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Cosserat gyro-birefringence.
An introduction to nonsymmetrical photoelasticity
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Abstract. Mechanical couple stresses modify at a microscopic level optical properties of some materials so they can display gyro-birefringence

phenomena.

The Optical Cosserat medium is defined and optical rotation tensor relative to couple stress is introduced. The generalized tensor of the
dielectric permittivity is written for the Cosserat medium. Split of the plane-polarized light wave on passing through the Cosserat medium
is shown and rotation of the azimuth of polarization is expressed by components of the couple stress tensor.
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1. Introduction

In this work the gyro-birefringence phenomena [1-2] is ap-
plied to describe the optical properties of the Cosserat medi-
um.

According to the Cosserat theory (theory of the nonsym-
metrical elasticity) [3-5] the transmission of mechanical ac-
tion, through the surface dividing two neighboring unit cells
of material, occurs not only via a force vector, but also by
a couple vector. Therefore, in addition to force stresses one
observes couple stresses. In the Cosserat material the stress
tensor is nonsymmetrical.

Today the Cosserat theory does not have a complete ex-
perimental verification [6-9].

The noticed rigidity depends on the size in the Cosserat
elastic material and it is possible to determine one or more
of the Cosserat elasticity constants by the method of size ef-
fects [10]. Therefore, the theoretical solution to the Cosserat
problems can be completely determined. However, in order to
obtain the experimental solution to the nonsymmetrical elas-
ticity, phenomena where couple stress is described by one
physical parameter are searched. Phenomena applied in con-
temporary Experimental Mechanics allow us to determine the
force stress only.

The analysis in a nano-scale [11-12] is taken under con-
sideration, where the energetic state of the atom about a non-
symmetrical structure (with an optical active electron) is sep-
arate according to the mechanical quantum number mechg as
follows (Appendix 1):

1 h
mechs = —, Et = E,+ §wcouple7

5 ey

1
mechs = ——, E-=E,— - Couple’
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where: i = h/2m, h is Planck constant, weouple jg angular
speed of disturbance of the optical electron in Cosserat medi-
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um, FE, is not perturbed part of the energy. For energy (1),
(2) we obtain frequency:

wcouple

Wi =wo+ —5—, (€)
couple

W =w, = 2 7 4)

which creates a separation of the light wave travelling towards
the Cosserat medium in two circular polarization waves, for
mechg = +1/2 right-handed, for mechs = —1/2 left-handed.
When two circular polarization light waves travel forward with
different velocity of propagation as a result of interference, we
obtain a rotation of the azimuth of polarization. The separation
of the light wave in the Cosserat medium and the correlation
of this phenomenon to the couple stresses are referred to as
the Cosserat gyro-birefringence.

2. Cosserat gyro-birefringence medium

The elastic, transparent, dielectric medium with a property of
the birefringence is studied. The density of the free charge
and the electric conduction are zero. The transmission of the
mechanical state is represented by two independent vectors:
the force vector and the moment vector. The optical state is
described by the tensor of the dielectric constant ;; and ad-
ditionally by the optical rotation tensor g;;.

3. Generalized dielectric constant

The tensor k;; is associated with the force stress tensor o;;
when tensor g;; is relative to the couple stress tensor fi;;. The
generalized tensor of the dielectric permittivity is written in
the following formula [1-2]:

)

Kij = Kij +1 €45k griSi,
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where i = /=1, €;;;, is permutation symbol, s; is dimension Ko Iiiz) — ing) (I) + zG
qf the unit victor s; which is perpendicular to the front of the (=) — ,{é;; + iG(I) ﬁgw) %) G, |, (14
light wave. (I) (x)
figx —iGy 1132 +1iG, K

4. Material equations
The basic equation of the gyro-birefringence [1-2]:

Dy, = kol B + ik, (grist X E),, (6)

connect the vector of the electric induction D;, with vector of
the intensity of the electric field £, through x;; and g;;. We
note k, as permittivity of the vacuum. The optical anisotropy
generated by state of the force stress is described by formula
[13-15]:

Kkt = KOk + CY ogr + CF Z 04i0kl, 7

where C{, C are optical constants, « is natural permittivity
in the medium without the stresses, d;; is Kronecker sym-
bol. The relation between rotation tensor g;; and tensor of
the couple stress yi;; we propose as the following formula
[16-17]:

gkt = 90 + Cl s + C% Z Hii Ok ®)

where ¢ is the parameter of the natural rotation (without the
stress), C1', C%" are optical constants.

We define the optical rotation vector: G = gg;s; and
we write the general tensor of the dielectric constant in the
coordinate system (z, y, z) in the form of the matrix:

Ky Koy —1Gy  Ker +1Gy
Kyz +1G Koy Kyz — 1
Kzg —1Gy Koy +1Gy K

T =

5. Light wave in Cosserat medium

Maxwell equations are grouped with material equations and

are written in the first approximation as (Appendix 2):
D = k,n*[E — s (Es)]. (10)

Then we compare components of formulas (6), (10) ade-
quately, and write the system of the equations [1-2]:

E, [/@x — (1 - ) ] +Ey (n SpSy + Iizy iGz) (11
+ E, (n 525, + Ky + G, )

Ey |k [ ( 121) } (nzsysz + ’iuz - iGm) (12)
E, (n*syss + iy +1G.) =

E, [nz - (1 — sﬁ) ] + E, (n 828z + Ko — iGy) (13)

+ By (n®s.sy + kzy +iGy) = 0.

Formulas (11), (12), (13) present the light wave in the
gyro-birefringence medium. We note (x) as direction of the
light path and we write the unit vectors s;71, s;°s70 for
the light path parallel to coordinate “x”. The matrix (9)
we write in the system of the quasi-principal directions

((95) =z =1@ 2@ 3(””)) in the form:

90

For the chosen direction (z) Eqgs. (12), (13) are written as:

B </§§E> - (n<z>)2) + S (ny) —iGa) =0, (1)

S (63 +iG. ) + BSY (ng> - (n(x))2> 0. (16)

We then write the non-zero condition of the solution:

x 2N 2 ) .
() | . () _ (@)% |
Ksy +1Gg Kg (n )
and we determine the roots:
(o) At
r 2 (18)
1 T xT I T
+§\/(/§é ) _ Iié )) (G2 + Koy )ng2))
9 (z) ()
(nm) _Fy ThyT
l 2 (19

—%\/(mgx) - Iiéz)) +4 (G2 + l<u'23)/$(x))

where (n(m))r, (n(m)) , — are two refractive indexes of the
light wave coming towards direction ().

For roots (18), (19) the system (15), (16) have infinite
number of solutions which are relative to following relations:

B _ ()t 20)

= . ; ey

(2) 2\ 2 z
BT () -
@\? _ (@
E®) (”z ) Kg
O ) (22)
E, Koy — 1Gg
Eéi) _ /{32 +ZG (23)
(2) z z)
Ey (nl( )) — mg )

We write ES”) = E, and on the basis of (20), (21), (22), (23)
four light waves are obtained:

@)? _ @
Er = OE(T;(JC))—ZC?E expli (wt = v, @9
23 x
Err= |0, B, (“(%))TGHE expi (wt - v)], @9)
L r F3 .
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[ (n(w))2 @] Using Euler formula: exp [i (wt — )] = cos(wt — ) +
Eir=|0,E,, (I)—_2Eo exp{ (wt _ (I))} . (26) isin(wt — 1)) we write real part of the component (28), (29):
Koy — 1Gy

. - Ear = B, cos (wt = 4(?), (30)
% exp [z (wt - w{”)}. 27
I (”l ) B Bs; = E,A® cos (wt — ) + W)) : 31

Having added the amplitudes of the components for the same
phases, we obtain:

Ernv=|0,E,,

Q

2 x
o (n) = w5 L eia, |, Bary = By cos (wt —vf")) | (32)
1= o o
’ (&) _ )\ 2 ©
Koy — 1Gy (n& )) _ /@g )
exp [z (wt _ ¢£w))] 7 Esrr = E,B™ cos (wt - wl(z) + cp(:”)) , (33)
(28) where
(nm)? @) A®) = /A7 + A3,
— R
Eir=10,2E,, —— Ii32 +1G, E,
Ky —i1Gy (nl(x)) B ng) B® — B2+ B2,
; (2)
exp [z (wt — )} . (x) A, Bs
(29) = arctan — = arctan —-

Al Bl

(W7 w4 (8 = ) s (cn  wn) ) (o) (24 wny)) ) (624 (7))

A= 5 ;
2(G;+(ﬁgg )(Gg+ﬁgn¢y)
(Iiéﬂc) — méw) + \/(ng) ( ) +4 (G2 + fig?mgz))) <2G2 ( m)) + Ii(m) (m)>
" 2(62+ (7)) (62 + we7) |
(k7 =7 = (57 = 7)1 (G35 m0ef2) ) [ (24 W) 4082 (62 + () )]
By =

2 (624 (o)) (2 + wfn) |

(Hgm_,.@g@_\/(ﬁg@_,igm)) (Gz +,{2§>H§3))> <2G2 ( m) +H§m)ﬁ<w)>
2 (624 (o)) (62w

Ga (2G§ + (m%)) + :‘iéx)li§2))

G3 (523 + “(I)) (“%)) &5,3)

By =

)

¢\ = arctan
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We group formulas (30), (31), (32), (33) accordingly, and
register two light waves travelling towards the Cosserat medi-
um in the form:

Earr 2+ Esr \° _
E, E,A@)

Esr1Esp
E2A®)

cos |:(1/}$x) B wl(z)) -~ gD(I)} — gin2 |:(1/}$x) _ %(m)) _ gD(I)} ,

(34)

EsrEspr
E2B()

Ear 2+ Esir 2_
E, E,B®)

cos [(f? — ) - o] = sin? [ (4 — 9@ — o]

(35)
The formulas (34), (35) present right and left-handed elliptical
polarization light waves which travel forward in an elliptical
helical path.

The infinitesimal path retardation

4A@ = [(n®), — (n@));] de,

is written as:

dA@ = C\/(Hgﬂ) — Iiém))

1 ~Y 1
where C' = 7() = 5

(=) 4 n|
optical anisotropy) When we arrive at the linear medium we
ignore the vector of optical rotation, G, = 0, and when the
principal directions (1, 2, 3) are parallel to the directions of
the coordinate system (z, y, z) we obtain formula:

(G2 + ”zg)ﬂgmz))d
(36)

n{ 4+ nl™ = 2n, (small

dA®) = ¢ (k2 — Kk3) dz, (37)

which is applied in linear birefringence [13—-15].

Formulas (7) and (8) are substituted by formula (36) and
the infinitesimal path retardation of the Cosserat birefringence
medium is expressed by components of the force stress and
couple stress tensor:

= CVa* dx, (38)

where
2
* o\2 x x x
@ = (€ | (47 = of7)  arfy w7
)
For symmetrical elasticity without couple stresses formula

(38) corresponding to linear photoelasticity [13—15] and we
write for the principal directions ((z) = 1,2, 3):

+4[g+01ux+05 (uz—l—,u(m)

dA®) = C (0g — 03) du, (39)

where C; = ﬁ
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6. Cosserat gyro-birefringence formula

We write formula (14) in the form of the sum:

Ky 12 ’LG(I) (x) + ng *)
HM + zG(w) (m) Hgg) —1G,
K — ZG(I) K$D) +iGy K
0 —iG{ Gl
=] ic 0 —iGy (40)
—iG" G, 0
Fa Ry Ry

+ ’féfc) Ko = Ra3
NI
Then we study only gyro-birefringence component when
) = o) = ) )= ) =0, w13 = i) =

= 0. Equations (18), (19) are written as:

(n) = .

(nl(m))2 = —G,.

We then substitute (41), (42) to (20), (21), (22), (23) in order
to obtain two independent solutions:

=0, and ng
0, Kgl = ’153

(41)

(42)

?(’m) =i, (43)
E2
oy = (44)
E2
which allow us to describe two light waves:
E; = [0,2E,,i2E,] exp [z (wt _ wﬁ”)} 45
Err = [0,2E,, —i2E,] exp [z (wt - W’)} . (46)

We take the real part of the solutions (45), (46) and add mu-
tual perpendicular waves leading us to obtain two pairs of the
intensity component of the electric field:

EQ[ = EO cos | wt — 1/);1))

) , 47)

Esr = E, cos (wt — 9, +%)

FEorr = FE,cos |wt — ﬁx)

) )

Esrr = E,cos |wt — 1y —%)

expressed as:

E3 + B3 = E, (49)
B3+ E3r2 = E2. (50)

Solutions (47), (48) and (49), (50) mean that two right and
left-handed light waves, travel forward in a circular helicon
path.

The infinitesimal phase retardation for each of the waves
on the dx way are written as:

By ( (I)_")dz

Bull. Pol. Ac.:
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2 @

TW (nl( ) n) dx.
The relative phase retardation (51), (52) of the right and left-
handed circular polarization waves create the infinitesimal ro-
tation of the azimuth of polarization:

Ayt = (52)

dreonrle — % (dwﬁz) B dwl(m))

—_ (n(w) — n(m)) de = ——Gdx 9
P ! MWe T
For geometrical way AB, Fig. 1, we write:
B
Dgrle = = / Gdz, (54)
A

couple
. AB L )
polarization, n = \/k. We join (4) and (54), and we obtain
the searched relation between 2" '* and components of the
couple stresses:

where I' is the angle of the rotation of the azimuth of

™

AN

le
reovrle _
AB

(55)

Fig. 1. Measurement model of the anticipate of the rotation of the
azimuth of polarization in Cosserat gyro-birefringence material

7. Conclusions

As it is seen, a plane-polarized light wave on passing through
the Cosserat medium is split into two right and left-handed
elliptical polarization light waves which travel forward in an
elliptical helical path. We divide elliptical light wave into two
components: plane-polarized wave and circularly polarized
wave. Circular polarized waves is right and left-handed and
travels forward in an circular helical path. The linear polariza-
tion is associated with classical photoelasticity (force stresses)
and circular polarization belongs to nonsymmetrical photoe-
lasticity (couple stresses). Two circular helicon path travels
forward with different speeds. As a result of interference we

Bull. Pol. Ac.: Tech. 60(1) 2012

B
/ [g + (Cf + CY) po + C4 (ué””) + ug@)] dz.
A

obtain a rotation of the azimuth of polarization proportional
to couple stresses.

The work presented is an attempt to complement the bire-
fringence theory in which the influence of the mechanical
factor on gyro-birefringence is not known.

Appendix 1

We analyze an atom where the mass centre and the action
centre of Coulomb forces is not lined up. This symmetry dis-
turbance is created by an optical active electron.

The assumption is to eliminate the orbital angular mo-
ment of the optical active electron by the action of the crystal
field. The energy contribution due to the electron spin S un-
der a nonsymmetrical mechanical loading, can be written in
this form [11]:

Ecouple — _wcoupleS. (Al)

There wc"P¢ is the precession vector of spin due to non-
symmetrical loading. Equation (A1) can be re-written in the
operator form as follows:

wcouplegq) _ Ecoupleq), (A2)
there ® is the wave function, S is operator of spin. Equa-

tion (A1) corresponds now to the Schrodinger equation writ-
ten in the component “z” Cartesian coordinate system:

weourleS = peovrleg (A3)
By application the Pauli operators:
. A{ 1 O
S, == A4
2 < 0 -1 ) S
and the spin wave functions:
1 1
oF = 0 for mechs. = =,
P, = ) (A5)
o = for mechg, = —5

where mechg_ denotes the spin quantum number for the axes
“z” the Eq. (A2) now read:

S.®. = hmechs ®.. (A6)

Using analogy between (A3) and (A6) the eigenfunctions for
both sets of equations can be presented in the form:

couple __ , couple
EY =w; hmechs, .

(A7)

Appendix 2

Maxwell equations are grouped with material equations and
are written in the first approximation [1-2]:

tH—D =0 : .
"o rotH — vk =0, (A1)
D = kk FE
rotll + B=0

B = vy H } rotrotE + xxoth =0, (A2)

where H is the vector of the field of the magnetic intensity,
B is the vector of the magnetic induction, ), is magnetic
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permeability of the vacuum, x is magnetic permeability of
the medium. On the basis of the identity:
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