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Abstract. In this paper we define a class of linear g-difference fractional-order systems with finite memory. For such systems we state
definitions of indistinguishability and observability by using the concept of extended initial conditions. We prove the formula for the solution

and the rank condition for observability.
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1. Introduction

The fractional calculus in continuous case includes differ-
ent notion of derivatives, e.g. Riemann-Liouville, Griinwald-
Letnikov, Caputo and generalized function approach [1, 2]. In
modeling the real phenomena authors emphatically use gen-
eralizations of n-th order differences to their fractional forms
and consider the state-space equations of control systems in
discrete-time, e.g. [3, 4]. As the unification of both cases with
classical tools one can consider systems on time scales [5, 6].
The theory of g¢-difference linear control systems is devel-
oped separately as a special kind of systems on time scales,
see e.g. [7-9].

In the generalization of classical discrete differences to
fractional-order there is convenient to take finite summation,
see [3, 4, 10, 11]. What seems to be one of the greatest phe-
nomena in using fractional derivatives/differences in systems
modeling real behaviors is the initialization of the process.
In fact the initial value problem is an important task in dai-
ly applications. Recently we can find papers dealing with the
problem how to impose initial conditions, e.g. [12—-14]. We
propose the condition on the observability property of the
special kind of systems with extended initial conditions. It is
known that the observability problem is under investigation
for the continuous case as well as for the discrete case, also
for classical notations of differences, see [15].

In this paper we deal with a g-fractional difference system
with the initialization given by the additional function ¢ that
vanishes at a time interval with infinitely many points. In that
way we get only the finite number of values of an initializing
function ¢ that can be nonzero. We call such set by /-memory.
It could be treated as the special kind of initial conditions.

The solution of the /-memory initial value problem is con-
structed. We use a definition of an undistinguishability rela-
tion and observability in s-steps, similarly as it is proposed
in [16]. In that way we state the problem in the classical way,
using the rank of the defined observability matrix.
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2. Fractional ¢-difference systems

Let ¢ € (0,1) and « be any nonzero rational number. Firstly,
we need the following g-analogue of n!, introduced in [8]:

if n =0,

[n]!—{ . !
[n)n—1]---[1], ifn=1,2,...

Hence [n + 1]! = [n]![n + 1] for each n € N.

Following the notations in [8], we write [a] = 1_ 4
and for generalization of the g-binomial coefficients

o T g N )l e Gl Bt RPPP

0 J ]!

Note that

lim [n]=——

n—-+oo l—q
(ii) For n € N: ;E[n]!:n!.
T e T K N e o (')
w [1]_”’ l2]_ (1-¢*)(1—q) °

Using the definition of the fractional quantum derivative
(see [9]), we introduce a g¢-difference of the fractional order
as follows.

Definition 2.1. A ¢-difference of fractional order « of a func-
tion x(-) : R—R at ¢ # 0 is defined by

o | N (LR R
2 =0 L] (=1)Yq =2 ¢/

e (I-g)°

Afx(t) := z(¢'t).
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Let us denote b; = [al (—1)jqj(jz~+1) g7 . Then

=t Z 1 ——a(g’t). (1)
Jj=
Definition 2.2. Let | € NU {0} and ¢p > 0. Then Q;(to) :=
{t07 qt07 cee 7qlt0}'
Let ¢ > 0. Then by u, : R — {0,1} we denote the
Heaviside step function such that u,(t) = 0 for { < a and
uq(t) =1 fort > a.

Proposition 2.3. Let a > 0. Let ¢ : R — R" be any function

and z(t) = (t)uq(t). Then, for Afz(t) = 0 for ¢ < a and
N (t,a)
Y=t ¢t 2
]Z:jo S 2@t @)

for t > a, where N(t,a) is the integer part of the value
Ina—Int

Ingq
Definition 2.4. Let [ € NU {0}, to > 0 and ¢ : R — R™.
The vector
¢(to)

M(l,to, ) = (p(?tO)

so(q.’to)

of values of the function ¢ on §2;(ty), is called a finite /-me-
mory at tg.

Remark 2.5. Let | € NU {0} and s € NU {0}, > 0,
¢ : R — R". Then,

(i) M(l,to, ) € R™H,

>i1) if 11,12 e NU {0}, lyg > 1y, then Qll(to) C Ql2 (to)
and

[Inllvonll Xn(lg—ll)] M(ZQa to, 90) = M(llv to, <P) )

where 0,1, xn(1,—1,) denotes the zero matrix of dimension
nly x n(la — 1), and I, is the identity matrix of degree nl;.

Definition 2.6. Let | € N U {0} and to > 0, a = ¢'to,
¢ : R — R™ A linear g-difference fractional-order system
with [-memory, denoted by ¥, 4), is a system given by the
following set of equations:

AJz(t) = Az(qt), t > to, 3)
z(t) = (pua) (1), t <to, @)
y(t) = Cu(t), 4)

where A € R™"*", C' € RP*™ are constant matrices. By

v (¢, to, M (L, to, p)) we denote the solution of (3)—(4) starting
at ty and evaluated at time ¢ = —2, k > 0, of [-memory initial

value problem corresponding to the values of the function .
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From Egs. (2) and (3) follows

()= (52 4-ve)

l ©)
- ij+1x(qjt0)
j=1
and more generally
to to(l—q)\" to
()~ () 400 ()-
-+l _
- ijJrlI (qjikto) .
j=1
to(L—q)\"
Let us set G(k,tg) = O(TH‘I) A — biI,, and
q

Ao = 0y, while for j > 0: A4; —bjt11,, where 0,, is
the zero matrix of the dlmensmn n x n. Note that G(0,%y) =

to(1—¢q)\“
<M) A — b1 1,,. This leads to
q

x(qiil)—G(kto ( >+I§Ax( ) (7

Let us construct, using an idea given in [3], the sequence of
matrices from R™*("+7) ag follows.

(AI;(OvtO) =
[G(0,t0), A, ...

[Ina Ona ce
B(1,to) =

B(2,t0) = G(1,t0)®(1,t0) + [A1, ..., Ary1]

and for k +1 > 3:
Bk +1,t0) = Gk, to)®(k, to)+

k-1
+ ZAj‘I)(k —J.to) + [Ak, Akg1,. - -,
=1

Apga] -

I,

Moreover, let ®(k, to) := ®(k, to)
Onx(nl)

1 . Particularly

(I)(O,to) = Ina

®(1,t0) = G(0, to)

and

D(2,t9) = G(1,t9)G(0,t9) + A;.

Theorem 2.7. Let [ € NU {0} and t, > 0, a = ¢'to,
¢ : R — R™ The solution of the [-memory initial value
problem is given by:

7 (t,to, M(L, to, ) = (K, o) (to)
t (8)
for t= —2, k>0,
q
where Z(tg) = M (1, tg, ).
Bull. Pol. Ac.: Tech. 58(4) 2010
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Proof. Let ¢t = t—z. Note that for £ = 0 holds
q

B0, t0)E(to) = Lna(to) = z(to).

t
Now let us assume that the formula (8) holds for all ¢t = —3,

q
7 <k, k> 0. Consider Eq. (7) and write the formula (8) for

to
t= F Hence

k+l1

t t
j=1

The inductive assumption implies that

~ (1 ~
Y (t7t07M(l7t07 SD)) = G(k,to)q) (q%’t0> ‘T(to)—i_

t t
+ Az (qk—01> ot A (;0) +

+ App(to) + Aprrp (qto) + -+ + A (¢'0) -

t
After using again inductive assumption for each of x (—2) ,
q

j=1,....k—1:

t t ~ (1 ~
€z (q_g) = (q_gathM(lath(p)) =o <q_27t0) .I(to)

and the fact

t t
Az (%) +-+ Az (—0) =
q q

k—1 N ¢
=Y 4,0 <k—0j,t0> #(to),
j=1

q

finally we get
Y (tu tOu M(lu th SO)) =

k-1
~ [t ~ t ~
= | Gk, to)® <q—27t0) + E A;@ <—q,£j7to) z(to)+
=1

+ ([Ap,y - Apd]) Tlto) = D(k + 1,10)F(to ).

Hence, from the principle of mathematical induction the for-
mula (8) holds for all k € NU {0}.

Remark 2.8. If [ = 0 then the memory M (0, to, ) is only
one-valued, i.e. M(0,tg,p) = ¢(to). Moreover, in that case,
matrix ®(k,to) = ®(k,t9) and
k
O(k + 1,t0) = Gk, to)®(k, to) + Y A;®(k — j,to) .

Jj=1

Additionally (;—g to, M (0, to, <p)) = B(k, to)p(to).

3. Observability in finite memory domain

The standard definition of observability says that a system is
observable on a time-interval if from the knowledge of the

Bull. Pol. Ac.: Tech. 58(4) 2010

output one can reconstruct uniquely the initial condition. As
we consider systems together with the /-memory, (i.e. the ex-
tended initial conditions), we want to determine the extended
initial condition Z (o) from the knowledge of the sequence of

outputs
t
Y= {y <—2) ,k—O,...s}.
q

Hence, the starting point ¢ is important (similarly like it is for
time-varying systems). For that reason, following by [17, 18],
a pair (t,7) € Ry x R"*™ s called an [-event.

Let us consider the linear autonomous g¢-difference
fractional-order system ¥, ;) given by equations (3)—(5).

Definition 3.1. Let [,s € NU {0} and ¢y > 0. Let 12 :
R — R™. We say that two [-events (to, 1), (to, Z2), Where
T1 = M(l,to, 1), T2 = M(l,to, ¢2), are indistinguishable

with respect to Y 4 in s-steps if and only if

C/Y(tat07§fl) = C/Y(t7t07€f2) (9)

t - ~
forall t € Q —2) Otherwise, the l-events (to, 1), (to, Z2)

are distinguishable with respect to X, ;) in s-steps.

The next proposition follows directly from the above def-
inition.
Proposition 3.2. Two [-events (tg, Z1), (fo,Z2) are indistin-

guishable with respect to X, 41y in s-steps if and only if

CO(k, to)T1 = CB(k, to)Ts (10)

forall k € {0,...,s}.
As (10) can be written in the form

CP(k, to) (T1 — T2) = 0,
then the following statements are equivalent:

a) The events (to, 1), (to,Z2) € Ry x R" " are indistin-
guishable with respect to X, 4,1y in s-steps.

b) The events (to, 1 — Z2), (to,0) € Ry x R"* " are indis-
tinguishable with respect to ¥, 4 in s-steps.

Definition 3.3. Let [, s € NU{0} and typ > 0, 12 : R — R".

We say that X, 4 is observable at ¢y in s-steps if any

two l-events (to,71), (to,Z2), where T3 = M(l, to, 1),

To = M(l,tg,p2), are distinguishable with respect to the

system X, 41y in s-steps.

Proposition 3.4. The system ¥, 4 ;) is observable at #( in
s-steps if and only if the initial extended state Z(t;) =
M(l,tg, ) can be uniquely determined from the knowledge

t
of the sequence of outputs J = {y (—2) Jk=0,..., s}
q

Proof. “=" Let us assume that there are two [-memories such
that for all k£ € {0,..., s} we have:

to - to - to
0’7 (_kutf)uxl) :C’Y (_kutf)ux?) :y<_k) .
q q q

It means that 71, To are indistinguishable with respect to
Yl(a,q,) in s-steps. This contradicts to observability.
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“«<" Let us assume again that there are two [-memories
t ~ t ~
such that Cy <—2,t0,x1) = Cv (—z,to,xg) for all k €
q q

{0, ..., s}. But it is possible only if 71 = Z5.
Let us denote by O(s) the matrix:

C(0, o)

O(s) := Cq)(.l,tO)

C&)(S, to)
and call it the observability matrix in s-steps for X(q,q,1)-

The following Proposition can be proved in the same
manner as in the classical linear control theory, for example
see [19].

Proposition 3.5. Let [, s € NU {0}, and ¢y > 0. The system
Y(a,q,0) 18 Observable at ¢ in s-steps if and only if one of the
following conditions hold:

(i) the (nl +n) x (nl + n) real matrix:
W(s,to) = Z&’T(kafo)CTC&’(kato)
k=0

is nonsingular;
(ii) the matrix C®(k,to) has linearly independent columns
forall k € {0,...,s};

> L0
(iii) rank O(s) = rank . =nl+n.
C&)(S, to)
Proposition 3.6. If rank C' = n and rank

by ... b

|
=

bs ... bipst1
then the system X, 4;) is observable at any ¢ in s-steps.

Proof. Following the construction of matrices 5(/@ to) we can
write that

Ce0,t) O ... O
rank O(s) = rank | C®(1,t0) CAy CA
O(I)(S, to) CAS+1 CAS+I
CA; CA;
= rank C' + rank : :
CAsq CAs

604

Let
C € RP*",
c 0 ... 0
C=|0 C ... 0 |eREtDrx(s+Dn]
0 O C
and
—balp —bsl, byl
B= : : .
—bsyoln, —bsisl, —bsrrrrln

e R[(ls-{-l)n] X (nl) i

Notice that rankC' = min(p,n) if and only if rankC' =
(s + 1)min(p, n). Then

rank O(s) = rank C' + rank C B.

Moreover, if rank C = n, then rank C = (s + 1)n and
rank C'B = rank B. It means that

be ... by
rank B = [rank

R
Hence, rank O(s) = n + In.

Remark 3.7. Let [ = 0. Then the rank condition of observ-
ability matrix takes classical form with rank O(s) = n.

Example 3.8. Let us consider the system X, , ;) withn =1,
ie.:
ALa(t) = ax(t),y(t) = cx(t),

where a,c € R. Then
c®(0,t0) = [¢,0], ®(1,t0) = [cG(0, o), —bad] .

Moreover, for ¢ # 0 we have that rank O(1) = 2 and the
system is observable in 1-memory in s-steps for any s € N.

Example 3.9. Let us consider the system X, ;) with the ma-
trix A = 0, so AZx(t) = 0 and with the output y(t) = Cz(t).
Then for each k € NU{0}: G(k, t9) = —b1I,, and the solution
of [-memory initial value problem with the set of conditions
x(t) = (pug) (t), for a = ¢'tg and to > 0, in general is not
zero. We can also notice that

(i) rank C' = n < rankO(s) = nl+n & ¥4 q,) is observ-
able for any s > 1;

(i) If rank C' < n then for all s system X, 4 ;) is not ob-
servable in s-steps.
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