parcels fit into a vehicle), the latter would either
require making parcel lockers big (so any parcel can fit in any locker) or making
lockers of different sizes. In practice, different size categories are used, meaning
that a smaller parcel can fit into a larger locker, but not the other way around.
Third, we include the effect of in-day road conditions on the travel times between
parcel locker locations. Finally, the most important feature is the existence of
alternative locations. If a parcel cannot be delivered to a designated location (due
to no available lockers left at the moment), the parcel should instead be delivered
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to the nearest available location. Similarly, if no free locker is available in that
alternative location either, couriers should check further locations in order of
their distance from the originally intended delivery location. This ensures that
customers do not have to travel far to retrieve their parcel.

In this paper, we consider an optimization problem for a PLBD system with
the practical features mentioned above. As for the objective function, we view
the problem from two sides: the company’s side (where delivery costs based
on the total distance traveled are minimized) and the customer’s side (where
the time of completion of all deliveries is minimized). At the same time, we
consider practical problem instances of sizes up to over 7000 orders, while also
using real-life geospatial data to construct a benchmark instance dataset. To our
knowledge, our paper is the first approach to PLBD optimization with multiple
alternative locations and problem sizes of this magnitude. Finally, as it seems
naturally beneficial to group parcels intended for the same location together, we
propose several solution representations based on different levels of grouping and
showcase their theoretical and practical properties.

Due to the above, the main contributions of this paper are as follows:

1. A bi-criteria mathematical formulation for a locker-based delivery process
with pickup and delivery, vehicle and locker capacities, alternative delivery
locations and minimization criteria of total distance and maximum delivery
time is presented.

2. Four different solution representations based on various levels of grouping
orders together are proposed and their theoretical properties are presented
and discussed.

3. A general three-tier solution framework is proposed using high-level so-
lution provided, a mid-level Discrete Event Simulation and a low-level
decision agent.

4. Two solving methods, a greedy heuristic and Genetic Algorithm (GA)
metaheuristic, are proposed with multiple variants for each of the proposed
solution representations.

5. An instance generation procedure based on real-life parcel locker and
geospatial data and a benchmark instance dataset based on that genera-
tion procedure are proposed.

6. Computer experiments are conducted on the proposed dataset with problem
sizes of up to 7000 orders, researching the effectiveness of solution repre-
sentations, algorithms, and the influence of problem parameters on solution
quality and feasibility.
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The remainder of the paper is structured as follows. In Section 2 we provide
a literature review. Section 3 presents the formulation of the problem. Section 4
introduces a basic solution representation and discusses the procedure for com-
puting the value of the goal function value using a Discrete Event Simulation
(DES). In Section 5 three alternative solution representations are proposed and
their theoretical properties are discussed. In Section 6 the solving methods are
proposed. Section 7 presents an instance generation procedure and a dataset based
on real-life geospatial data. In Section 8 the results of computer experiments of
the proposed solving methods on the generated instance dataset are described.
Finally, Section 9 contains the conclusions.

2. Literature review

In this section, we will provide a brief overview of the recent research papers
related to PLBD, highlighting differences compared to the approach proposed in
this paper. A more comprehensive review on existing studies on PLBD can be
found in [1].

We will start with the research most related to the approach considered in
this paper. Sitek et al. [25] considered a PLBD system with alternative deliv-
ery, pickups, and time windows. The authors assumed capacity constraints for
both vehicles and delivery points. For each order, the authors defined a set of
locations to which the order can be delivered. The objective function was a sum
of distances and penalties, with the penalty being based on the chosen deliv-
ery point. The authors proposed a hybrid solving method combining Constraint
Logic Programming (CLP) and Mathematical Programming (MP). Computer ex-
periments were performed on instances of up to 2000 orders and 200 locations.
A very similar approach was presented in paper [24], where CLP and MP were
extended with a GA solving method, this time for instances up to 1500 orders
and 250 locations. On the other hand, Orenstein et al. [17] consider a similar
PLBD system, but they also consider fixed costs per vehicle as the third term of
their objective function and take the unloading time into consideration as well.
However, vehicle capacity and pickups are not considered. As a solving method,
the authors proposed savings heuristics, the petal method and a Tabu Search (TS)
method. The research was conducted on instances of up to 1500 orders, but only
50 locations. The authors consider a potential extension into a stochastic system.

Chen et al. [4] considered a multi-objective PLBD system with pickup and
delivery, optimizing the number of vehicles, delivery costs, and customer satis-
faction. Non-dominated Sorting Genertic Algorithm (NSGA-II) combined with
Hybrid Insertion (HI) was used as a solving method and tested on 15 datasets using
Hyper-volume Indicator (HVI) as quality measures, outperforming the traditional
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NSGA-II method. Similarly, Idzikowski et al. [7] considered a PLBD with two
criteria of time travel time and total penalty for late delivery of orders. The authors
considered order deadline and arrival time, vehicle capacity, and time limit, as
well as order service and vehicle parking times. However, alternative locations
and parcel capacities were not considered. Three solving methods: GA, TS and
a greedy heuristics were proposed and the results (using HVI) indicated that both
GA and TS are useful depending on the circumstances. Interestingly, the authors
used real-life data based on one of the major cities in Poland to construct instances
of up to 3500 orders and 300 locations. An approach to optimize the balance be-
tween delivery costs and customer inconvenience was shown in the paper [10].
Solomon VRP instances of up to 100 customers and 14 lockers were solved
through CPLEX to showcase the behavior of unified distance-customer costs.

Yu et al. [30] considered a PLBD system that mixes home deliveries with
parcel locker options and time windows, with the goal of minimizing the total
travel cost. The authors proposed a Simulated Annealing (SA) solving method
tested on instances based on well-known Solomon VRP instances of up to 100
customers. Similarly, in paper [29] a Vehicle Routing Problem for a PLBD system
with time windows, electric vehicles, and partial recharges. The authors assumed
three types of customers: home delivery, self-pickup, and flexible customers.
Vehicle capacity is considered, although the locker capacity is the same as the
number of customers, making it unlimited in practice. The authors proposed
an Adaptive Large Neighborhood Search (ALNS) algorithm and performed nu-
merical experiments of up to 100 orders and 5 lockers. ALNS for a capacitated
VRP for a PLBD system was also used by Saker et al. Saker [22]. The authors use
destroy and repair operators together with various selection schemes. The results
on instances of up to 1000 customers show a 6–30% error compared to Mixed
Integer Programming (MIP), but with 90 times less computation time. Another
mixed home delivery-parcel locker PLBD system was considered by Moradi et
al. [15]. In addition to lockers and vehicles, an electric-powered zero-emission
robot is added to each vehicle to serve a portion of the customers. The authors
seek to minimize costs by optimizing locker locations and vehicle routes. A MIP
solution implemented in Gurobi is proposed and tested on a set of benchmark
instances. Finally, Pan et al. [23] considered a interesting approach with multiple
delivery companies that exchange packages for deliveries using a network of par-
cel lockers. The authors decompose the problem formulation into two levels: the
upper problem deals with goods and parcel locker assignment, while the bottom
problem is a more traditional multi-depot CVRP. GA method is used for the up-
per level, while the Lin-Kernighan heuristic solves the lower level. The problem
instances considered in the numerical experiment were small, partially due to the
two-level nature of the formulation.
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Although many authors consider only static parcel lockers, a number of pa-
pers research the concept of mobile parcel lockers (MPLs), which increases the
complexity of the overall problem. An example of such paper is the work by Yan
et al. [28]. The authors used real-life data from Taoyuan City with up to 800
and 15 parcel lockers. Similarly, Peppel et al. [18] researched the influence of
MPLs on costs and CO2 emissions. The study uses real-life data on a large scale,
covering 15 cities over 3 weeks with over 700 000 orders in total (though per day
and city this number is reduced to around 2000 orders on average). The results
suggest that MLPs lead to 5–9% savings in costs and CO2 emissions.

Aside from typical solving methods such as MIP, CPLEX, or metaheuristics,
machine learning methods are also used for PLBD system optimization. For
example, Liu et al. [13] consider PLBD system with MLPs, time windows, MLP
capacity and changing customer demand patterns. The authors formulate a MIP
model and design a Q-learning algorithm to solve. The results indicated that the
algorithm outperforms the Gurobi solver for larger instances, while also having
shorter running time. This is one of the approaches that considers a stochastic
approach to PLBD instead of a deterministic one. Another stochastic PLBD was
shown by Wang et al. [27], who considered a routing problem with MLPs with
capacity, time windows, three types of uncertain demands, and two types of
failures. A TS algorithm was proposed to solve the problem with consideration
of recourse costs, showing a significant improvement of service reliability with
little cost.

The summary of the literature review for the most relevant papers is shown
in Table 1. Smaller checkmarks indicate that a feature is either only partially
present or that it differs significantly from our variant. Overall, the presented
literature overview indicates that PLBD is an important, active and contemporary
research topic with several articles that consider optimization of delivery costs or
distance, and customer convenience. However, while some authors consider alter-
native locations, locker capacity, order sizes, and unloading times, there are very
few articles that consider all of these constraints. Existing papers that consider
alternative locations work by considering a set of viable alternative points and
applying a penalty to each one. As such, there is no research that considers alter-
native locations as a problem constraint (i.e. requiring the order to be delivered
as close to the intended location as possible). Moreover, there is also a lack of
papers that consider the influence of traffic conditions on travel times for PLBD
systems, despite such constraint being applied to more general VRP approaches
(see, for example, papers [5, 11]). Existing papers also rarely consider problem
instances of more than 2000 orders and 250 locations. Finally, seemingly all exist-
ing approaches treat orders individually, despite the fact that multiple orders are
often intended for the same parcel locker. Due to this, we propose an approach to
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Table 1: Summary of the characteristics of the most relevant literature papers in comparison to
our paper
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[17] ✓ ✓ ✓ ✓ ✓ ✓

[4] ✓ ✓ ✓

[7] ✓ ✓ ✓ ✓ ✓

[10] ✓ ✓

[29, 30] ✓ ✓ ✓

[22] ✓ ✓ ✓

This paper ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

PLBD that considers all of the above problem constraints (alternative locations,
locker capacity, order size, variable travel times, parking/serving time) while also
presents the effects of grouping orders together and showcasing the result for
real-life-based instances of up to 7000 orders and 900 locations.

3. Problem formulation

In this section, we will formulate the variant of the PLBD optimization prob-
lem under consideration in this paper. Due to a number of constraints we will
refer to this problem simply as “PLBDP” (for “Parcel Locker-Based Delivery
Problem”) for the sake of convenience. We will start by describing the delivery
process, then move onto specifying the problem input, solution, the goal function,
and constraints. A full MILP formulation for the considered problem is unwieldy
and impractical, especially as the sizes of real-life problems are too large to tackle
with exact methods. Moreover, the formulation is more difficult than for typical
VRP due to (1) locker sizes, (2) limited locker numbers, and (3) the decisions
required due to the existence of alternative parcel locations. Thus, here we will
provide an event-based formulation (one that is not suitable for, e.g., MILP solvers
like Gurobi), which is easily extendable to other constraints. This formulation will
be used in conjunction with solution representations proposed later in the paper.
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3.1. Delivery process

In PLBDP, the parcel goes through several stages. In the first stage, customers
submit parcels to the system. This can be done by bringing the parcel directly
to a regional company hub of the delivery company, by using more traditional
postal service or sending points, but also by leaving a parcel directly in one of
the parcel lockers available in the city. Every day, all parcels placed in the lockers
by customers are collected by couriers and transported to the local hub at the
end of the day. In the second stage, the parcels are transported to the central in
the evening and sorted there. In the third stage, sorted parcels are transported to
the correct local hub, depending on the destination overnight. In the fourth stage,
the parcels are ready to be delivered to the appropriate parcel lockers. Thus, in
many countries, for each parcel the inter-country delivery process takes two days,
regardless of the sending and destination points.

Based on the above, we focus on a single day delivery process for a single
local hub. This means that we have a set of parcels in the hub that have to be
delivered on this day and a set of parcels that we need to collect from the lockers
and bring back to the hub (for them to be delivered on the next day). Each parcel
has a designated locker location for either delivery or pickup. Parcels have weight
and size. The weight determines how many parcels can be carried by a single
vehicle and can be physically interpreted as mass or volume. The size determines
what lockers the parcel can be placed in. Namely, each considered delivery/pickup
locations there is a number of lockers of each size. A “small” size parcel can be
placed in a “medium” size locker, but not the other way around. We assume,
a parcel should be placed in the smallest available locker at the time of delivery.

However, even with that strategy, in practice it may happen that the target
location does not have enough free lockers to accommodate all parcels intended
for it. Since we assume that all parcels must be delivered, an alternate locker
location has to be found. Namely, the courier should travel to the nearest location
and try to do a delivery there. If there are no free lockers there either, the
process repeats, visiting subsequent “candidate” locations, as close to the original
intended location as possible. This approach minimizes the distance required for
customers to travel from their preferred parcel retrieval location, thus maximizing
their satisfaction. Such a strategy is thus very desirable for companies, but has
not been formulated as a part of an optimization problem before.

As PLBDP takes place in a city environment, we assume that arriving and
departing from a location takes non-zero time. Similarly, the time needed to
deliver or pickup a parcel takes non-zero time (parcel needs to be located, brought
to the locker, locker needs to be opened, parcel needs to be placed in the locker,
delivery has to be registered, etc.). As mentioned earlier, drivers can leave the
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hub only after all the parcels for that day have arrived from the central sorting
hub. As such, drivers leave for delivery only after a certain time in the morning.
The travel time is also affected by traffic conditions. We also assume that drivers
visit the locations on their list without unnecessary breaks.

In such a delivery system, there are several quality measures that one would
want to optimize. In our case, we consider two such measures, one from the
perspective of the delivery company and one from the perspective of the cus-
tomers. The first is the minimization of the total distance traveled by all vehicles,
minimizing the direct costs incurred by the delivery company. The second is the
time when all parcels have been delivered, thus allowing customers to collect
them as soon as possible. It is important to note that this measure considers only
delivery parcels. This is because the pick-up parcels can be picked up at any time
throughout the day — they will be delivered the next day regardless. Delivery
parcels are different, as delivery done at 5 PM instead of 1 PM makes it harder
for customers to collect their parcels.

The basic outline of the process is shown in Figure 1, including lockers
with difficult locations and sizes, pick-up orders, and different road connections.
Please note that the locker at location 7 does not have any delivery or pickup

Figure 1: Illustration of the delivery process setting with 10 locker locations and roadway con-
nections. Grey indicates unavailable (non-empty) lockers. Black dots indicates pickup orders.
Delivery orders are not shown since they all originate at the depot. An example of routes are
shown in red and blue
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orders planned for it, but it cannot be removed from the setting as it might serve
as an alternative location for some order originally intended for another location.

3.2. Discrete Event Simulation

The above delivery process is complex, especially due to the existence of
alternative locations. This is especially true since whether a vehicle needs to
visit an alternate location is determined by the lockers available at the time,
and this depends on other vehicles. This effect of vehicles interacting with each
other introduces another level of complexity. Due to this, we will not present
a full formal mathematical formulation. Instead, we will describe the system
in terms of events and the corresponding system state and propose a Discrete
Event Simulation (DES) to construct a feasible solution. DES is a well-known
framework used in many fields of science, including optimization [2]. DES will
allow us to process and generate events in an efficient way (it considers only
times when events occur and skips the in-between times), while also being easily
extendable in the future.

It is important to note that DES is not aimed at solving the full problem.
Rather, its goal is to construct a feasible solution (or reporting infeasibility) and
to provide the value of the goal function. The input for DES is two-fold: (1) the
actual problem input data (i.e. orders, location distances, etc.) and (2) a simplified
solution representation provided by another algorithm. The use of a simplified
representation is to reduce the size of the solution space (especially the number of
infeasible solutions). Moreover, we model our system such that some decisions
(i.e. choosing a locker size and whether to visit an alternative location) are
performed by couriers on-site. Thus, DES also needs to have a mechanism (called
a strategy agent) to make those decisions. In other wods, we view our problem as
decomposed into three separate tiers:

1. On the top tier, a solution representation is constructed. This can be done
via a number of algorithms, such as Branch and Bound, metaheuristics etc.

2. On the middle tier, DES is invoked to construct the (full) solution, establish
its feasibility, and calculate the goal function value.

3. On the bottom tier an strategy agent is invoked when a decision regarding
locker size and alternative location is needed.

The outline of this concept is shown in Figure 2.
The input data, (direct) solution, constraints, and goal function will be de-

scribed further in this section. The basic solution representation and the imple-
mentation of the DES will be described in Section 4. The summary of most
important symbols and notations is shown in Table 2.
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Table 2: Summary of most important notation

Symbol Meaning

Indexes

𝑖, 𝑗 , 𝑎, 𝑏 General indexes (especially for orders)
𝑘 , 𝑙 Indexes for locations
𝑟 , 𝑠 Indexes for vehicles

Problem input

N , 𝑛 Set of orders, number of orders
M,M+, 𝑚 Set of locations, set of locations without the depot, number of locations
V, 𝑣 Set of vehicles, number of vehicles
Z, 𝑧 Set of locker sizes, number of locker sizes
𝑠𝑖 , 𝑤𝑖 Size and weight of order 𝑖
𝑝𝑖 , 𝑢𝑖 Intended location and type (delivery/pickup) of order 𝑖
𝑎𝑘,𝑖 Available number of lockers of size 𝑖 at location 𝑘

𝑑𝑘,𝑙 Travel distance from location 𝑘 to location 𝑙

𝑡𝑘,𝑙,𝑖 Travel time from location 𝑘 to location 𝑙 at time 𝑖
𝑃, 𝑆, 𝐵 Vehicle parking/departing time, order service time, delivery start time
𝐶 Vehicle capacity

Primary solution and Discrete Event Simulation state

𝐸 , 𝐸𝑟 , 𝑒 Solution, sequence of events of vehicle 𝑟 , event
𝑇 (𝑒), 𝐿 (𝑒) Start time of event 𝑒, vehicle load after event 𝑒
attr(𝑒) attribute attr (e.g. duration, delivered order weight etc.) of event 𝑒
𝐴𝑘,𝑖,𝑡 Number of remaining lockers of size 𝑖 at location 𝑘 at time 𝑡
𝐴𝑘,𝑖 Current number of remaining lockers of size 𝑖 at location 𝑘

order[𝑟], next[𝑟] Next order to be processed by vehicle 𝑟 , index of that order in 𝜋𝑟

load[𝑟], loc[𝑟] Current load of vehicle 𝑟 , current location of vehicle 𝑟
visited[𝑟] List of alternative locations visited by vehicle 𝑟 since last successful order

delivery
𝐷Σ, 𝑇max Total traveled distance, maximum delivery time

Solution representations

𝜋 Solution for Order representation
𝜎 Solution for other representations (mainly Grouped Order representation)

Miscellaneous

𝜋(𝑖), len(𝜋) 𝑖-th element of sequence 𝜋, length of sequence 𝜋
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Figure 2: DES in the context of the three-tier problem formulation

3.3. Input data

The input data of the problem are as follows. Let N+ denote the set of positive
integers. Let N = {1, 2, . . . , 𝑛} be the set of 𝑛 ∈ N+ orders. Similarly, let
M = {0, 1, 2, . . . , 𝑚} be a set of 𝑚 + 1 locations, 𝑚 ∈ N+. The locations 1
through 𝑚 represent delivery and pick-up points (parcel locker locations), while
location 0 represents the depot. For the sake of brevity, the set of locations without
the depot (i.e.M \ {0}) will be denoted asM+. Next, let V = {1, 2, . . . , 𝑣} be
a set of 𝑣 ∈ N+ vehicles, 𝑣 ¬ 𝑛. Finally, let Z = {1, 2, . . . , 𝑧} be a set of parcel
locker sizes.

For each order 𝑖 ∈ N , we define its size 𝑠𝑖 ∈ Z, weight 𝑤𝑖 ∈ N+, deliv-
ery/pickup location (place) 𝑝𝑖 ∈ M+ as well as type 𝑢𝑖 ∈ {0, 1}. Type 𝑢𝑖 = 0
indicates a delivery order and 𝑢𝑖 = 1 indicates a pickup order. For example, if
𝑠𝑖 = 2 then order 𝑖 can be placed in a parcel locker of size 2 or 3, but not of size 1.
For a pickup order its size indicates the size of the parcel locker it is picked from,
i.e. servicing a pickup order 𝑖 will increase the number of the currently available
parcel lockers of size 𝑠𝑖.

For each non-depot location 𝑘 ∈ M+ and locker size 𝑖 ∈ Z, we define the
number of lockers of that size available at that location as 𝑎𝑘,𝑖 ∈ N+. Moreover,
for each pair of locations 𝑘, 𝑙 ∈ M we define the shortest vehicle travel distance
from 𝑘 to 𝑙 as 𝑑𝑘,𝑙 . It should be noted that locations and their distances do not
form a metric space as the symmetry is not guaranteed i.e. it is possible that for
some 𝑘 and 𝑙:

𝑑𝑘,𝑙 ≠ 𝑑𝑙,𝑘 . (1)

The above might be caused by one-way streets, such that the route 𝑘 to 𝑙 is
simple, but the route 𝑙 to 𝑘 must go through other locations. However, the rest of
the metric space properties are guaranteed, i.e.:

𝑑𝑘,𝑘 = 0, ∀𝑘 ∈ M, (2)
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𝑘 ≠ 𝑙 =⇒ 𝑑𝑘,𝑙 > 0, ∀𝑘, 𝑙 ∈ M, (3)

𝑑𝑘,𝑙 ¬ 𝑑𝑘,𝑎 + 𝑑𝑎,𝑙 ∀𝑎, 𝑘, 𝑙 ∈ M . (4)

Similarly to distance, we want to define the travel time between the locations 𝑘

and 𝑙. The travel time is naturally a function of distance, however, unlike distance
it also depends on road conditions, most notably traffic. Thus, we define the travel
time from location 𝑘 to 𝑙 as 𝑡𝑘,𝑙,𝑖, where 𝑖 is the time at which the travel takes
place.

Next, let 𝑆 ∈ N+ be the time taken to service (deliver/pick-up) an order after
arriving at the location. Similarly, let 𝑃 ∈ N+ indicate the time it takes for the
vehicle to park when it arrives at the location. We assume that the departure time
when leaving the location is also 𝑃. Let 𝐵 ∈ N+ be the earliest time vehicles
can leave the depot. Finally, let 𝐶 ∈ N+ be the vehicle capacity. We assume that
𝑤𝑖 ¬ 𝐶 for all 𝑖 ∈ N .

3.4. Solution

The (direct) solution for our delivery process can be defined as a sequence
of events (actions) to carry out for each vehicle (courier). This approach allows
to more easily model the hard constraint that requires the couriers to decide on
alternative locations on-site, while also being extensible to future modifications
(especially creating a full stochastic model). Two types of events are possible
(1) travel to another location, (2) service (delivery or pickup) of an order. Thus,
we can define the solution as a sequence 𝐸 = (𝐸1, 𝐸2, . . . , 𝐸𝑣) of 𝑣 elements
(𝑣-tuple). The element 𝐸𝑟 , 𝑟 ∈ V is a sequence of actions for vehicle 𝑟. The
length of 𝐸𝑟 and its 𝑖-th element are denoted by len(𝐸𝑟) and 𝐸𝑟 (𝑖), respectively.
Thus, vehicle 𝑟 has len(𝐸𝑟) events. The travel event 𝑒 must store the locations
between which the travel occurs, which will be denoted by from(𝑒) and to(𝑒).
The service event stores the order to be serviced denoted order(𝑒). For delivery
orders, we also need to store the locker size in which the order will be placed,
denoted size(𝑒). For pickup orders, this value does not matter and can be anything.
Moreover, each event 𝑒 stores its type denoted by type(𝑒), which is 0 for travel
events and 1 for order service events.

As an example, let us consider 3 vehicles. Vehicle 1 travels from location 0
(the depot) to location 1 to service orders 5 and 2 and then travels to location 2
to service order 4 and then travels back to the depot. Vehicle 2 does not travel or
service any orders. Vehicle 3 travels from 0 to 4 to service orders 8, 3 and 6, then
travels to 3 to service 7 and 1 and then travels back to 0. For simplicity, let us
also assume that vehicle 1 placed all of its orders in lockers of size 1 and vehicle
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2 placed all orders in lockers of size 3. In this case, the solution is:

𝐸 = (𝐸1, 𝐸2, 𝐸3), (5)
𝐸1 =

(
𝐸1(1), 𝐸1(2), 𝐸1(3), 𝐸1(4), 𝐸1(5), 𝐸1(6)

)
, (6)

𝐸2 = (), (7)
𝐸3 =

(
𝐸3(1), 𝐸3(2), 𝐸3(3), 𝐸3(4), 𝐸3(5), 𝐸3(6), 𝐸3(7), 𝐸3(8)

)
. (8)

The values stored for each event are summarized in Table 3. As such, to specify
the solution we specify 𝐸 , including the number of events for each vehicle and
the data each event stores. Note that due to the possibility of alternative delivery
locations, the total number of events could be as high as 𝑛(𝑚 + 1).

Table 3: Events data for the example solution

Event 𝑒 type(𝑒) from(𝑒) to(𝑒) order(𝑒) size(𝑒)
𝐸1 (1) 0 0 1
𝐸1 (2) 1 5 1
𝐸1 (3) 1 2 1
𝐸1 (4) 0 1 2
𝐸1 (5) 1 4 1
𝐸1 (6) 0 2 0
𝐸3 (1) 0 0 4
𝐸3 (2) 1 8 3
𝐸3 (3) 1 3 3
𝐸3 (4) 1 6 3
𝐸3 (5) 0 4 3
𝐸3 (6) 1 7 3
𝐸3 (7) 1 1 3
𝐸3 (8) 0 3 0

3.5. Constraints

In this subsection, we will establish the constraints that the solution 𝐸 must
satisfy for 𝐸 to be feasible. This means that constraints are restrictions on how
DES is allowed to evolve (i.e. generate and process events). Thus, DES needs to
be implemented such that for a given representation it either produces a feasible
𝐸 or reports infeasibility. Due to their complexity, the constraints are described
mainly for the sake of completing the formulation, and their actual enforcement
will be shown with the details of DES in Section 4.
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First, each order has to be assigned to exactly one vehicle. In other words, for
each order 𝑖 ∈ N there must be exactly one 𝑟 ∈ V and 𝑗 ∈ {1, 2, . . . , len(𝐸𝑟)}
such that

type
(
𝐸𝑟 ( 𝑗)

)
= 1 ∧ order

(
𝐸𝑟 ( 𝑗)

)
= 𝑖. (9)

Thus, order 𝑖 is serviced during event 𝐸𝑟 ( 𝑗). The effect is similar to partition of
a set, except we are dealing with sequences instead of sets and 𝐸𝑟 are allowed to
be empty and allowed to contain other elements than service events (i.e. travel
events).

Next, each non-empty vehicle 𝑟 has to start and end its tour at the depot and
had to visit at least one non-depot location. The constraints for this are as follows:

type
(
𝐸𝑟 (1)

)
= 0, from

(
𝐸𝑟 (1)

)
= 0, to

(
𝐸𝑟 (1)

)
≠ 0,

∀𝑟 ∈ {𝑎 ∈ V : len(𝐸𝑎) > 0}, (10)
type

(
𝐸𝑟 (∗)

)
= 0, from

(
𝐸𝑟 (∗)

)
≠ 0, to

(
𝐸𝑟 (∗)

)
= 0,

∀𝑟 ∈ {𝑎 ∈ V : len(𝐸𝑎) > 0}. (11)

where 𝐸𝑟 (∗) is a shorthand for 𝐸𝑟

(
len(𝐸𝑟)

)
i.e. the last element of 𝐸𝑟 .

For any vehicle 𝑟 ∈ V, a travel event has to start at the location where the
previous travel event ended. Thus, if 𝐸𝑟 (𝑖) and 𝐸𝑟 ( 𝑗), 𝑗 > 𝑖 are subsequent travel
events (meaning that events 𝐸𝑟 (𝑎), 𝑖 < 𝑎 < 𝑗 are not travel events), then the
constraint is:

from
(
𝐸𝑟 ( 𝑗)

)
= to

(
𝐸𝑟 (𝑖)

)
. (12)

Similarly, for every order servicing event 𝑒 we have to ensure that the vehicle
is at the correct location when servicing it. Let us consider this for pickup and
delivery orders separately. For a pickup order (i.e. type(𝑒) = 1 and 𝑢order(𝑒) = 1)
the constraint is straightforward, as pickup is always done at a predetermined
location. Thus, if 𝑒 is a pickup servicing event and the last travel event prior to 𝑒

is 𝑒′ then the constraint becomes:

to(𝑒′) = 𝑝order(𝑒) . (13)

For delivery orders (i.e. type(𝑒) = 1 and 𝑢order(𝑒) = 0), the issue is more
complicated. Delivery must first be attempted at the location 𝑝order(𝑒) and only
if there are no lockers available there at the time. Then alternative locations are
considered in increasing order of distance from 𝑝order(𝑒) until a location with
available lockers is found. To formulate this, we need an additional notation. Let
𝑇 (𝑒) be the time when the event 𝑒 occurs, and 𝐴𝑘,𝑖,𝑡 be the number of lockers of
size 𝑖 available at the location 𝑘 at time 𝑡. With this, for an order delivery event
𝑒𝑏 by vehicle 𝑟 to be feasible, there must exist in 𝐸𝑟 a sequence of subsequent
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events 𝑒1, 𝑒2, . . . , 𝑒𝑎 such that:

to(𝑒1) = 𝑝order(𝑒) , (14)
𝑇 (𝑒𝑎) ¬ 𝑇 (𝑒𝑏), (15)

type(𝑒𝑖) = 0, ∀𝑖 ∈ {1, 2, . . . , 𝑎}, (16)
type(𝑒𝑖) = 1, ∀𝑖 ∈ {𝑎 + 1, 𝑎 + 2, . . . , 𝑏}, (17)

𝐴to(𝑒𝑖), 𝑗 ,𝑇 (𝑒𝑖) = 0, ∀𝑖 ∈ {1, 2, . . . , 𝑎 − 1}, 𝑗 ∈ {𝑠order(𝑒) , . . . , 𝑧}, (18)
𝑑𝑝order (𝑒) ,to(𝑒𝑖) ¬ 𝑑𝑝order (𝑒) ,to(𝑒𝑖+1) , ∀𝑖 ∈ {1, 2, . . . , 𝑎 − 1}. (19)

In other words, in 𝑒1 we travel to 𝑝order(𝑒) , 𝑒𝑎 is the last travel event before the
delivery event 𝑒𝑏, all events from 𝑒1 to 𝑒𝑎 are travel events, all locations visited
in 𝑒1 through 𝑒𝑎−1 have no available lockers of any matching size (𝑠order(𝑒) or
greater) and locations from 𝑒1 through 𝑒𝑎 are visited in order of non-decreasing
distance from 𝑝order(𝑒) .

We will now consider the weights and vehicle capacity. At no time can the
vehicle load exceed its capacity. By 𝐿

(
𝐸𝑟 (𝑖)

)
we denote the load of vehicle 𝑟 after

event 𝐸𝑟 (𝑖). The initial load 𝐿
(
𝐸𝑟 (0)

)
of vehicle 𝑟 is thus a sum of all orders 𝑟

has to deliver, which is:

𝐿
(
𝐸𝑟 (0)

)
=

len(𝐸𝑟 )∑︁
𝑖=1

weightDelivery
(
𝐸𝑟 (𝑖)

)
, (20)

where weightDelivery(𝑒) for the event 𝑒 is defined:

weightDelivery(𝑒) =
{
𝑤order(𝑒) if type(𝑒) = 1 and 𝑢order(𝑒) = 1,
0 otherwise.

(21)

Thus, weightDelivery(𝑒) counts only the weights of the delivery orders. Similarly,
we can count the current load after each event:

𝐿
(
𝐸𝑟 (𝑖)

)
= 𝐿

(
𝐸𝑟 (𝑖 − 1)

)
+

len(𝐸𝑟 )∑︁
𝑖=1

weightOrder
(
𝐸𝑟 (𝑖)

)
, (22)

where weightOrder(𝑒) is defined to appropriately count weights for all orders:

weightOrder(𝑒) =

−𝑤order(𝑒) if type(𝑒) = 1 and 𝑢order(𝑒) = 0,
𝑤order(𝑒) if type(𝑒) = 1 and 𝑢order(𝑒) = 1,
0 if type(𝑒) = 0.

(23)

Thus, this will correctly decrease the vehicle load during deliveries and increase
it during pickups. Then the overall load constraint is in the form:

𝐿𝑟 (𝑖) ¬ 𝐶, ∀𝑟 ∈ V, 𝑖 ∈ {1, 2, . . . , len(𝐸𝑟)}. (24)
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We will now move onto time constraints. Each event takes time based on travel,
parking, departure, and order service. The first event (which must be a travel event
as said previously) must start at time 𝐵, when the vehicle leaves the depot:

𝑇
(
𝐸𝑟 (1)

)
= 𝐵, ∀𝑟 ∈ V . (25)

Subsequent events start when the previous event ends, based on that event dura-
tion:

𝑇
(
𝐸𝑟 (𝑖)

)
= 𝑇

(
𝐸𝑟 (𝑖 − 1)

)
+ duration

(
𝐸𝑟 (𝑖 − 1)

)
,

∀𝑟 ∈ V, 𝑖 ∈ {2, 3, . . . , len(𝐸𝑟)}, (26)

where duration(𝑒) is:

duration(𝑒) =

𝑡from(𝑒),to(𝑒),𝑇 (𝑒)) + 𝑃 if type(𝑒) = 1 ∧ from(𝑒) = 0,
𝑡from(𝑒),to(𝑒),𝑇 (𝑒)) + 2𝑃 if type(𝑒) = 1 ∧ from(𝑒) ≠ 0,
𝑆 if type(𝑒) = 0.

(27)

Thus, for servicing events, the time advances by 𝑆 and for travel events, the
time advances by departing time 𝑃 (except when leaving the depot), travel time
𝑡from(𝑒),to(𝑒),𝑇 (𝑒) and parking time 𝑃.

Finally, we consider locker numbers and sizes. First, for each location and
locker size, the initial number of free lockers at time 𝐵 is defined by the input of
the problem:

𝐴𝑘,𝑖,𝐵 = 𝑎𝑘,𝑖, ∀𝑘 ∈ M+, 𝑖 ∈ Z. (28)

Next, when delivering an order, there has to be a free locker of appropriate size
at the location of delivery. Thus, if type(𝑒) = 1 and 𝑢order(𝑒) = 0, then we demand
that:

𝐴𝑘,size(𝑒),𝑇 (𝑒) ­ 1, (29)

where 𝑘 is the location where the vehicle is when performing 𝑒.
Next, when delivering an order in event 𝑒, the chosen locker size must be the

smallest possible. Thus, if type(𝑒) = 1 and 𝑢order(𝑒) = 0 then:

size(𝑒) = min{𝑎 ∈ Z : 𝑎 ­ 𝑠order(𝑒) ∧ 𝐴𝑘,𝑎,𝑇 (𝑒) ­ 1}, (30)

where 𝑘 is once again the location where the vehicle is when performing 𝑒. In
other words, the chosen locker size is the first size counting from 1 that both (1)
is of sufficient size of the order and (2) has free lockers available at the time.

Finally, order events have to change the current number of available lock-
ers. Assume that 𝑒 is a servicing event (type(𝑒) = 1) that delivers or picks up
an order at some location 𝑘 from/to a locker of size 𝑖. Also, assume that the next
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delivery/pickup event for this location and locker size is 𝑒′. Then it must hold
that:

𝐴𝑘,𝑖,𝑇 (𝑒′) =

{
𝐴𝑘,𝑖,𝑇 (𝑒) − 1 if 𝑢order(𝑒) = 0,
𝐴𝑘,𝑖,𝑇 (𝑒) + 1 if 𝑢order(𝑒) = 1.

(31)

Thus, a delivery (pickup) order decreases (increases) the number of lockers
available of that size at that location.

3.6. Goal function

The goal function can be formulated as follows. The first criterion is the sum
of the distances traveled by all vehicles. Let 𝐷𝑟 be the total distance traveled by
vehicle 𝑟 , which is calculated as follows:

𝐷𝑟 =

len(𝐸𝑟 )∑︁
𝑖=1

distance
(
𝐸𝑟 (𝑖)

)
, (32)

where distance(𝑒) is:

distance(𝑒) =
{
𝑑from(𝑒),to(𝑒) if type(𝑒) = 0,
0 if type(𝑒) = 1.

(33)

In other words, we sum all distances of travel events for the vehicle 𝑟. The total
distance traveled Σ𝐷 (𝐸) for the solution 𝐸 is thus a sum over all vehicles:

Σ𝐷 (𝐸) =
𝑣∑︁

𝑟=1
𝐷𝑟 . (34)

The second criterion is the completion time of all delivery orders, i.e. the
completion time of the last delivery event (pickup events do not count) to be
completed. This value, denoted 𝑇max(𝐸), for solution 𝐸 , is calculated as follows:

𝑇max(𝐸) = max
𝑟∈V

max
𝑖∈{1,2,...,len(𝐸𝑟 )}

completed
(
𝐸𝑟 (𝑖)

)
, (35)

where completed(𝑒) is:

completed(𝑒) =
{
𝑇 (𝑒) + 𝑆 if type(𝑒) = 1 ∧ 𝑢order(𝑒) = 0,
0 otherwise.

(36)

The value of the goal function for the solution 𝐸 is thus a pair (Σ𝐷 (𝐸), 𝑇max(𝐸)).
Since we are considering a multi-criteria optimization, we will use the dominance
relation to compare solutions. The solution 𝐸 is said to dominate the solution 𝐸′,
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denoted 𝐸 ≺ 𝐸′ if and only if

Σ𝐷 (𝐸) ¬ Σ𝐷 (𝐸′) ∧ 𝑇max(𝐸) ¬ 𝑇max(𝐸′), (37)
Σ𝐷 (𝐸) < Σ𝐷 (𝐸′) ∨ 𝑇max(𝐸) < 𝑇max(𝐸′). (38)

In other words, 𝐸 dominates 𝐸′ if and only if 𝐸 is not worse on either criterion
than 𝐸′ and is better on at least one criterion. The solution that dominates is always
better (thus the use of ≺, which is analogous to <). Please note that for a given
pair of solutions 𝐸 and 𝐸′ their relation is always one of the three: (1) 𝐸 ≺ 𝐸′,
(2) 𝐸′ ≺ 𝐸 , or (3) neither dominates the other, which means that the solutions
are Pareto-equivalent, denoted 𝐸 ≡ 𝐸′.

The goal is to find a set of solutions {𝐸∗1, 𝐸
∗
2, . . . , 𝐸

∗
ℎ
} ⊆ 𝐸feas, such that:

𝐸 ⊀ 𝐸∗𝑖 , ∀𝐸 ∈ 𝐸feas, 𝑖 ∈ {1, 2, . . . , ℎ}, (39)

where 𝐸feas is a set of feasible solutions i.e. solutions meeting constraints from
Section 3.5. In other words, we want a set of solutions such that there does not
exist a feasible solution 𝐸 that would dominate any of the solution in our set. The
set {𝐸∗1, 𝐸

∗
2, . . . , 𝐸

∗
ℎ
} is called the Pareto front. The size of the front ℎ depends on

the problem instance.

4. Order representation

The solution presented in Section 3 is very impractical due to the number
of constraints that are not easy to formulate in tools like Gurobi. Thus, we
will introduce a different solution representation to simplify the problem and
reduce both the solution size and the number of infeasible solutions. This solution
representation will be used as part of the input to DES, serving as a guideline on
which DES has to construct the full feasible solution 𝐸 or report the infeasibility
if it is impossible to construct a feasible 𝐸 from this representation.

Since this representation considers individual orders, we will call it Order
Representation or O-representation for short. Solutions based on O-representation
will be called O-solutions. We define the O-solution 𝜋 = (𝜋1, 𝜋2, . . . , 𝜋𝑣) as a 𝑣-
tuple, where 𝜋𝑟 is a sequence of orders to be serviced by vehicle 𝑟. 𝜋 Let us
consider the example solution 𝐸 from (5) and Table 3. For this solution, the
corresponding O-representation 𝜋 would be:

𝜋 =
(
(5, 2, 4), (), (8, 3, 6, 7, 1)

)
. (40)

This is similar to the Giant Tour Representation (GTR) commonly seen in VRP,
except that it is formulated as a sequence of sequences instead of a single sequence
with delimiting “zeroes”. We have chosen it this way because vehicles can affect
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each other and such a representation is simpler to decode. The number of possible
solutions is equal to the 𝑛-permutation of 𝑛 + 𝑣 − 1 denoted by 𝑃(𝑛 + 𝑣 − 1, 𝑛):

𝑃(𝑛 + 𝑣 − 1, 𝑛) = (𝑛 + 𝑣 − 1)!
(𝑣 − 1)! ∈ 𝑂

(
(𝑛 + 𝑣)!

)
. (41)

This can be shown through a simple transformation to GTR, which results in:

(5, 2, 4, 0, 0, 8, 3, 6, 7, 1), (42)

with zeroes indicating separation between vehicles. The number of solutions
is the number of permutations of the above sequence (which is (𝑛 + 𝑣 − 1)!),
but since zeroes are indistinguishable, we remove redundancy by dividing this
number by (𝑣 − 1)!.

We will now define a well-formed O-solution. 𝜋 is well-formed if and only if:

len(𝜋) = 𝑣, (43)
𝑣∑︁

𝑟=1
len(𝜋𝑟) = 𝑛, (44)

𝜋𝑟 (𝑖) ∈ N , ∀𝑟 ∈ V, 𝑖 ∈ {1, 2, . . . , len(𝜋𝑟)}, (45)
𝑟 ≠ 𝑠 ∨ 𝑖 ≠ 𝑗 =⇒ 𝜋𝑟 (𝑖) ≠ 𝜋𝑠 ( 𝑗), ∀𝑟, 𝑠 ∈ V, 𝑖 ∈ {1, 2, . . . , len(𝜋𝑟)},

𝑗 ∈ {1, 2, . . . , len(𝜋𝑠)}. (46)

This is equivalent to constraint (9). Thus, if we ensure that we only consider
well-formed O-solutions, we are ensuring those constraints. However, 𝜋 by itself
does not ensure that the remaining constraints are met.

4.1. DES-based solution decoding

We will now describe the details of the DES system mentioned earlier. DES
will take a well-formed O-solution 𝜋 and problem data as input and will either
construct a feasible schedule 𝐸 (𝜋) corresponding to 𝜋 and compute the value
of the goal function (Σ𝐷 (𝜋), 𝑇max(𝜋)), or report infeasibility. The outline of the
DES system is shown in Figure 3. The system consists of a few parts. First, the
system clock and state are initialized and the first events are generated. Then the
system enters a loop, advancing time, fetching the next event, and processing it.
During processing, the necessary decisions are performed by the agent and the
system state is updated. New events are also added if necessary. After all events
have been processed, the simulation stops and the goal function value is returned.

DES will store events using a priority queue 𝑄. As explained in Section 3,
event 𝑒 is described by values such as type(𝑒), from(𝑒) etc. In addition, we will
add the attributes vehicle(𝑒) and time(𝑒) to describe the vehicle that performs
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Figure 3: Outline of a Discrete Event Simulation

the event and the time when the events start. The latter will also be the priority of
𝑄, i.e. events are processed in the order of increasing event times. Adding a new
event 𝑒 to 𝑄 depends on the type of 𝑒. For travel event, it will take the form:

𝑄.pushTravelEvent(time(𝑒), from(𝑒), to(𝑒), vehicle(𝑒)), (47)

while for servicing event it is:

𝑄.pushServicingEvent(time(𝑒), order(𝑒), size(𝑒), vehicle(𝑒)). (48)

Finally, the procedure must have access to the current state of each vehicle.
Namely, the arrays next, order, load, loc, and visited hold the index of the current
order, the current order number, the current load, the current location, and the list
of alternative locations visited (since the last successful delivery), respectively.
Each of these arrays will contain 𝑣 elements. Thus, for example, load[𝑟] is the
current load of the vehicle 𝑟 . Likewise, the current number of free lockers of size
𝑖 at location 𝑘 will be denoted by 𝐴𝑘,𝑖 (this is the “current” variant of 𝐴𝑘,𝑖,𝑡).

The outline of the decoding algorithm is shown in Algorithm 1. This code
simply initializes the system and processes all events until the event queue is
empty, at which point the value of the goal function is returned. The initialization
procedure is shown in Algorithm 2. In lines 1–3, we set the current time to 𝐵,
reset the goal function values to 0 and create an empty queue 𝑄. In lines 4–6, the
current number of 𝐴𝑘,𝑖 available lockers is set for each location and size based on
𝑎𝑘,𝑖. In lines 7–17, we prepare the initial state for all non-empty vehicles. Namely,
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in lines 9–11, we compute the initial load. If this load exceeds vehicle capacity,
infeasibility is detected in lines 12–13. Next, in lines 14–16, we set the index in
𝜋𝑟 of the next order, the order itself, and we clear the set of visited alternative
locations. Finally, in line 17 we add the first event for vehicle 𝑟, which is a travel
event at time𝑇 from depot (0) to the intended location of the first order (𝑝order[𝑟]).

Algorithm 1: DES procedure
Input: Problem instance, O-solution 𝜋

Output: Solution and goal function values or INFEASIBLE
1 initialize();
2 while 𝑄.size() > 0 do
3 processEvent(Q.pop());
4 return 𝐸 , (Σ𝐷,𝑇max);

Algorithm 2: DES initialize() subprocedure
1 𝑇 ← 𝐵; // set initial time
2 Σ𝐷 ← 0; 𝑇max ← 0; // reset goal function values
3 𝑄 ← ∅; // initialize event queue
4 for 𝑘 ← 1 to 𝑚 do // initialize locker availability
5 for 𝑖 ← 1 to 𝑧 do
6 𝐴𝑘,𝑖 ← 𝑎𝑘,𝑖;

7 for 𝑟 ← 1 to 𝑣 do // for each...
8 if len(𝜋𝑟 ) > 0 then // ...non-empty vehicle
9 load[𝑟] ← 0;

10 for 𝑖 ← 1 to len(𝜋𝑟 ) do // compute initial load
11 load[𝑟] ← load[𝑟] + 𝑤𝜋𝑟 (𝑖) (1 − 𝑢𝜋𝑟 (𝑖) );
12 if load[𝑟] > 𝐶 then // infeasible if initial load exceeds

capacity
13 return INFEASIBLE;

14 next[𝑟] ← 1; // mark the first order in vehicle...
15 order[𝑟] ← 𝜋𝑟 (next[𝑟]); // ...as the next to service
16 visited[𝑟] ← {}; // clear the list of alternative

locations
17 𝑄.pushTravelEvent(𝑇, 0, 𝑝order[𝑟 ] , 𝑟); // add vehicle first event

to queue

The subprocedure for processing events is shown in Algorithm 3. In lines 1–3,
we add the event to 𝐸 , retrieve the time and vehicle for the event. In lines 4–8,
we process travel events. First, in line 5, we add the travel distance to the goal
function. If the vehicle tour continues (i.e. target location is not the depot), we
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change the current location in line 6. Next, we would like to service the order, but
we do not know which locker size to choose. Moreover, we do not know whether
an alternative location needs to be visited. Thus, the agent is invoked to apply the
required strategy in line 8.

Algorithm 3: DES processEvent() subprocedure
Input: Event 𝑒

1 𝐸vehicle(𝑒) .add(𝑒); // add event to solution 𝐸

2 𝑇 ← time(𝑒); // set current time to event time
3 𝑟 ← vehicle(𝑒); // set shorthand for current vehicle
4 if type(𝑒) = 0 then // travel event
5 Σ𝐷 ← Σ𝐷 + 𝑑from(𝑒) ,to(𝑒) ; // update total travel distance
6 if to(𝑒) ≠ 0 then // if not completing tour
7 loc[𝑟] ← to(𝑒); // update vehicle location
8 decideByAgent(𝑇 + duration(𝑒), 𝑟); // invoke strategy agent

9 else // service event
10 i← order(𝑒); // set current order shorthand
11 j← size(𝑒); // set order locker size shorthand
12 load[𝑟] ← load[𝑟] + weightOrder(𝑒); // update vehicle load
13 𝐴loc[𝑟 ], 𝑗 ← 𝐴loc[𝑟 ], 𝑗 + (2𝑢𝑖 − 1); // update free lockers
14 if load[𝑟] > 𝐶 then // infeasible if load exceeds capacity
15 return INFEASIBLE;

16 if 𝑢𝑖 = 0 and 𝑇 + duration(𝑒) > 𝑇max then // update maximum...
17 𝑇max ← 𝑇 + duration(𝑒); // ...delivery time

18 next[𝑟] ← next[𝑟] + 1; // proceed to the next order
19 visited[𝑟] ← {}; // clear list of visited alternative

locations
20 if 𝑛𝑒𝑥𝑡 [𝑟] > len(𝜋𝑟 ) then // tour ends, add travel back to the

depot
21 𝑄.pushTravelEvent(𝑇 + duration(𝑒), loc[𝑟], 0, 𝑟);
22 else // tour continues
23 order[𝑟] ← 𝜋𝑟 (next[𝑟]);
24 if loc[𝑟] ≠ 𝑝order[𝑟 ] then // mismatched location, create

travel event
25 𝑄.pushTravelEvent(𝑇 + duration(𝑒), loc[𝑟], 𝑝order[𝑟 ] , 𝑟);
26 else // correct location, invoke strategy agent
27 decideByAgent(𝑇 + duration(𝑒), 𝑟);

In lines 9–27 servicing events are processed. First, we retrieve the order and
locker size to use (lines 10–11). In lines 12–13, we update the vehicle load and
the number of lockers available. Due to the term 2𝑢𝑖 − 1, this single part works
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both for delivery and pickup orders. Next, if the vehicle load exceeds capacity,
the solution is infeasible (lines 14–15). For delivery orders, we also update the
maximum delivery time (lines 16–17). In lines 18–19, we update the index next[𝑟]
to point to the next order in 𝜋𝑟 and reset the set of visited alternative locations to
empty (since order servicing just succeeded). If all orders for this vehicle were
serviced, we schedule the last travel event to the depot (lines 20–21). Otherwise
(there are still orders to service for this vehicle), we update the current order (line
23) and check if we are at the correct location. If not, we schedule a travel event
(lines 24–25). Otherwise, we invoke the agent to decide on how the order should
be handled (lines 26–27).

Finally, the agent strategy procedure is shown in Algorithm 4. In lines 2–17
we consider delivery orders. First, we check if there are lockers available, starting
with the smallest size possible for this order (lines 3–6). If an appropriate size is

Algorithm 4: DES decideByAgent() subprocedure
Input: Time 𝑡, vehicle 𝑟

1 𝑖 ← order[𝑟]; // set current order shorthand
2 if 𝑢𝑖 = 0 then // delivery decision
3 for 𝑗 ← 𝑠𝑖 to 𝑧 do // try to find smallest fitting locker

size...
4 if 𝐴𝑘, 𝑗 > 0 then // ...if found, schedule delivery event

and return
5 𝑄.pushServicingEvent(𝑡, 𝑖, 𝑗 , 𝑟);
6 return;

7 visited[𝑟] ← visited[𝑟] ∪ loc[𝑟]; // locker not found, update
visited locations

8 bestDist←∞; // find closest non-visited location
9 bestLoc← 0;

10 for 𝑙 ← 1 to 𝑚 do
11 if 𝑙 ∉ visited[𝑟] and 𝑑𝑝𝑖 ,𝑙 < bestDist then
12 bestDist← 𝑑𝑝𝑖 ,𝑙;
13 bestLoc← 𝑙;

14 𝑙 ← bestLoc;
15 if 𝑙 = ∞ then // if all locations were visited, solution is

infeasible
16 return INFEASIBLE;

17 𝑄.pushTravelEvent(𝑡, loc[𝑟], 𝑙, 𝑟); // schedule travel event to
alternative location

18 else // pickup decision
19 𝑄.pushServicingEvent(𝑡, 𝑖, 𝑠𝑖 , 𝑟); // schedule pickup event
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found, we schedule a servicing event at time time 𝑡 (passed to the procedure) for
vehicle 𝑟, order 𝑖 and locker size 𝑗 and exit the procedure. If no locker is available,
we need to find an alternative location, which is done in lines 7–17. We first mark
the current location as visited and search through all non-visited locations to find
the one closest to the originally intended location 𝑝𝑖. If no such location is found,
the solution is infeasible (lines 15–16). Otherwise, a travel event is scheduled
(line 17). Finally, in lines 18–19 we consider pickup orders, for which decision
is obvious and a servicing event is scheduled.

It is easy to see that for a well-formed O-solutions, such a decoding procedure
will result in a feasible solution, except if there is not enough lockers in the
system to fit all deliveries or if the vehicle capacity is exceeded. Regarding the
time computational complexity, the function to compute the goal function in
worst-case runs in time 𝑂 (𝑛𝑚(𝑚 log𝑚 + 𝑧 log 𝑣)). This is under the assumption
that the priority queue 𝑄 is implemented with a heap and visited is implemented
with a binary search tree. Compared to a standard VRP this is a high complexity,
especially with regards to the number of locations 𝑚. However, the worst-case
scenario is unrealistic. In practice, the number of different locker sizes is a small
constant and it is very unlikely that more than a constant number of alternate
locations will have to be checked per order. In such a typical-case scenario the
running time complexity is 𝑂 (𝑛𝑚 + 𝑛 log 𝑣 + 𝑚𝑧).

5. Alternative representations

The O-representation shown in the earlier section seems natural and allows
to consider a wide range of potential solutions. However, such a representation
may be impractical. In particular, it is easy to notice that in many cases a vehicle
transports multiple orders that are meant for the same location. It seems logical
that such orders should be grouped together as this avoids having the same
vehicle visit the same location twice, saving up distance and time. In this section,
we propose three alternative representations based on the idea of grouping orders.
We will show that such representations can vastly reduce the size of the solution
space but do not guarantee optimality for the considered problem.

5.1. Grouped Order representation

Let us start with the alternative representation that we will call the Grouped
Order representation or GO-representation for short. GO solution is a tuple
𝜎 = (𝜎1, 𝜎2, . . . , 𝜎𝑣), where 𝜎𝑟 = (𝜎1

𝑟 , 𝜎
2
𝑟 , . . . , 𝜎

𝑔
𝑟 ) represents the vehicle 𝑟

containing 𝑔 groups. Each group 𝜎𝑖
𝑟 is a sequence of orders with the same loca-

tion. Orders intended for the same location can still be spread over many vehicles,
but a single vehicle 𝑟 contains at most one group intended for that location. For
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example, let us consider a problem instance with 𝑛 = 3, 𝑣 = 3 just like the one
shown in (40), but with 𝑝1 = 𝑝2 = 1, 𝑝3 = 𝑝4 = 𝑝5 = 2, 𝑝6 = 𝑝7 = 𝑝8 = 3. A GO
solution for this instance could be

𝜎 = (𝜎1, 𝜎2, 𝜎3) =
(
(𝜎1

1 , 𝜎
2
1 ), (), (𝜎

1
3 , 𝜎

2
3 , 𝜎

3
3 )
)

(49)

=

( (
(4, 5), (2)

)
,
()
,
(
(6, 7, 8), (3), (1)

) )
. (50)

A GO-solution 𝜎 can be transformed into an O-solution 𝜋 by joining the
groups together for each vehicle. For example, the GO solution (49) can be
transformed into the O solution:

𝜋 =
(
(4, 5, 2), (), (6, 7, 8, 3, 1)

)
. (51)

A reverse transformation from 𝜋 to 𝜎 is also possible by appropriately re-
arranging orders in 𝜋𝑟 such that all orders with the same location are grouped
together. However, an issue arises: each group in an O-solution is a sequence,
and thus needs to be sorted in some way. There are many possibilities, each with
their own advantages and disadvantages. Those possibilities are, among others:

1. Preserve the order from 𝜋, which is the easiest and fastest (does not require
sorting).

2. Shuffle each group at random.
3. Sort each group according to order indexes in N .
4. Sort each group such that delivery orders appear first.
5. Sort each group such that pickup orders appear first.

Options 4 and 5 are interesting. Option 4 works better at minimizing order
completion times (since pickups do not affect this criterion, only deliveries). On
the other hand, option 5 allows to first empty the parcel lockers before inserting
orders into them, potentially generating more feasible solutions. For now, we
assume that the sorting within a group is arbitrary unless otherwise stated.

The decoding procedure for GO-solutions is the same as for O-solutions,
except that we first transform GO-solution into a corresponding O-solution. The
resulting procedure is slightly slower than for O-solutions, but the computational
complexity remains the same, since transforming 𝜎 into 𝜋 takes time 𝑂 (𝑛 + 𝑣).

It is easy to see that for a given instance there are no more GO-solutions than
O-solutions. For example, assume that 𝜋 =

(
(1, 2, 3, 4, 5, 6)

)
, where orders 1, 2

and 3 belong to one location, while orders 4, 5 and 6 belong to another. For this,
there are 6! = 720 possible O-solutions, while there are only two GO-solutions,
assuming a single in-group sorting method. Even if we consider all possible
sortings, there are only 72 GO-solutions.
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In practice, we expect GO-representation to do better than O-representation
on average due to a smaller solution space and the positive effect of orders
being grouped together. First, we will show some clear advantages of the GO-
representation over the O-representation. We will now show a simple result of
orders being grouped in the absence of alternative locations (i.e. order 𝑖 is always
delivered to location 𝑝𝑖).

Property 1. Let 𝜋 be an O-solution and 𝜎 be a GO-solution corresponding to 𝜋

such that no alternative location is visited while decoding either of them. Then
Σ𝐷 (𝜎) ¬ Σ𝐷 (𝜋).
Proof. Consider any vehicle 𝑟. In both 𝜋 and 𝜎 this vehicle contains the same
set of orders (just possibly arranged differently), which we can denote N𝑟 ⊆ N .
Similarly, the set of intended locations for this vehicle is the same for both
solutions:

len(𝜋𝑟 )⋃
𝑖=1
{𝑝𝜋𝑟 (𝑖)} =M𝑟 ⊆ M+. (52)

For each vehicle 𝑟 three cases are possible. The first is that |N𝑟 | = |M𝑟 |, meaning
that each order is for a different location. Thus, vehicle 𝑟 has the same route in
both 𝜎 and 𝜋, which means that 𝐷𝑟 (𝜎) = 𝐷𝑟 (𝜋).

For the second and third cases, we have |N𝑟 | > |M𝑟 |. The second case is
when the orders in 𝜋 are arranged incidentally such that they are fully grouped.
While incidental, it still results in the same route for vehicle 𝑟 in both solutions
and thus 𝐷𝑟 (𝜎) = 𝐷𝑟 (𝜋).

The last case is when |N𝑟 | > |M𝑟 |, but orders in 𝜋 are not fully grouped, i.e.,
at least two orders in 𝜋𝑟 for location 𝑘 are separated by a sequence of orders with
locations different from 𝑘 . In this case, 𝜎𝑟 has the same tour as in the earlier cases
i.e. the tour has the form of:

0→ 𝑘1 → 𝑘2 → . . . → 𝑘 |M𝑟 | → 0, (53)

where 𝑘1 to 𝑘 |M𝑟 | denote the subsequent locations. However, due to Dirichlet’s
box principle, 𝜋𝑟 has to repeat at least one location, creating tours in the form:

0→ 𝑘1 → 𝑘2 → · · · → 𝑘𝑎−1 → 𝑘𝑎 → 𝑘𝑏 → 𝑘𝑎+1 → 𝑘𝑎+2
→ · · · → 𝑘 |M𝑟 | → 0, (54)

where 𝑘𝑏 ∈ M𝑟 is the repeated location inserted between locations 𝑘𝑎 and
𝑘𝑎+1. Thus, the subroute 𝑘𝑎 → 𝑘𝑎+1 is replaced by 𝑘𝑎 → 𝑘𝑏 → 𝑘𝑎+1. Due
to (4), we know that the former tour cannot be longer than the latter and thus
𝐷𝑟 (𝜎) ¬ 𝐷𝑟 (𝜋). In all of the above cases, we get 𝐷𝑟 (𝜎) ¬ 𝐷𝑟 (𝜋). Since Σ𝐷 is
the sum of 𝐷𝑟 over all vehicles, we ultimately get 𝐷𝑟 (𝜎) ¬ 𝐷𝑟 (𝜋).
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The above reasoning works if a single location is visited twice. However,
when there are more locations that are repeated (or are repeated more than once),
then the reasoning can be applied multiple times, each time showing that the
“reduced” tour is not longer than the “unreduced” tour. 2

We can expect similar results regarding the maximum order delivery time, at
least under some typical conditions.

Property 2. Let 𝜋 be an O-solution and 𝜎 be a GO-solution corresponding to 𝜋

such that no alternative location is visited while decoding either of them. Also,
let 𝑡𝑘,𝑙,𝑖 = 𝑐 · 𝑑𝑘,𝑙 , where 𝑐 > 0 is some constant and 𝑢𝑖 = 0 (i.e. all orders are
deliveries). Then 𝑇max(𝜎) ¬ 𝑇max(𝜋).

Proof. The reasoning is similar to Property 1. If all orders in vehicle 𝑟 are for
different locations or the arrangement of orders in 𝜋𝑟 is incidentally the same
as in 𝜎𝑟 (cases 1 and 2 from Property 1), then the vehicle performs the same
in both solutions. Due to this and travel times being directly tied to distance
(𝑡𝑘,𝑙,𝑖 = 𝑐 · 𝑑𝑘,𝑙), we have 𝑇max(𝜎) = 𝑇max(𝜋).

For the last remaining case, we want to consider the time the last order is
delivered in 𝜋𝑟 and 𝜎𝑟 . In both solutions that time is a sum of:

1. Servicing times 𝑆. Since both 𝜋𝑟 and 𝜎𝑟 serve the same number of orders,
this values is the same for both.

2. Parking/departure times 𝑃. Since grouping might decrease the number of
travels between locations and never increases it, then the sum of 𝑃 for 𝜎𝑟 is
not higher than for 𝜋𝑟 .

3. Travel times 𝑐 ·𝑑𝑘,𝑙 . From Property 1 we know that this sum for 𝜎𝑟 is always
at most as large as the sum for 𝜋𝑟 .

Thus, for vehicle 𝑟, the delivery time of the last order is never higher in 𝜎𝑟 than
in 𝜋𝑟 , which means that 𝑇max(𝜎) ¬ 𝑇max(𝜋). 2

The above properties together with reduced number of solutions indicate that
under specific conditions (no alternate location visits, travel time proportional to
distance), GO-solutions are superior to O-solutions. We expect this behavior to
also be true in similar conditions (some alternate locations visits, some influence
on road conditions on travel time). However, while GO-solutions might be better
in specific cases and in the average case, there are not better in all cases. We
will show this surprising fact through several properties, starting with the total
distance time in the presence of alternative locations.

Property 3. There exists PLBDP instance 𝐼 and O-solution 𝜋 and GO-solution
𝜎 for 𝐼 such that 𝜎 corresponds to 𝜋 and Σ𝐷 (𝜎) > Σ𝐷 (𝜋).
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Proof. The proof is based on counter-example. We will construct 𝜋 and 𝜎

such that in both of them the same alternative location will have to be visited.
However, in 𝜋 that location would have been visited directly afterwards anyway,
not affecting total distance traveled. Conversely, 𝜎 will be affected.

We construct 𝐼 as follows. Let 𝑛 = 9, 𝑚 = 4, 𝑣 = 2. For the orders, we set
𝑝1 = 𝑝2 = 𝑝3 = 𝑝4 = 𝑝5 = 1, 𝑝6 = 𝑝8 = 2, 𝑝7 = 3 and 𝑝9 = 4. We set 𝑠𝑖 = 1,
𝑢𝑖 = 0, 𝑤𝑖 = 1 for all 𝑖. For locations, we set 𝑎2,1 = 1 and 𝑎𝑘,1 = 6 for 𝑘 ≠ 2. For
𝑑𝑘,𝑙 , we assume the distances shown in Figure 4. We also assume 𝑡𝑘,𝑙,𝑖 = 𝑑𝑘,𝑙 for
all 𝑖. We also assume 𝐶 = 6, 𝑆 = 1, and 𝑃 = 𝐵 = 0, although 𝐼 can be constructed
for non-zero values as well.

Figure 4: Location distances for instance in Property 3

Next, let our 𝜎 and 𝜋 be as follows:

𝜋 =
(
(1, 6, 2, 3, 4, 5), (7, 8, 9)

)
, (55)

𝜎 =

( (
(1, 2, 3, 4, 5), (6)

)
,
(
(7), (8), (9)

) )
. (56)

Both vehicles have to arrive at location 2. Since 𝑎2,1 = 1, one of them vehicles
will have to visit an alternate location 4 (since it is closest to 2). Vehicle 2 will visit
location 4 after location 2 in both cases, so its total distance 𝐷2 will not change.
However, vehicle 1 will visit location 4 only if there is no lockers available at
location 2 (which will be different for 𝜋 and 𝜎), which will lengthen its travel
distance 𝐷1.

For better understanding, we will show the time the vehicles spent on each
event, allowing us to see which vehicle reaches location 2 later, meaning that
it will have to visit the alternative location. Underlined numbers indicate time
spent servicing orders and remaining non-underlined numbers indicate time spent
traveling. The double vertical line indicates the moment the vehicles arrive at
location 2. Time an event starts is obtained by summing the numbers prior to it.

Let us start with 𝜎:

Vehicle 1 : 2 5 2 | | 1 1 4, (57)
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Vehicle 2 : 3 1 4 | | 1 1 1 4. (58)

Vehicle 2 goes to location 3, services an order there and goes to location 2,
arriving there at time 8. Vehicle 2 leaves its order there, then goes to location 4,
services its last order, and goes back to the depot. On the other hand, vehicle 1
first travels to location 1 and services 5 orders there, before going to location 2
and arriving there at time 9. Since it arrived at this location after vehicle 2 and
this location had only 1 locker available, the vehicle cannot service its order
there. Instead, it moves to location 4 services its order there and goes back to the
depot. Since 𝑑𝑘,𝑙 = 𝑡𝑘,𝑙,𝑖, we can compute 𝐷1 = 9 and 𝐷2 = 12 by summing all
non-underlined numbers. Thus, Σ𝐷 (𝜎) = 𝐷1 + 𝐷2 = 21.

We now perform the same process for 𝜋:

Vehicle 1 : 2 1 2 | | 1 2 4 2, (59)
Vehicle 2 : 3 1 4 | | 1 2 4. (60)

The result is 𝐷1 = 8 and 𝐷2 = 12, so Σ𝐷 (𝜋) = 20. 2

A similar result can be shown for the maximal delivery time with the following
property.

Property 4. There exists PLBDP instance 𝐼 and O-solution 𝜋 and GO-solution
𝜎 for 𝐼 such that 𝜎 corresponds to 𝜋 and 𝑇max(𝜎) > 𝑇max(𝜋).

Proof. The idea is that grouping orders might push pickup orders (which do not
affect 𝑇max) earlier, while pushing delivery orders later, negatively affecting 𝑇max.
With this idea, the instance 𝐼 can be constructed trivially with 𝑛 = 3, 𝑚 = 2,
𝑣 = 1, 𝑝1 = 𝑝2 = 1, 𝑝3 = 2, 𝑢1 = 𝑢3 = 0, 𝑢2 = 1 and 𝑆 = 1. We also assume
𝑡𝑘,𝑙,𝑖 = 𝑑𝑘,𝑙 for all 𝑖. Next, ass 𝜋 and 𝜎 we choose:

𝜋 =
(
(1, 3, 2)

)
, (61)

𝜎 =

( (
(1, 2)), ((3)

) )
. (62)

Only delivery orders affect 𝑇max, meaning orders 1 and 3. Order 1 is delivered at
the same time in both 𝜎 and 𝜋, however order 3 is delayed in 𝜎 compared to 𝜋

by servicing of a pickup order 2 which takes time. Thus, 𝑇max(𝜎) > 𝑇max(𝜋). 2

The above properties show that when each criterion is considered alone,
we can sometimes find GO-solutions that are worse than their corresponding O-
solutions. However, it is easy to notice that the decrease in𝑇max(𝜋) in the example
from Property 4 comes at a price of increased Σ𝐷 (𝜋). Thus, there is a possibility
that when both criteria are considered, 𝜎 is never worse than the corresponding
𝜋, that is, 𝜋 ⊀ 𝜎. This is not the case, as we show below.
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Property 5. There exists PLBDP instance 𝐼 and O-solution 𝜋 for that instance,
such that 𝜋 ≺ 𝜎, where 𝜎 corresponds to 𝜋 according to some in-group sorting.

Proof. We construct 𝐼 as follows. We have 𝑛 = 3 orders, 𝑚 = 2 locations (not
counting the depot), 𝑣 = 1 vehicles, and 𝑧 = 1 parcel sizes. For orders, we assume
𝑠1 = 𝑠2 =3= 1, 𝑤1 = 𝑤2 = 𝑤3 = 1, 𝑝1 = 𝑝2 = 1, 𝑝3 = 2, 𝑢1 = 𝑢3 = 0, 𝑢2 = 1.
Considering locations, we assume 𝑎1,1 = 𝑎2,1 = 2, 𝑑0,1 = 𝑑1,0 = 𝑑1,2 = 𝑑2,1 = 1,
𝑑0,2 = 𝑑2,0 = 2. For vehicles, we assume 𝑆 = 1, 𝑃 = 1, 𝐵 = 0, 𝐶 = 3 and 𝑟𝑖 = 1
(for all possible 𝑖).

Next, we choose 𝜋 =
(
(1, 3, 2)

)
. Similarly, as the corresponding GO-solution,

we choose 𝜎 =

( (
(1, 2), (3)

) )
, i.e. the sorting is preserved from 𝜋. We will now

show that 𝜋 ≺ 𝜎.
We start with the total travel distance. For 𝜋 we first travel from location 0

(the depot) to 2, then to location 1 and then back to 0. The total distance is thus
𝑑0,2 + 𝑑2,1 + 𝑑1,0 = 4. Similarly, for 𝜎, we have 𝑑0,1 + 𝑑1,2 + 𝑑2,0 = 4. Since the
total distance is the same for both solutions, it is now sufficient to show that the
maximum order delivery time for 𝜋 is shorter than for 𝜎.

We start with 𝜋. We travel from 0 to 1, park there, service (deliver) order 1 and
depart. Then we travel to location 2, park, service (deliver) order 3 and depart.
Then we travel back to location 1, park, service (pickup) order 2, depart. Finally,
we travel to the depot. Thus, the times orders 1 and 3 (order 2 does not matter as
it is a pickup) are serviced are:

𝑑0,1 + 𝑃 + 𝑆 = 3, (63)
𝑑0,1 + 𝑃 + 𝑆 + 𝑃 + 𝑑1,2 + 𝑃 + 𝑆 = 7. (64)

Thus the completion time of all delivery orders for 𝜋 is max{3, 7} = 7.
We perform a similar reasoning for 𝜎. We first visit location 1, servicing

orders first order 1 and then order 2. Then we move to location 2, servicing order
3. Then we return to the depot. The delivery times are:

𝑑0,1 + 𝑃 + 𝑆 = 3, (65)
𝑑0,1 + 𝑃 + 𝑆 + 𝑆 + 𝑃 + 𝑑1,2 + 𝑃 + 𝑆 = 8. (66)

The delivery completion time for 𝜎 is max{3, 8} = 8. Thus, 𝜋 ≺ 𝜎. 2

The above property shows that sometimes it might be beneficial to visit
a parcel location twice. Moreover, this is regardless of the in-group sorting used
to create 𝜎 as shown below.

Property 6. There exists PLBDP instance 𝐼 and O-solution 𝜋 for that instance,
such that 𝜋 ≺ 𝜎 for any 𝜎 corresponding to 𝜋 for any in-group sorting.
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Proof. We will use the same instance 𝐼 and 𝜋 as for Property 5. Since we
already used 𝜎 =

( (
(1, 2), (3)

) )
, the only other sorting option we have is 𝜎 =( (

(2, 1), (3)
) )

.
The total travel distance is 4 as before (since we visit the same locations in

the same order), so once again we focus on maximal delivery time. We have:

𝑑0,1 + 𝑃 + 𝑆 + 𝑆 = 4, (67)
𝑑0,1 + 𝑃 + 𝑆 + 𝑆 + 𝑃 + 𝑑1,2 + 𝑃 + 𝑆 = 8. (68)

Thus, the delivery completion time for this 𝜎 is also 8. 2

We showed that some 𝜎 can be worse than their corresponding 𝜋 regardless
of the in-group sorting. However, it might still be possible that for every 𝜋 there
exists 𝜎 (which corresponds to some O-solution, not necessarily 𝜋) such that
𝜋 ⊀ 𝜎. This would imply that 𝜋∗ ⊀ 𝜎∗ and would make GO-solutions “safe” to
use. We will now show that this is not the case and that GO-solutions are not
guaranteed to be optimal.

Property 7. There exists PLBDP instance 𝐼 for which 𝜋∗ ≺ 𝜎∗.

Proof. We will once again use the same instance as in Property 5. For this
instance there are 6 possible O-solutions, so we can obtain 𝜋∗ by evaluating all
of them. Below we enumerate those O-solutions and their corresponding goal
function values in the form 𝜋 →

(
Σ𝐷 (𝜋), 𝑇max(𝜋)

)
:(

(1, 2, 3)
)
→ (4, 8), (69)(

(1, 3, 2)
)
→ (4, 7), (70)(

(2, 1, 3)
)
→ (4, 8), (71)(

(2, 3, 1)
)
→ (4, 11), (72)(

(3, 1, 2)
)
→ (4, 8), (73)(

(3, 2, 1)
)
→ (4, 9). (74)

Thus, we obtain 𝜋∗ =
(
(1, 3, 2)

)
. Similarly, we have 4 possible GO-solutions

(2 solutions times 2 possible in-groups sortings) and we enumerate them as well:( (
(1, 2), (3)

) )
→ (4, 8), (75)( (

(2, 1), (3)
) )
→ (4, 8), (76)( (

(3), (1, 2)
) )
→ (4, 8), (77)( (

(3), (2, 1)
) )
→ (4, 9). (78)
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Thus, 𝜎∗ is any of the above GO-solutions except
( (
(3), (2, 1)

) )
. Since (4, 7) ≺

(4, 8), we conclude that 𝜋∗ ≺ 𝜎∗. 2

The above properties indicate that GO-solutions might be suboptimal in the
worst case, however, the resulting solution space is still much smaller. As such,
GO-representation might still obtain better solutions in the average case.

5.2. Batch representation

The idea showcased by GO-presentation might be brought further. In par-
ticular, all orders intended for a given location might be grouped together. The
resulting could be called Location representation or L-representation for short.
The L-solution 𝜌 would be defined similarly to the GO-solution 𝜎, except there is
an additional restriction that all orders for a given location are placed in one group
(and thus in one vehicle). As with GO-representation, the immediate potential
benefit of L-representation is that the number of possible solutions decreases and
cannot be higher than:

𝑃(𝑚 + 𝑣 − 1, 𝑚) = (𝑚 + 𝑣 − 1)!
(𝑣 − 1)! ∈ 𝑂

(
(𝑚 + 𝑣)!

)
. (79)

For example, assume 𝑛 = 15, 𝑚 = 6, 𝑣 = 5. Then from (41) the number of
O-solutions is greater than 5.06 ·1015, while the number of L-solutions from (79)
is not greater than 30240. That means approximately 1.56 · 1011 O-solutions per
one L-solution.

However, the L-representation has one drawback: there might be instances
for which there are no feasible L-solutions at all. Such instances can be trivially
constructed by making the total weight of all orders higher than the total capacity
of all vehicles:

𝑛∑︁
𝑖=1

𝑤𝑖 > 𝑣𝐶. (80)

However, for such instances, no feasible O- or GO-solutions exist either. We will
now show instances for which feasible O- and GO-solutions exist but feasible
L-solutions do not.

Property 8. There exists PLBDP instance 𝐼 for which there exist feasible O-
solutions and easible GO-solutions, but for which there are no feasible L-
solutions.

Proof. Instance 𝐼 is constructed trivially. For example, assume 𝑛 = 2, 𝑚 = 1,
𝑣 = 2, 𝑤1 = 𝑤2 = 1, 𝑝1 = 𝑝2 = 1, 𝐶 = 1. Since groups in L-solutions cannot be
split between different vehicles and have to include all orders for a given location,
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the only possible L-solutions are:( (
(1, 2)), (()

) )
, (81)( (

(2, 1)), (()
) )
, (82)( (

()), ((1, 2)
) )
, (83)( (

()), ((2, 1)
) )
. (84)

All of those L-solutions are infeasible. Meanwhile the possible O-solutions are:(
(1, 2), ()

)
, (85)(

(2, 1), ()
)
, (86)(

(), (1, 2)
)
, (87)(

(), (2, 1)
)
, (88)(

(1), (2)
)
, (89)(

(2), (1)
)
. (90)

Out of those O-solutions only the first four are infeasible. The construction of the
corresponding GO-solutions is left for the reader as exercise. 2

The showcased drawback can be corrected by introducing a limit on the
maximal group size. If the sum of weights of the orders belonging to a single
location does not exceed 𝐶, then they make a single group. If the sum exceeds
𝐶, then the orders for that location are split into multiple groups. To distinguish
those groups from those in the GO-representation, we will call the resulting groups
“batches”. Thus, the resulting representation will be called Batch representation
or B-representation for short.

The first emerging issue is how to divide groups that are too large to fit into
one vehicle into multiple batches. The maximal number of batches to create for
a given location is easy enough to reason out. If the total weight of orders for
locations 𝑘 is 𝑊 , then we need at least ⌈𝑊/𝐶⌉ batches. The way of assigning
orders to these batches is more difficult. An easy idea is to take orders in arbitrary
order and put them into a batch as long as the total weight of the batch does
not exceed 𝐶. As soon as the weight exceeds 𝐶 a new batch is created. Different
variants are possible, for example, limiting batch weight to some percentage of
𝐶. Since we expect the problem of too big groups to rarely occur in practice, we
will use the “do not exceed” 𝐶 strategy unless stated otherwise.
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It is easy to prove that all B-solutions are GO-solutions. Due to this, all
results from Section 5.1 apply to B-solutions, including the modified decoding
procedure, as well as Properties 5, 6, and 7.

5.3. 𝑖-Limited Batch representations

As we have seen, B-representation has much smaller solution space, but due
to this, it might exclude some of the high-quality solutions (including optimal
solutions). On the other hand, O-representation has an unreasonably large solution
space in practice. To solve this dilemma we propose a modification of the B-
representation that limits the maximal number of orders in the batch to some
value 𝑖. This results in a 𝑖-Limited Batch representation or 𝑖-LB-representation,
for short. This idea is similar to using some percentage of𝐶 to limit the batch size
as before, except the limit is directly tied to the number of orders 𝑛. The value
𝑖 might be a constant or a percentage of 𝑛. This allows to exercise a limited but
more precise control of the size of the solution space.

As before, it is easy to prove that all 𝑖-LB-solutions are GO-solutions and the
results from Section 5.1 regarding the decoding procedure and Properties 5, 6,
and 7 apply to them. It should also be noted that each batch in an 𝑖-LB-solution
still contains only orders intended for one location. Thus if a given location has
less than 𝑖 orders, then that particular batch will be smaller. If each location has
at most 𝑗 orders intended for it and 𝑗 < 𝑖, then the 𝑖-LB-representation effectively
becomes the 𝑗-LB-representation.

6. Solving methods

In this section, we will describe the algorithms proposed to solve the consid-
ered problem. It should be noted that those algorithms are primarily meant to
highlight the properties of the problem and the representations proposed in Sec-
tion 5. However, since no other algorithms for this problem were shown before,
they will also serve as state-of-the-art algorithms. For each algorithm four differ-
ent variants were developed, one variant for each of the proposed representations.
Both algorithms are iterative and will invoke the DES system multiple times.

6.1. Greedy heuristic

The outline of the proposed greedy heuristic for all variants is shown in Fig-
ure 5. The algorithm is iterative and works as follows.

In the first phase, the sequence of elements (orders, order groups, batches,
etc.) is constructed. In the second phase, we proceed iteratively, starting from
empty vehicles and trying to insert the next element of the sequence into one of
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Figure 5: Outline of the greedy algorithm

the vehicles. For each vehicle, we evaluate the resulting solution and add it to the
candidates if it is feasible.

During each iteration (except the last), we choose one vehicle from all candi-
date partial solutions. In single-criterion optimization this is straightforward. We
can just compute the goal function value for each vehicle and choose the vehicle
with the smallest value. However, for two-criterion optimization it is more com-
plicated. Using domination relation is not fully preferable, as it might turn out
that all candidate solutions are Pareto-equivalent. Instead, we use the TOPSIS
method [6], which sorts all candidate solutions according to their distance from
the ideal positive and ideal negative solutions.

The last iteration is performed differently. Instead of using TOPSIS to pick one
solution from the candidates, we just remove the candidates which are dominated
by at least one other candidate. The remaining candidates do not dominate each
other and thus are the approximation of the Pareto front.
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The greedy heuristic employing O-solution will be denoted O-greedy. For this
algorithm, elements are orders. The orders are inserted to the end of the chosen
vehicle. For GO-greedy elements are also orders. The order is placed at the end
of the group intended for its location. If the vehicle does not have a group for this
location, such a group is created and added as the last group. For the B-greedy
algorithm, the elements are batches, prepared as shown in Section 5. Insertion
adds the batch to the end of the batch list. We also make sure that a single vehicle
has at most one batch for a given location. Finally, for 𝑖-LB-greedy we proceed in
a similar manner. The orders are divided into 𝑖-limited batches. When inserting,
a limited batch is added as the last batch in the vehicle.

6.2. Genetic algorithm

The Genetic Algorithm (GA) is a well-known metaheuristic based on the
evolutionary processes observed in biological evolution. Similarly, to the greedy
method, a different variant of GA (i.e. O-GA, GO-GA, B-GA etc.) was imple-
mented for each of the considered representations. Unlike the greedy method,
GA runs until a given time has elapsed. The general outline of GA is shown in
Figure 6.

Figure 6: Outline of the Genetic Algorithm

First, an initial population of size popSize has to be created, which is done
similarly for all variants. We start by running the greedy algorithm, obtaining
a Pareto front approximation of 𝑘 solutions. Then each of the popSize specimens
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is created as a copy of a random greedy solution. However, leaving it at this
would create low genetic diversity (especially if the greedy algorithm found
a very small front). Thus, for each specimen, we additionally diversify it by
applying a number of random insertion moves, in the same way as in the case of
the mutation operator described further in this section. Once the initial population
is established, we evaluate each solution in it and try to add them to the global
Pareto front approximation.

Next, in each iteration (generation) of the algorithm we create a certain number
of children. This number is based on the elitism factor described later in this
section. For each pair of selected parents, we attempt to create a pair of children.
However, due to the possibility of infeasible solutions, one or both children might
be infeasible. Thus, the procedure for selecting parents and creating children is
repeated until a sufficient number of children are created. A parent pair is selected
through a tournament in the following way. Two tournaments are held, and their
winners become the selected parent pair. A single tournament is held by randomly
choosing a number of specimens from the population and applying the TOPSIS
method to choose the best specimen, which becomes the winner.

For each pair of parents (𝑃1, 𝑃2) the first child 𝐶1 is created by applying the
crossover operator i.e. 𝐶1 = crossover(𝑃1, 𝑃2). The second child 𝐶2 is created in
a similar way, except that the parents swap places, i.e. 𝐶2 = crossover(𝑃2, 𝑃1).
The basic idea of the crossover operator is similar for all representations. First,
we treat the sequence of vehicles as linear and randomly choose two crossover
points. An example of this idea for the O-representation is shown in Figure 7. For
the O-representation, the crossover operator then proceeds as follows. The orders
from 𝑃1 that are between the crossover point are inserted into 𝐶1 into the same
vehicles they were originally in 𝑃1. Next, we go through 𝑃2 and try to insert all
the remaining orders into 𝐶1. We first try to insert the order into the same vehicle
in 𝐶1 that it was originally in 𝑃2. If the resulting solution is infeasible, we try
to insert the order into further vehicles. If there are orders that were not inserted
into any vehicle, the child is infeasible and is not created.

For B-representation and 𝑖-LB-representation the crossover procedure is sim-
ilar, except that entire batches are inserted instead of individual orders. For

Figure 7: Illustration of crossover point for O-solution
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GO-representation individual orders are inserted and we ensure that if a group
for a given location already exists in that vehicle, the order is inserted into that
group.

When a sufficient number of children is created, we proceed to mutation.
The mutation operator is applied to each child with probability mutProb. For
O-representation the mutation is performed by removing a random order from
a random vehicle and the re-inserting it somewhere else, such that the order might
end up in any vehicle and in any available position in the chosen vehicle. If the
resulting solution is feasible, it replaces the original child. If it is infeasible, the
original child is kept.

The mutation operator works similarly for B-representation and 𝑖-LB represen-
tation, except entire batches are removed and re-inserted. For GO-representation
the process is more complex. Suppose that we want to remove from vehicle 𝑟

and insert into vehicle 𝑠. If 𝑟 ≠ 𝑠, then we first remove a random order from 𝑟.
If 𝑠 has no group matching the location for this particular order, then we create
a new group for it and insert that group in a random position among the other
groups. Finally, we add the order at the end of its group. If 𝑟 = 𝑠, then moving
the individual order inside the vehicle has little effect as it would still be tied to
its group. Thus, in such a case we remove an entire random group from 𝑟 and
re-insert it into 𝑟 at random position.

As the last step in each generation, we create a new population based on
the old population and the children. First, we use the elitism mechanism, where
a certain percentage of best solutions from the old population are put into the
new population. The best solution are, once again, determined by the TOPSIS
method. The remaining specimens in the new population are children created in
this generation. Thus, in each generation, we create (1−elitism)popSize children.

Regarding the parameters, we have chosen popSize = 100. The number of
random insertions performed on the greedy solution was set to 𝑛/10. The size
of the tournament was chosen to be equal to

√
popSize, rounded to the nearest

integer. The parameter mutProb was set to 8% (slightly higher than our typical
GA approach. This is done to account for some mutations creating infeasible
solutions). We have chosen the value of elitism to be 5%. The time limit for GA
was set to 𝑛/10 seconds.

7. Instance generation

In this section, we will describe the procedure for generating instances of the
considered problem. The instance generation is partially based on real-life data.
We also use the presented instance generator to propose a instance dataset for the
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problem proposed in this paper. The dataset, and the generation procedure are
available on Github [21].

7.1. Real-life data and general assumptions

First, eight cities in Poland were chosen as the basis for the instances. The
summary of the data for each city is shown in Table 4. The population was
established based on data from the Poland government agency Statistics Poland
[26]. The locations of parcel lockers for a specific delivering company were
collected from the OpenStreetMap database using the Overpass AP tool [16].
The number and locations of the depots for each city were retrieved from the
company website. Please note that for some cities the depot is located in another
city. This is also expressed in the final column, where LL is defined as the average
distance between locker locations and LD is the average distance between lockers
and depots. Thus, LD

LL = 1.75 means that, on average, the distance from a depot to
a locker is 75% higher than distance from a locker to another locker.

Table 4: Summary of data on 8 cities used in instance generation

Id City name Population Locations Depots (city) LD/LL
0 Warszawa 1794166 949 6 (Warszawa) 2.14
1 Wrocław 641928 375 3 (Wrocław) 1.47
2 Łódź 672185 300 2 (Łódź) 1.26
3 Częstochowa 217530 39 1 (Częstochowa) 1.38
4 Radom 209296 81 1 (Radom) 1.75
5 Inowrocław 71674 21 1 (Bydgoszcz) 17.22
6 Ostrów Wlkp. 71560 46 1 (Kalisz) 6.22
7 Suwałki 69639 29 1 (Ełk) 19.93

Distances 𝑑𝑘,𝑙 were calculated using real-life data using OpenStreetMap [14].
Regarding travel times 𝑡𝑘, 𝑙, 𝑖, we wanted to introduce the influence of traffic
conditions on travel time between locations. Unfortunately, as it is not easy to
obtain reliable data on traffic conditions, especially for specific cities, we have
used the data for average in-day traffic speed in Beĳing shown in [9], which, after
averaging for both types of roads, are shown in Table 5. Thus, for our dataset, we
assume that:

𝑡𝑘,𝑙,𝑖 =
𝑑𝑘,𝑙

𝑉𝑖
, (91)

where 𝑉𝑖 is the average speed corresponding to time 𝑖.
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Table 5: Average travel speed depending on in-day hour [km/h], based on [9]

Hour 12 AM 1 AM 2 AM 3 AM 4 AM 5 AM 6 AM 7 AM
Speed 38.9 39.5 40.2 40.9 41.0 40.0 35.6 30.9
Hour 8 AM 9 AM 10 AM 11 AM 12 PM 1 PM 2 PM 3 PM
Speed 30.2 30.8 31.1 31.7 32.4 32.1 31.2 30.9
Hour 4 PM 5 PM 6 PM 7 PM 8 PM 9 PM 10 PM 11 PM
Speed 30.2 28.4 28.4 31.1 32.5 33.6 37.0 38.0

Based on the commonly used type of parcel locker, we have assumed that
there are 3 different parcel locker sizes: small, medium, and large. The default
number of lockers per location is 32 (small), 29 (medium), and 18 (large).

Regarding order weights, we have assumed that 𝑤𝑖 ∈ {1, 2, . . . , 25}, in kilo-
grams. However, we felt that uniform distribution is unrealistic and assumed that
heavier orders are less probable. Thus, we assumed an exponential progression,
where order weight 𝑖 + 1 is 10% less probable than order weight 𝑖. The resulting
probabilities are shown in Table 6.

Table 6: Order weight probabilities

𝑤𝑖 1 2 3 4 5 6 7 8 9
𝑃(𝑤𝑖) 0.1000 0.0910 0.0828 0.0752 0.684 0.0622 0.0565 0.0514 0.0467
𝑤𝑖 10 11 12 13 14 15 16 17 18
𝑃(𝑤𝑖) 0.0425 0.0386 0.0351 0.0319 0.0290 0.0264 0.0240 0.0218 0.0198
𝑤𝑖 19 20 21 22 23 24 25
𝑃(𝑤𝑖) 0.0180 0.0164 0.0149 0.0135 0.0123 0.0112 0.0102

7.2. Generation procedure

Specific instances are generated through a procedure that accepts 10 param-
eters: seed (for the pseudorandom number generator), city (city number from
Table 4), orderRatio (numbers of orders per city resident), pickupRatio (per-
centage of pickups among orders), vehicleRatio (numbers of vehicles per or-
der), occuppancyRatio (probability of a locker being occupied), vehicleCapacity,
parkTime, serviceTime and startTime. Then the instance is generated as follows.

LetU{𝑎, 𝑏} andU(𝑎, 𝑏) denote a discrete and continuous uniform distribu-
tion from 𝑎 to 𝑏, respectively. First, we set:

𝑛 = round(orderRatio · population(city)), (92)
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𝑚 = locations(city) − depots(city), (93)
𝑣 = max{1, round(vehicleRatio · orderRatio · population(city))}, (94)
𝑧 = 3, (95)
𝑃 = parkTime, (96)
𝑆 = serviceTime, (97)
𝐵 = startTime, (98)
𝐶 = vehicleCapacity. (99)

where population, locations and depots are taken from columns 3, 4 and 5 from
Table 4 for that city. For example, for orderRatio = 0.001 and city = 0 we have
𝑛 = 1794 orders.

Regarding locations and parcel lockers, we first need to choose our depot
location. For cities 3 through 7 there is only one possibility. For cities 0 through
2 we choose the depot at random. Then the appropriate distances 𝑑𝑘,𝑙 are taken
from the distance matrix for the appropriate city. The values 𝑡𝑘,𝑙,𝑖 are dynam-
ically calculated based on (91). Finally, for values 𝑎𝑘,𝑖, we start with 𝑎𝑘,𝑖 = 0
and try to add all possible lockers (32, 29, 18, depending on the size of the
locker), but each increment is made with probability occuppancyRatio. Thus, if
occuppancyRatio = 0.25, then 𝑎𝑘,0 would be 24 instead of 32 on average.

The order weights 𝑤𝑖 are drawn from the distribution shown in Table 6.
Order sizes are drawn as 𝑠𝑖 ∼ U{1, 3}. The first round((1 − pickupRatio)𝑛)
orders are delivery orders, i.e. 𝑢𝑖 = 0. The remaining orders are pickup orders,
i.e. 𝑢𝑖 = 1. Finally, order locations 𝑝𝑖 are generated differently for delivery and
pickup orders. For delivery orders, it is simply 𝑝𝑖 ∼ U{1, 𝑚}. However, for
pickup orders, we also have to check if the resulting location has lockers available
for size 𝑠𝑖. If not, we check larger sizes for that location. If the pickup order fits in
one, we keep the location, but change 𝑠𝑖 accordingly. If no appropriate sizes are
available for this location, we repeat the procedure for another random location
until an appropriate location is found. Naturally, each generated pickup order
decreases the appropriate 𝑎𝑘,𝑖 value by one.

7.3. Instance dataset

The basic instance dataset was generated as follows. For each of the 8 cities
we consider four values of orderRatio: 0.001, 0.002, 0.003, 0.004 (meaning from
0.001 to 0.004 orders per citizen). This results in problem instances with the
number of orders from 𝑛 = 70 to 𝑛 = 7177. For each of the 32 such instance
groups, we generate 10 instances, for a total dataset size of 320 instances. We
assume that pickup orders constitute 25% of all orders and that 10% of lockers
are unavailable (occupied). For vehicle capacity, we assume 𝐶 = 700 kg, in line
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with smaller or electric delivery cars, which are more economic and environment-
friendly in city traffic. We assume that each vehicle will be 70% full on average,
allowing for some flexibility. This, together with the expected value of𝑤𝑖 around 8,
leads to 1 vehicle per 62.5 orders, i.e. vehicleRatio = 0.016. We have assumed
that parking/departing and order servicing take 60 and 30 seconds, respectively.
Finally, we assume that vehicles leave the depot at 9 am, which means that
𝐵 = 32400 seconds. seed increases by 100 with each instance. The overall
procedure is shown in Algorithm 5.

Algorithm 5: Basic instance dataset generation
1 seed← 100;
2 for city← 0 to 7 do
3 for orderRatio← 0.001 to 0.004 by 0.001 do
4 for 𝑖 ← 1 to 10 do
5 generate(seed, city, orderRatio, 0.25, 0.016, 0.1, 700, 60, 30, 32400);
6 seed← seed + 100;

7 23 and 40 respectively 0.012

8. Computer experiments

In this section, we show the results of computer experiments researching the
practical properties of the problem and the solution representations proposed in
Sections 4 and 5 as well as the effectiveness of the solving methods described
in Section 6. The experiments will be performed using the base instance set
described in Section 7 and its derivatives.

8.1. Equipment and measures of quality

All algorithms were coded in C++ 9.4.0 and their source code is available in the
GitHub repository [21]. All experiments were performed on a DGX machine with
AMD EPYC 7742 3.2 GHz processor with 64 physical (128 logical) cores and
503 GiB of RAM running under Ubuntu Linux 5.4. Since GA is a probabilistic
solving method, in all experiments it was run 10 times for each instance and
representation.

Due to the multi-criteria nature of our problem, a single solving method
provides a Pareto front approximation that may contain multiple solutions. To
compare fronts, we will use the concept of a Hyper-Volume Indicator (HVI) [31].
Assume that F1 and F2 are two Pareto front approximations. Then the HVI of
the front F𝑖 is the area of the figure constrained by points from F𝑖 and a reference
(or “nadir”) point 𝑍 . The coordinates of point 𝑍 are constructed from the worst
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values of both considered fronts and then multiplied by some constant. In our
case, we multiply them by 1.2, which is a common value. Thus, the point 𝑍

represents the “anti-ideal” solution, and the higher the HVI value (the larger the
area of the figure), the better. This idea can be used for any number of front
approximations and any number of optimization criteria. The concept of HVI is
illustrated in Figure 8. Although HVI will be our primary measure of quality, we
will also report the average values of both criteria Σ𝐷 and 𝑇max.
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Figure 8: Illustration of HVI for two Pareto front approximations. The first front (red circles) has
4 solutions and the second one (blue squares) has 3 solutions. The colored areas represent HVI
of respectively fronts. The front indicated with blue squares has higher HVI and is thus perceived
as better. Point 𝑍 has coordinates (25, 44) based on the worst values on each criterion (which are
23 and 40 respectively)

8.2. 𝑖-LB representation quality

In this section, we will research the effect of batch size on the quality of solu-
tions for 𝑖-LB-representation. This is the only one of the proposed representations
that requires one to choose the value of an additional parameter 𝑖. The purpose of
this research is to establish both (1) the general relationship between batch size
and (2) which values of 𝑖 are best.

We have conducted research on standard instances using different 𝑖-LB-
representations. We have used relative 𝑖 values, where 100% corresponds to
the maximal reasonable batch size (i.e., there are no locations with that many
orders). The overall results for GA in the form of boxplots are shown in Figure 9.
Please note that the HVI values are relative, i.e. HVI = 1.0 indicates the worst
HVI obtained among all batch sizes for a given instance.
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Figure 9: HVI boxplots for various relative batch sizes (boxplots are constructed from the 5th,
25th, 50th, 75th and 95th percentiles respectively)

As expected, an increase in batch size generally increases the value of HVI.
The increase is significant, with the median HVI increasing more than twice when
the batch size increases from 5% to 100%. One notable exception is the batch size
of 95%, which seems to provide better values than 100%. A similar, though less
pronounced effect was observed for the greedy algorithm. These observations are
further illustrated by the average values of HVI, Σ𝐷 and 𝑇max shown in Table 7.

Table 7: Aggregated results of LB-greedy and LB-GA algorithms for various batch sizes

Batch size
GA Greedy

HVI Σ𝐷 𝑇max HVI Σ𝐷 𝑇max

80% 2.16410 0.81229 0.92692 1.37161 0.94982 0.97893
85% 2.12899 0.81631 0.92877 1.33897 0.95509 0.98173
90% 2.19320 0.80968 0.92579 1.35706 0.95301 0.97928
95% 2.24152 0.80845 0.92928 1.44975 0.94166 0.97427

100% 2.15598 0.81061 0.92575 1.30659 0.96012 0.98381

With regard to the research goal, we conclude that quality increases with the
percentage of the maximum batch size, but the growth stabilizes around 75%.
Moreover, the 𝑖-LB-representation is the best for 𝑖 equal to 95% of a maximal
batch size. The differences compared to the 90% and 100% options are small,
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but it should be noted that even small differences can be important as PLBD
systems are periodic. As such, a small daily saving becomes significant over a
longer horizon, e.g. a year.

8.3. Representation and algorithm comparison

In this section, we provide the main results of comparing GA and greedy
solving methods for all proposed solution representations. The purpose of this
research is to establish (1) differences between various proposed representations,
(2) the effect of the number of orders on solution quality, and (3) the improvement
of the GA method over the greedy algorithm.

We will start with HVI. The average results for various 𝑛 ranges are shown
in Table 8. Please note that ¬ 500 means 250 < 𝑛 ¬ 500 and that all HVI are
relative to the worst HVI observed for a given instance. Representation-wise,
we notice that O-representation performs the worst in all considered cases. Its
relative quality also decreases slightly as 𝑛 increases. The second-worst is GO-
representation, which already provides several times higher HVIs. Similarly to
O-representation, its relative quality drops significantly as 𝑛 increases. Finally,
B- and 𝑖-LB-representation (where 𝑖 equals 95% of the maximum batch size,
as shown in 8.2) consistently perform the best. Moreover, while for smaller
instances their quality is similar to GO-representation, it quickly increases, pro-
viding 8 times higher HVI for the largest instances. We conclude that despite their
theoretical drawbacks shown in Section 5 the alternative representations perform
much better in practice. Finally, the results indicate that the 𝑖-LB-representation
with 95% batch size outperforms the B-representation, although the effect is
negligible.

Table 8: Aggregated relative HVI results of GA and greedy algorithms for various representation
types and numbers of orders 𝑛

𝑛
GA Greedy

𝑖-LB B GO O 𝑖-LB B GO O
¬ 250 7.608 7.598 7.014 1.460 5.952 5.952 4.794 1.000
¬ 500 7.588 7.597 5.861 1.117 6.871 6.871 4.344 1.000
¬ 1000 11.772 11.706 6.451 1.039 10.823 10.822 5.068 1.000
¬ 2000 13.605 13.551 3.688 1.002 12.697 12.697 3.592 1.000
¬ 4000 18.614 18.469 3.868 1.000 17.663 17.657 3.817 1.000
¬ 8000 20.493 20.477 2.523 1.000 20.223 20.222 2.503 1.000

All 11.316 11.276 5.639 1.184 10.208 10.207 4.359 1.000
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Algorithm-wise, the GA metaheuristic generally outperforms the greedy
method, from 10 to 30% on average, depending on the representation. The im-
provement is especially visible for smaller problems. However, as problem size
increases, the differences between GA and greedy algorithm become smaller and
for the largest instances the GA fails to significantly improve the results provided
by the greedy method. This might be partially due to the greedy algorithm having
𝑂 (𝑛3) time complexity. Since GA has a running time limit of 𝑂 (𝑛), for a higher
𝑛 GA has relatively less time to improve the solution provided by the greedy
method, while also dealing with a larger solution space.

Since HVI does not allow us to see the values of each specific criterion,
we also provide the average values for Σ𝐷 and 𝑇max that are shown in Table 9.
The general behavior of the representations and algorithms is similar to that
in Table 8, but there are some differences. Most importantly, both criteria are
improved at different rates. For O- and GO-representations, the relative values of
both criteria look and improve roughly the same. This is not the case for 𝑖-LB-
and B-representations, for which not only 𝑇max improves significantly slower than
Σ𝐷, but its relative value is twice as high. This might be an indication of 𝑇max
being harder to optimize than Σ𝐷.

Table 9: Aggregated relative Σ𝐷 and 𝑇max results of GA and greedy algorithms for various
representation types and numbers of orders 𝑛

𝑛
GA Greedy

𝑖-LB B GO O 𝑖-LB B GO O
Σ𝐷

¬ 250 0.293 0.294 0.322 0.883 0.385 0.385 0.482 0.908
¬ 500 0.183 0.183 0.284 0.863 0.207 0.207 0.395 0.832
¬ 1000 0.173 0.176 0.429 0.939 0.203 0.203 0.489 0.925
¬ 2000 0.269 0.270 0.665 0.979 0.293 0.293 0.668 0.976
¬ 4000 0.164 0.167 0.679 0.994 0.186 0.186 0.681 0.993
¬ 8000 0.170 0.170 0.794 1.000 0.175 0.175 0.795 1.000

All 0.226 0.228 0.453 0.924 0.274 0.274 0.537 0.924
𝑇max

¬ 250 0.555 0.556 0.588 0.885 0.621 0.621 0.681 0.912
¬ 500 0.457 0.457 0.547 0.880 0.493 0.493 0.631 0.891
¬ 1000 0.480 0.482 0.681 0.940 0.514 0.514 0.744 0.941
¬ 2000 0.545 0.546 0.893 0.984 0.568 0.568 0.893 0.984
¬ 4000 0.454 0.458 0.900 0.995 0.476 0.476 0.899 0.995
¬ 8000 0.381 0.381 0.952 0.990 0.387 0.388 0.960 0.990

All 0.501 0.502 0.699 0.927 0.542 0.542 0.756 0.939
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8.4. Vehicle ratio

In this and subsequent subsections, we will research how parameters such as
vehicleRatio, pickupRatio, and occupancyRatio affect the quality of solutions. In
this subsection in particular, our aim is to provide results that will help practition-
ers decide the number of vehicles for a given number of orders to ensure (1) suf-
ficient high solution quality, (2) sufficient low chance of infeasible solutions.

To this end, we will use a derived instance dataset. It is an extension of the
basic dataset by considering 21 different values of the vehicleRatio parameter for
each of the 320 instances, essentially meaning that we consider 6720 instances.
Since the relationship between different representations was established in the
previous subsection, we will restrict ourselves only to B-representation. Moreover,
in addition to HVI, Σ𝐷, and 𝑇max, we will also show the percentage of feasible
solutions among 320 instances for each value of vehicleRatio. The results are
shown in Table 10.

Table 10: Aggregated relative HVI, Σ𝐷 and 𝑇max results of GA and greedy algorithms for
B-representation and various values of vehicleRatio

Ratio
Feasible B-GA B-Greedy

% HVI Σ𝐷 𝑇max HVI Σ𝐷 𝑇max

0.0060 9.4 3.935 0.712 0.900 1.000 1.000 1.000
0.0065 9.4 3.934 0.711 0.900 1.000 1.000 1.000
0.0070 16.3 3.744 0.660 0.902 1.003 0.955 1.000
0.0075 20.9 3.560 0.657 0.906 1.002 0.938 1.000
0.0080 20.9 3.563 0.657 0.906 1.002 0.938 1.000
0.0085 27.2 3.554 0.670 0.906 1.001 0.949 0.999
0.0090 50.0 3.037 0.717 0.918 1.001 0.940 0.997
0.0095 74.7 2.606 0.780 0.926 1.008 0.958 0.988
0.0100 82.2 2.641 0.782 0.925 1.016 0.962 0.987
0.0105 92.5 2.797 0.779 0.918 1.021 0.966 0.986
0.0110 95.6 2.785 0.783 0.917 1.027 0.968 0.985
0.0115 96.3 2.802 0.784 0.917 1.028 0.969 0.985
0.0120 99.7 2.794 0.796 0.917 1.030 0.973 0.984
0.0125 100.0 2.792 0.800 0.916 1.030 0.973 0.984
0.0130 100.0 2.787 0.803 0.916 1.030 0.973 0.984
0.0135 100.0 2.779 0.804 0.917 1.028 0.973 0.985
0.0140 100.0 2.778 0.804 0.916 1.028 0.973 0.985
0.0145 100.0 2.778 0.805 0.916 1.028 0.973 0.985
0.0150 100.0 2.776 0.805 0.917 1.028 0.973 0.985
0.0155 100.0 2.773 0.805 0.917 1.028 0.973 0.985
0.0160 100.0 2.768 0.806 0.917 1.029 0.973 0.984
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Regarding solution feasibility, we see that every instance for vehicleRatio ­
0.012 is solved to feasibility, but for smaller values the feasibility quickly drops
to 10% for vehicleRatio = 0.006. We conclude that its enough to have one vehicle
per 80 orders to assure the feasibility of solutions. Next, we move on to the analysis
of the HVI results. For the greedy algorithm, the HVI increases as vehicleRatio
increases, meaning more vehicles available lead to better solutions. However, this
increase is very small, providing only 2–3% improvement. On the other hand, this
effect is completely reversed for the GA method, which obtained the best HVI
for a small number of vehicles. This might seem surprising, but is most likely the
combination of GA being able to better utilize the vehicles and the fact that the
fewer vehicles we use, the less times we need to add the depot-locker distances,
which are relatively high compared to locker-locker distances. Moreover, it should
be noted that even for vehicleRatio = 0.016 the GA method vastly outperforms
the greedy method. One can also notice that the values obtained for HVI are
different from those of Table 8. This is caused by HVI being a relative measure
and is sensitive to which fronts it compares. In the previous section, each instance
had 8 results (4 representations times 2 algorithms). In this section, each instance
has 42 results (21 vehicleRatio values times 2 algorithms). As such, absolute HVI
values cannot be compared between various instances, and relative HVI values
cannot be compared between various experiments.

We will now move on to the analysis of the criteria Σ𝐷 and 𝑇max, for which
the results are shown in Table 10. Let us start with 𝑇max. We see that both
algorithms struggle with optimizing this criterion. Moreover, the greedy method
obtains the best 𝑇max values for the highest vehicleRatio, while the GA method
has the best results for the smallest vehicleRatio. The explanation might be that
with more vehicles, the greedy method simply has more solutions to check,
causing its accuracy to drop. We also notice that for the greedy method 𝑇max
drops consistently with increasing vehicleRatio. However, for the GA method,
the worst values are actually obtained around vehicleRatio = 0.0095. Most likely
for a small number of vehicles the GA method can find a good solution due to
a smaller size of the solution space, while with a high number of vehicles, it is
easier to deliver orders faster by using more vehicles. The middle range has both
too many vehicles to search the solution space efficiently and too few vehicles to
spread the orders properly. The Σ𝐷 is also interesting, as both algorithms obtain
the best values of it for vehicleRatio around 0.008. Thus, fewer vehicles are not
always better for optimizing the total distance traveled.

It should also be noted that the GA method consistently obtains better Σ𝐷 and
𝑇max, although the difference changes with vehicleRatio. For Σ𝐷, this difference
ranges from 6% to nearly 45%. The differences for 𝑇max are smaller, ranging
between 7% and 10%.
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8.5. Delivery to pickup ratio

We have performed similar research for 11 different values of the pickupRatio
parameter. We have chosen values from 0.0 (i.e. all orders are delivery orders) to
1.0 (i.e. all orders are pickup orders). This means 11 variants of each one of the
basic 320 instances for 3520 instances in total. The aim of this research is to help
practitioners understand how different delivery-pickup ratio affects the observed
solution quality and feasibility. The aggregated results are shown in Table 11.

Table 11: Aggregated relative HVI, Σ𝐷 and 𝑇max results of GA and greedy algorithms for
B-representation and various values of pickupRatio

Ratio
Feasible B-GA B-Greedy

% HVI Σ𝐷 𝑇max HVI Σ𝐷 𝑇max

0.0 98.8 2.813 0.804 0.805 1.285 0.972 0.854
0.1 100.0 2.815 0.791 0.820 1.284 0.957 0.875
0.2 100.0 2.883 0.767 0.839 1.320 0.930 0.901
0.3 100.0 2.937 0.742 0.857 1.372 0.896 0.924
0.4 100.0 2.975 0.724 0.875 1.325 0.878 0.950
0.5 100.0 3.003 0.708 0.891 1.339 0.856 0.967
0.6 100.0 3.041 0.726 0.864 1.391 0.881 0.935
0.7 100.0 3.080 0.750 0.831 1.503 0.900 0.891
0.8 100.0 3.176 0.773 0.796 1.561 0.924 0.853
0.9 100.0 3.313 0.800 0.752 1.714 0.938 0.808
1.0 98.8 8.480 0.794 0.000 4.385 0.982 0.000

First, we notice that different delivery-to-pickup order ratio does not affect
feasibility, except for the most extreme cases. The most likely reason is that when
the orders are mixed, the pickup orders being moved from lockers into the vehicle
can fit due to delivery orders being moved from the vehicle into the lockers.
However, when all orders are deliveries (or pickups), then all orders have to fit
into the vehicle, which is less likely. The infeasibility frequency is 1.2% at most.
We conclude that pickupRatio has a negligible effect on solution feasibility.

Considering HVI, its value increases with pickupRatio, which means that
better solutions are obtained where more orders are pickups instead of deliveries.
Moreover, the relative HVI values for the GA method are consistently twice as
high or higher than those for the greedy method. Considering 𝑇max, we observe
that for pickupRatio = 1 its value is 0, significantly increasing the HVI. This is
expected, as with no delivery orders, 𝑇max is always zero by definition. However,
leaving that extreme case aside, we observe an interesting result. The worst
values of 𝑇max are when pickupRation is around 0.5. The explanation is that
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with mixed orders the algorithms struggle between saving the pickup orders for
later (completing delivery orders early to minimize 𝑇max, but potentially causes
a vehicle to visit some locations twice) and completing them early (thus leading
to higher 𝑇max, but saving distance to minimize Σ𝐷). Interestingly, the results
are the opposite for Σ𝐷, where the best results are for pickupRation = 0.5.
This is harder to explain, but could be caused by the fact mentioned earlier –
that mixing “remove from vehicle” orders with “put into vehicle” orders causes
better utilization of vehicle capacity. Thus, the solution requires fewer vehicles
or creates shorter routes for some vehicles, decreasing Σ𝐷.

In summary, the effect of the delivery-to-pickup ratio on solution feasiblity is
negligible. However, different ratios significantly affect solution quality, indicat-
ing that practitioners should account for this when comparing profits or costs for
different ratios.

8.6. Locker occupancy ratio

Finally, we have researched the influence of occupancyRatio on the quality
of the solutions. The aim of this research is similar to the one in the previous
subsection (to allow practitioners to see how different locker occupancy condi-
tions) affect the quality and feasibility of solutions. This is especially important
because, unlike the vehicle ratio, locker occupancy cannot be directly controlled
by the company.

Similarly, to the previous section we wanted to try 11 values from 0.0 to
1.0. However, the value of 1.0 does not make sense (i.e., all lockers would be
unavailable and no solution would be feasible). Moreover, a peculiar outcome
was observed when trying to test the instances for occupancyRatio = 0.9. For
some instances, this was infeasible, but for some other instances, the algorithms,
which were set to a time limit of 720 seconds at most, were running for over
an hour. This was likely caused by vehicles having to visit many alternative
locations on average, which moved the running time of the DES from 𝑂 (𝑚)
closer to the worst-case scenario of 𝑂 (𝑚2 log𝑚). As such, we have stopped at
occupancyRatio = 0.8. The aggregated results are shown in Table 12.

First, we observe that occupancyRatio starts to affect the feasibility of the
solution only when around 70% of all lockers become unavailable. Moreover,
even at occupancyRatio = 0.8 more than 5/6 of all instances are still solved
to feasibility. Thus, we conclude that the proposed algorithms are fairly robust.
Regarding the relative HVI, we observe that up to occupancyRatio = 0.3 the
decrease in quality is minimal. As occupancy grows further, the HVI starts to
drop faster. However, it is only past occupancyRatio = 0.6, where HVI drops
more than 10% for both GA and greedy methods. Moreover, the relative HVI for
the GA method is 60% to more than 260% higher than for the greedy method.
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Table 12: Aggregated relative HVI, Σ𝐷 and 𝑇max results of GA and greedy algorithms for
B-representation and various values of occupancyRatio

Ratio
Feasible B-GA B-Greedy

% HVI Σ𝐷 𝑇max HVI Σ𝐷 𝑇max

0.0 100.0 4.901 0.697 0.821 3.022 0.835 0.882
0.1 100.0 4.900 0.697 0.821 3.022 0.835 0.882
0.2 100.0 4.900 0.697 0.821 3.020 0.835 0.882
0.3 100.0 4.893 0.697 0.821 3.016 0.836 0.882
0.4 100.0 4.867 0.699 0.822 2.985 0.837 0.883
0.5 100.0 4.793 0.702 0.823 2.923 0.840 0.884
0.6 100.0 4.539 0.717 0.831 2.681 0.853 0.894
0.7 98.4 3.944 0.752 0.849 2.086 0.891 0.919
0.8 84.1 2.678 0.841 0.903 1.013 0.979 0.988

Interestingly, the higher occupancyRatio is, the smaller the advantage of GA over
the greedy method becomes.

Regarding Σ𝐷 and 𝑇max, their values behave similar to HVI, becoming
progressively worse as occupancyRatio exceeds 0.3 and 0.6. Despite that, for
occupancyRatio = 0.8 the GA method still obtains better Σ𝐷 values than the
greedy method for occupancyRatio = 0.0. Similarly, the average 𝑇max for the GA
method is almost always better than the best 𝑇max obtained by the greedy method,
except for occupancyRatio = 0.8. In general, the GA method obtains 7% to 20%
better values of both criteria.

In summary, the PLBD system remains fairly robust even when locker oc-
cupancy approaches 60%, which means that companies do not have to worry
about solution feasibility or a drop in quality due to unavailable lockers. This
also leaves companies with enough of a leeway to install new lockers when the
average occupancy starts to increase.

9. Conclusions and future work

In this paper we considered a Parcel Locker-Based Delivery system formulated
as an optimization problem related to the well-known Vehicle Routing Problem.
We considered several practical problem constraints including: (1) the possibility
of delivering packages to alternative locker locations (as long as the location is
as close to the originally intended location as possible), (2) both delivery and
pickups, (3) locker capacities, (4) vehicle capacities, (5) order sizes and weights,
and (6) influence of in-day time on travel times to account for road conditions. To
account for both delivery costs and customer satisfaction, we considered a multi-



MULTI-CRITERIA PARCEL LOCKER-BASED VEHICLE ROUTING
WITH PICKUP AND DELIVERY 557

criteria goal function to minimize both: (1) total distance traveled by all vehicles
and (2) delivery time of all deliveries.

We formulate the problem and then, due to its complexity (mainly caused
by the possibility of multiple alternative delivery locations) and large problem
sizes encountered in practice, propose an indirect solution representation. For this
representation, we have presented a Discrete Event Simulation-based procedure
to both compute the value of the goal function and assert the feasibility of the
solution. Despite our approach being deterministic, the procedure is compatible
with stochastic and dynamic approaches, as it uses an agent to make dynamic
decisions regarding which alternative locations to use.

As multiple orders being intended for the same location is common, we
have proposed three additional solution representations based on different levels
of grouping orders together. We have presented several theoretical properties,
showing that grouping orders might not be optimal but in practice leads to a very
significant reduction of the solution space size. We have proposed two solving
methods — a greedy heuristic and Genetic Algorithm metaheuristic — with
variants for each of the proposed solution representations.

We have prepared an extensive instance dataset for the considered problem
using real-life data from 8 Polish cities and one real-life delivery company. This
data included parcel locker properties and locations, real-life location distances,
and the approximate effect of the in-day time on road conditions. Our dataset
contains instances of up to more than 7000 orders and 900 locations, which is
larger and more practical than many existing studies.

During computer experiments, we have shown that the proposed order-
grouping representations allows to obtain much higher quality of solutions as
measured by the Hyper-volume Indicator and direct values of both optimiza-
tion criteria. We have also established how parameters of the problem such as
the number of orders, delivery-to-pickup ratio, vehicle ratio, and parcel locker
occupancy probability affect the quality and feasibility of the solution.

We consider several directions and extensions for future research. First, we
want to provide a better way to approximate the effects of road conditions on
travel time. Second, we would like to turn the problem into stochastic Parcel
Locker-Based Delivery to better model the challenges encountered by the delivery
company in practice. Third, we would like to research more advanced properties
to group the orders together more efficiently.
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