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under static and dynamic conditions
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Abstract. The paper presents results of FE simulations of the concrete behaviour under quasi-static and dynamic loading. For quasi-static
cyclic analyses, an enhanced coupled elasto-plastic-damage constitutive model has been used. To take the effect of the loading velocity into
account, viscous and inertial terms have been also included. To ensure the mesh-independence and to properly reproduce strain localization
in the entire range of strain rates, a constitutive formulation has been enhanced by a characteristic length of micro-structure by means of
a non-local theory. Numerical results have been compared with some corresponding laboratory tests.
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1. Introduction

A fracture process is a fundamental phenomenon in quasi-
brittle materials like concrete [1]. At the beginning of the
loading, regions with several micro-cracks are formed. Lat-
er these micro-cracks create macro-cracks. Thus, a fracture
process is subdivided in general into two main stages: ap-
pearance of narrow regions of intense strain deformation with
a certain volume (including micro-cracks) and occurrence
of discrete macro-cracks [2]. Within continuum mechanics,
strain localization can be numerically captured by a contin-
uous approach and discrete macro-cracks by a discontinuous
one. Usually, to describe the fracture behaviour of concrete,
one approach is used. However, in order to describe the entire
fracture process, a continuous approach should be connected
with a discontinuous one [3]. The description of fracture is
crucial to evaluate the material strength at peak and in the
post-peak regime. Fracture strongly depends among others
on the loading type (monotonic or cyclic), loading velocity
(quasi-static or dynamic) and moisture level. Thus, concrete
is a highly rate-dependent material [4-6].

The aim of our research works is to develop a reliable phe-
nomenological constitutive model for concrete under dynamic
loading for practical engineering applications. The results in
the paper show: 1) the capability of a coupled elasto-plastic-
damage continuum model to describe a quasi-static monoton-
ic and cyclic concrete behaviour at macro-level and 2) the
capability of an elasto-visco-plastic continuum model to de-
scribe the concrete behaviour under dynamic conditions at
macro-level (micro-structural phenomena at aggregate level
during fracture were not considered). The constitutive models
were enhanced by a characteristic length of micro-structure
by means of a non-local theory in order to capture strain lo-
calization. Numerical results were compared with some cor-
responding laboratory tests.
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2. Constitutive model for concrete
under quasi-static conditions

An analysis of concrete elements under cyclic loading is
complex mainly due to their stiffness degradation caused by
cracks [7-9]. To take into account a reduction of the concrete
strength, irreversible (plastic) strains and stiffness degradation,
a combination of plasticity and damage theories is physically
very appealing since plasticity considers the first two prop-
erties and damage takes into account a loss of the material
strength and the stiffness deterioration. An improved coupled
elasto-plastic-damage model has been proposed based on the
formulation by Pamin and de Borst [10], which combines
elasto-plasticity with a scalar damage assuming a strain equiv-
alence hypothesis. The elasto-plastic deformation has been
defined in terms of effective stresses according to a general
relationship

fp:F(U;ﬁ) — oy (kp) (1

wherein F' — the plastic failure function defined in effective
stresses agff , 0y — the uniaxial tension yield stress, and

kp — the hardening/softening parameter equal to the plastic
strain in uniaxial tension/compression. Two criteria were used
in a plastic regime: the linear Drucker-Prager criterion with a
non-associated flow rule in compression and the Rankine cri-
terion with an associated flow rule in tension [11-12] defined
by effective stresses

2)

The yield surface based on a linear Drucker-Prager criterion
was assumed in the following form

eff _ e
O—ij = ijklskl'

1
fi=q+ptanp — (1 — gtango) Oy (K1), 3)

where g — the Mises equivalent deviatoric stress, p — the mean
stress and ¢ — the internal friction angle. The material hard-
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ening/softening has been defined by the uniaxial compression
stress oy(+1), wherein x; is the hardening-softening parame-
ter. A simplified linear Drucker-Prager criterion is not usual-
ly suitable in a compression regime if high pressure is con-
cerned, because it is not able to correctly describe a pressure
sensitivity of concrete materials (a curved criterion should be
used). The flow potential was

“

with the dilatancy angle v # . In turn, in the tensile regime,
a Rankine criterion was used including a yield function fs
with isotropic softening defined as [11, 12]

g1 =q+ptany

&)

where o; — the principal stresses, o,; — the tensile stress and
ko — the softening parameter. Next, the material degradation
has been calculated within damage mechanics, independent-
ly in tension and compression based on the equivalent strain
measure by Mazars [13] (¢; — principal strains)

= > ()

%

f2 = max{01,02,03} — oyt (K2),

(6)

In tension, the standard exponential evolution function was
chosen for the damage parameter D

L R )

Di=1—-— @)
K
wherein « and 3 are the material parameters. In turn, in com-
pression, the function proposed by Geers [14] was adopted for
the damage parameter evolution
1 n:
De=1- (1 _ @) (0.01@) - (@) Temilir) - (8)
K K

KR

where 7)1, 12 and § are the material constants. Equation (6)
contributes to a differentiation of the stiffness degradation un-
der tension and compression. Thus, damage under compres-
sion starts to develop later than under tension (that is consis-
tent with experiments). The stresses were obtained according
to

oj=(1-D)oy, ©)
with the term ‘1-D’ defined as follows [15]
(1=D)=(1-s.D:)(1—s:D,.), (10)

and with two splitting functions s. and s
Se = 1—ac(1 —w(a“’ﬁ)) and s; = 1—atw(aeﬁ). (11)

The factors a; and a. are the scale factors and w (U"’ﬁ)
denotes the stress weight function which may be determined
with the aid of principal effective stresses [16]

0 if o=0
(o)
=

i
For relatively simple cyclic tests (e.g. uniaxial tension or bend-
ing), the scale factors a; and a. can be equal to a; = 0

w (a“’ﬁ) =

(12)
otherwise
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and a. = 1, respectively. Thus, the splitting functions are:
s; = 1 and s, = w (o). For uniaxial loading cases, the
stress weight function becomes

1 if o7>0
w (o) = (13)

0 if o <0

Thus, under pure tension the stress weight function w = 1
and under pure compression w = 0. Our constitutive mod-
el with a different stiffness in tension and compression and
a positive-negative stress projection operator to simulate crack
closing and crack re-opening is thermodynamically consistent.
It shares main properties of the model by Lee and Fenves
[16], which has been proved not to violate thermodynamic
principles (plasticity is defined in the effective stress space,
isotropic damage is used and the stress weight function is
similar). Moreover, Carol and Willam [17] showed that for
damage models with crack-closing-re-opening effects includ-
ed, only isotropic formulations did not suffer from spurious
energy dissipation under non-proportional loading (in contrast
to anisotropic ones).

Our local coupled elasto-plastic-damage model requires
the following 10 material constants F, v, kg, a, 3, 71, 72, 0,
ay, a. and two hardening yield stress functions (the function
by Rankine in tension and by Drucker-Prager in compres-
sion). If the tensile failure prevails, one yield stress function
by Rankine can be used only. The quantities o, (presents
in the hardening function) and kg are responsible for the
peak location on the stress-strain curve and a simultaneous
activation of a plastic and damage criterion (usually the ini-
tial yield stress in the hardening 0,9 = 3.5-6.0 MPa and
Ko = (8—15)><10_5 under tension). The shape of the stress-
strain-curve in softening is influenced by the constant 3 in
tension (usually 5 = 50-800), and by the constants § and
72 in compression (usually 6 = 50-800 and 72 = 0.1-0.8).
The parameter 72 influences also a hardening curve in com-
pression. In turn, the stress-strain-curve at the residual state
is affected by the constant o (usually o = 0.70-0.95) in ten-
sion and by 7; in compression (usually 7; = 1.0-1.2). Since
the parameters v and 7); are solely influenced by high values
of k, they can arbitrarily be assumed for softening materials.
Thus, the most crucial material constants are o9, Ko, 3, ¢
and 7. In turn, the scale factors a; and a. influence the dam-
age magnitude in tension and compression. In general, they
vary between zero and one. There do not exist unfortunately
the experimental data allowing for determining the magnitude
of a; and a.. Since, the compressive stiffness is recovered
upon the crack closure as the load changes from tension to
compression and the tensile stiffness is not recovered due to
compressive micro-cracks, the parameters a. and a; can be
taken for the sake of simplicity as a. = 1.0 and a; = 0 for
many different simple loading cases as e.g. uniaxial tension
and bending. The equivalent strain measure can be defined in
terms of total strains or elastic strains. The drawback of the
presented formulation is the necessity to tune up constants
controlling plasticity and damage to activate an elasto-plastic
criterion and a damage criterion at the same moment. As a
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consequence, the chosen initial yield stress 0,0 may be high-
er than this obtained directly in laboratory simple monoton-
ic experiments. The material constants F, v, kg, «, 3, n1,
72, 0 and two hardening yield stress functions can be deter-
mined for concrete with the aid of two independent simple
monotonic tests: uniaxial compression test and uniaxial ten-
sion (or 3-point bending) test. However, the determination of
the damage scale factors a; and a. requires one full cyclic
compressive test and one full cyclic tensile (or 3-point bend-
ing) test.

3. Constitutive model for concrete
under dynamic conditions

The concrete behaviour under both tension and compression
strongly depends on the prescribed strain rate. The structural
concrete resistance increases when the strain rate increases
[18] due to 2 main reasons: inertia forces of micro-cracking
and viscosity of free water in the capillary concrete system
[18-26]. The first phenomenon is strongly affected by con-
crete fragmentation at high loading velocities [27, 28]. The
material brittleness decreases and material fragmentation in-
creases with increasing strain rate. During impact loading,
the material post-peak behaviour can be very different [23].
The concrete strength after drying is less sensitive to loading
rate.

Two different phases in the strength increase can be dis-
tinguished in compression and tension tests. In compression,
the first phase corresponds to the strain rate € < 1071 1/s
(it leads to the maximum 1.5 — time increase of the com-
pressive strength) and the second one to ¢ > 1071 1/s (it
leads to the maximum 3-times increase of the compressive
strength). In tension, two distinct phases also happen in the
tensile strength increase. At ¢ = 10Y 1/s, the tensile strength
is e.g. 2-times higher and at ¢ = 10? 1/s is even 9-times
greater. Consequently, the understanding the concrete behav-
iour within a very wide range of strain rates is fundamental.
The concrete behaviour is experimentally at very high strain
rates very difficult to be investigated since several different
failure modes simultaneously at the macro- and meso-level
occur.

An elastic-visco-plastic concrete model was developed
based on an elasto-plastic criterion (the Drucker-Prager crite-
rion in compression and Rankine criterion in tension, Sec. 2)
enhanced by viscosity incorporated via the Duvaut-Lions
overstress approach [29] (the stress state was allowed to re-
main outside the yield surface). The visco-plastic strain rate
and hardening parameter were assumed as

e = % (€] (0 —7) (14)

and
(15)

- 1 _
KPP = ;(H*Iﬁ),

where 7 is the material parameter usually called relaxation
time, o and K are stress tensor and hardening/softening pa-
rameter of an inviscid material. The visco-plastic strain rate
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in Eq. (14) was simply equal to the difference between true
stresses and stresses obtained in an inviscid material. The par-
tition of the total strain rate into an elastic strain rate and a
visco-plastic strain rate was assumed

g =¢&° &%, (16)

Such formulation allowed for a smooth transition from an
inviscid to a viscous case (in contrast to an elasto-viscous-
plastic approach by Perzyna [30]). A yield surface with an
apex or a non-smooth surface could be used that was not pos-
sible in the model by Perzyna [30], wherein a yield surface
had to be smooth with continuous stress derivatives in order
to uniquely determine the direction of a visco-plastic strain
rate. The first resolution of constitutive equations was carried
out by considering the material as a rate-independent one, so
the plastic stress tensor & and the hardening variable % could
be determined. In the second phase, the rate-dependency was
incorporated with Eqgs. (14) and (15). Finally, one obtained
the updated viscoplastic stress Eq. (17) and the updated vis-
coplastic rate parameter Eq. (18) integrated over the time step
At (from ¢ up to ¢t + At)

At
(on+C°: Ae)+ TE"H

Ontl1 = At (17)
1+ =
T
and
At_
Kn + - Rn41
Rn41 = At (18)
1 -

A visco-plastic model by Duvant-Lions is quite convenient to
be implemented, since a visco-plastic solution is the update
of an inviscid solution [4]. A visco-plasticity produces in field
equations a material length as a product of the elastic wave-
speed times the relaxation time [29]. A local elasto-visco-
plastic model requires the following four material constants
to capture the elastic and plastic behaviour: F, v, ¢, ¢ and
two hardening/softening yield stress functions (the function
by Rankine in tension and by Drucker—Prager in compres-
sion). These parameters can be easily determined with the
aid of two independent simple monotonic tests for concrete:
uniaxial compression test and uniaxial tension (or three-point
bending) test. The determination of the viscous parameter T
requires several dynamic uniaxial compression and tension
tests to capture the evolution of the strength increase factor at
various strain rates.

4. Modelling of strain localization

To describe properly strain localization, to preserve the well-
posedness of the boundary value problem, to obtain FE-results
free from spurious discretization sensitivity and to capture a
deterministic size effect (dependence of the nominal strength
on the structure size), a integral-type non-local theory was
used as a regularization technique [31-33]. It takes advantage
of a weighted spatial averaging of a suitable state variable
over a neighbourhood of each material point. Thus, a state
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variable at a certain material point depends not only on the
state variable at the point but on the distribution of the state
variable in a finite neighbourhood of the point considered (the
principle of a local action does not hold — a non-local inter-
action takes place between any two points). It has a physical
motivation due to the fact the distribution of stresses in the
interior of concrete at meso-scale is strongly non-uniform due
to the presence of different phases (aggregate, cement matrix
and bond). Polizzotto et al. [34] laid down a thermodynamic
consistent formulation of non-local plasticity. In turn, Bori-
no et al. [35] and Nguyen [36] proposed a thermodynamic
consistent formulation of non-local damage.

Usually, in elasto-plastic formulations, it is sufficient to
achieve mesh-independent FE results to treat non-locally one
state variable controlling material softening (e.g. non-local
softening parameter), whereas stresses, strains and other vari-
ables remain local [32, 37]. Similarly, in isotropic scalar dam-
age models, it is sufficient to treat a variable describing ma-
terial degradation as a non-local one [11]. However in other
damage formulations, this variable has to be carefully cho-
sen because a wrong choice can cause problems with ener-
gy dissipation leading to mesh-dependent FE solutions [38,
39]. When using a coupled elasto-plastic damage model with
non-local softening (Sec. 2), the non-locality was applied to
damage (since softening was not allowed in elasto-plasticity).
The equivalent strain measure in Eq. (6) was replaced by its
nonlocal counterpart:

é@@:/wmaumm

%

19)

where x§ — the coordinates of the considered (actual) point,
xj, — the coordinates of the surrounding points, r» — the dis-
tance between material points, w — the weighting function and
V' — the body volume. In the case of an elasto-visco-plastic
model (Sec. 3), the rates of the inviscid softening parame-
ter © (Eq. (15)) were averaged according to the schema by
Brinkgreve [32]

+m (/w (z,€) dR; (€) d¢ — dR; (m)) . (20)

Since the rate of the softening parameter is not known at the
iteration beginning, some extra sub-iterations are required to
solve Eq. (20) [40]. To simplify the calculations, the non-local
rates were replaced by their approximations dr$*" calculated
based on the known total strain rate [32]

di; (v) =~ dr; ()

+m (/w(fv,E) dRest (€) d — diee! (x)) | 1)

The FE results show an insignificant influence of the cal-
culation method of plastic rates of the non-local softening
parameter [37]. In addition, an approximate method proposed
by Brinkgreve [32] in Eq. (20) is less time consuming (by
ca.30%).
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As a weighting function wg (called also an attenuation
function or a non-local averaging function), the Gauss distri-
bution was assumed [33]

w(r) = ie_(ﬁy,

(22)

where the parameter [. is a characteristic length of micro-
structure, r is a distance between two material points and ¢,
denotes a normalizing factor equal to /7l (1D case ), /7[>
(2D case) and ﬂﬁli (3D case). The averaging in Eq. (22) is
restricted to a small representative area around each material
point (the influence of points at the distance of r = 3 X [, is
only of 0.01%). A characteristic length is usually related to
the micro-structure of concrete represented by the aggregate
size. It is usually determined with an inverse identification
process of experimental data. However, the determination of
a representative characteristic length of micro-structure [, is
very complex in concrete since the strain localization can in-
clude a mixed mode (tensile zones and shear zones) and a
characteristic length (which is a scalar value) is related to the
fracture process zone with a certain volume which changes
during a deformation (the width of the fracture process zone
increases according to e.g. Pijaudier-Cabot et al. [41], but
decreases after e.g. Simone [42]). In turn, other researchers
conclude that the characteristic length is not a constant and it
depends on the type of the boundary value problem and the
current level of damage [43]. Based on our both numerical
simulations of concrete and reinforced concrete beams under
bending and experiments using a digital image correlation
DIC technique in order to measure the width of a localized
zone on the concrete surface [44—46], the characteristic length
l. of micro-structure was found to be about 5 mm in usual
concrete (using the Gauss distribution function). A proper
non-local transformation requires that a non-local field cor-
responding to a constant local field remains constant in the
vicinity of a boundary. The applied weighting function satis-
fies the normalizing condition [33]

o) —enlla=el)
/mmw—cm«

%

(23)

The constitutive models where implemented into the Abaqus
Standard program [15] with the aid of the subroutine UMAT
(user constitutive law definition) and UEL (user element de-
finition). For the solution of a non-linear equation of mo-
tion governing the response of a system of finite elements, a
modified Newton-Raphson scheme was used (Section 2). The
calculations were performed with a symmetric elastic global
stiffness matrix instead of applying a tangent stiffness matrix
(the choice was governed by access limitations to the com-
mercial software Abaqus [15]. The procedure yielded suffi-
ciently accurate and fast convergence. The magnitude of the
maximum out-of-balance force at the end of each calcula-
tion step was smaller than 1% of the calculated total force
on the specimen. To satisfy the consistency condition f = 0
in elasto-plasticity, the trial stress method (linearized expan-
sion of the yield condition about the trial stress point) using

Bull. Pol. Ac.: Tech. 61(1) 2013
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an elastic predictor and a plastic corrector with the return
mapping algorithm [47] has been applied. The calculations
were carried out using a large-displacement analysis. In this
case, the actual configuration of the body is taken into ac-
count. The Cauchy stress was taken as the stress measure.
The conjugate strain rate was the rate of deformation. The ro-
tation of the stress and strain tensor have been calculated with
the Hughes-Winget method [48]. A non-local averaging have
been performed in the current configuration. This choice was
governed by the fact that element areas in this configuration
were automatically calculated by Abaqus [15]. The implicit
dynamic analysis (including inertia forces) was used based
on the Newmark method [15].

5. FE results for quasi-static cyclic
and monotonic concrete tests

Due to the lack of accompanying monotonic and cyclic uniax-
ial laboratory tests, a general calibration procedure could not
be applied to a coupled elasto-plastic-damage model. There-
fore, the material constants were found by means of prelim-
inary FE analyses in order to satisfactorily match numerical
results with experimental ones.

5.1. Cyclic uniaxial compression and tension. First, a sim-
ple cyclic tension-compression-tension element test was cal-
culated with the following constants: o9 = 4 MPa, 0,0 =
40 MPa, H, = E/2 (H, — hardening plastic modulus),
¢ = 20°, 1 = 10°, 3 = 550, 6 = 950, ko = 8.5 x 107>,
a=0.95 1 =12, 172 =0.15, a; = 0.0 and a. = 1.0. The
results of Figs. 1 and 2 show the different stiffness degra-
dation during compression and tension (that is stronger in
tension). A recovery of the compressive stiffness upon crack
closure and un-recovery of the tensile stiffness as the load
changes between tension and compression is satisfactorily re-
flected. Moreover, the tensile stiffness is not recovered when
the load varies between compression and tension. For a better
adjustment of the theoretical results to the experimental ma-
terial behaviour, the scale factors should lie between 0 and 1.
The evident difference between a pure damage model (without
plastic strains) and coupled one (with plastic strains) during
one uniaxial load cycle is demonstrated in Fig. 2.

P [kN]

0.20 -0.15 u [mm]

ﬁ I (l.;iS

Fig. 1. Response of coupled elasto-plastic-damage constitutive model
for concrete under cyclic tension-compression-tension test
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PkN]

— plasticity and damage
------ pure damage

T -
0.050 u[mm]

Fig. 2. Response of coupled elasto-plastic-damage constitutive mod-
el during tension-compression-tension test with and without plastic
strain

The effect of the damage scale factors a; and a. on
the load-displacement diagram under tension-compression-
tension is described in Fig. 3 by assuming a; = 0.2 and
a. = 0.8. This change of both factors is stronger in compres-
sion.

. . . — .
-0.20 Y 005  #[mm]

e a[=(}.0. a(=1 .0

Fig. 3. Response of coupled elasto-plastic-damage constitutive mod-
el for concrete under tension-compression-tension test for different
damage scale factors a; and ac

Finally, Fig. 4 demonstrates the 2D FE results with the
coupled constitutive model for a concrete specimen subjected
to uniaxial cyclic compression by taking strain localization
into account. All nodes at the lower edge of a rectangular
specimen were fixed in a vertical direction. The size of the
specimen was arbitrarily chosen: 15 cm (height) and 5 cm
(width). To preserve the stability of the specimen, the node
in the middle of the lower edge was kept fixed. The defor-
mations were initiated through constant vertical displacement
increments prescribed to nodes along the upper edge of the
specimen. The lower and upper edges were smooth.
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c)
[MPa]
o 2 e @XPETIMENt
204 o —FEM

0 [()].(J()() (].(;[)] ) (].(;k]4 (].[50()
Fig. 4. Response of coupled elasto-plastic-damage constitutive mod-
el for concrete specimen under uniaxial cyclic compression from FE
calculations (with damage scale factors a;=0.0 and a.=1.0): a) de-
formed FE mesh, b) contours of calculated non-local parameter,

c) calculated and experimental [7] stress-strain curve

The number of triangular finite elements was 896 (the
size of elements was not greater than 3x!. [11]). The mate-
rial constants were: I/ = 30 GPa, v = 0.18, o, = 20 MPa,
¢ =25°¢=10°n =12, 1. =0.7, 6§ =800, [, = 5 mm,
a; = 0.0 and a. = 1.0. To induce strain localization, a weak
element was inserted in the middle of height, on edge of the
specimen. The calculated stress-strain curve was qualitatively
compared with the experimental one by Karsan and Jirsa [7].

The calculated stress-strain curve (Fig. 4c) is qualitatively
the same as in a cyclic compressive experimental test [7] with
respect to material softening and stiffness degradation. The
calculated thickness of a localized zone is 3.4 cm (6.8%I.)
and the inclination to the horizontal is about 45° (Fig. 4b).
These results are very similar as those within elasto-plastic
calculations [37]. The shear zone inclination is significantly
higher (and more realistic) than this obtained with a simple
non-local isotropic damage model [42], that was smaller than
35°-40°.

5.2. Four-point cyclic bending of notched concrete beams.
The comparative 2D numerical simulations were performed
with a concrete notched beam under four-point cycling bend-
ing subjected to the tensile failure [9]. The length of the beam
was 0.5 m and the height 0.1 m. The deformation was induced
by imposing a vertical displacement at two nodes at the top
of the beam. In the calculations, the modulus of elasticity was
E = 40 GPa, Poisson ratio ¥ = 0.2 and characteristic length
l. = 5 mm. The concrete tensile strength in experiments was
varied between f; = 2.49 MPa and f; = 4.49 MPa. The
calculations were performed with 7634 triangular finite ele-
ments. The size of elements was not greater than (2-3) X!, to
obtain objective FE results [11, 37, 46].

The following constants were used in calculations o0 =
6.5 MPa, H, = E/2, ko = 4.3 x 107°, 8 = 650, a = 0.90,
m = 1.2, no = 0.15, § = 450, a; = 0 and a. = 1 (damage
was based on elastic strains).

The calculated force-displacement curve (Fig. 5) exhibits
good agreement with experimental outcomes. A calculated
stiffness decrease is almost the same as in the experiment.
The magnitude of a stiffness reduction is well reflected due
to differentiation of the stiffness degradation under tension

90

and compression. The calculated width of the localized zone
above the notch is about 2.4 cm (4.8 x [.) (Fig. 5).

s @XPETIMENt
——FEM

Force P [kN]

: T T T ,
0.00 0.05 0.10 0.15 0.20 0.25
Displacement # [mm)]

‘P, u V’. u
~

A =~
e £ ! + 7 : £ £ 7

Fig. 5. The calculated load-displacement curve compared with ex-
periment [9] and calculated localized zone above notch in concrete

beam

5.3. Shear-tension failure of short reinforced concrete
beam. The behaviour of short reinforced concrete beams with
high longitudinal reinforcement and without stirrups subject-
ed to the mixed shear-tension failure were simulated with the
FEM. The results were compared with the corresponding lab-
oratory tests carried out by Walraven and Lehwalter [49]. In
experiments, the beam length L varied between 680 mm and
2250 mm and the height & was between 200 mm and 1000 mm
(the beams’” width b was always 250 mm). The cylinder com-
pressive strength of concrete was about f. = 20 MPa. In
turn, the cylinder splitting tensile strength of concrete was
about f; = 2 MPa. The longitudinal reinforcement ratio of
the specimens was 1.1% (yield strength was 420 MPa). The
beams were incrementally loaded by a vertical force up to the
peak applied at a mid-span of each beam. During loading,
first, at about 40% of the failure load, bending cracks ap-
peared. Afterwards, at about 45-50% of the failure load, the
first inclined crack occurred. The beam failure took place in a
gradual gentle way in shear compression by crushing concrete
adjacent to the loading plate initiated by a formation of short
parallel inclined cracks.

Based on preliminary calculations, the following constants
were assumed for FE calculations: 0,9 = 3.0 MPa (ten-
sion), 30 MPa (compression), H, = E/2, ko = 1.1 x 1074,
8 =150, a = 0.90, m; = 1.1, 93 = 0.65, 6 = 600, a; = 0
and a. = 1 (damage was based on elastic strains, [, = 5 mm).

The results with a coupled elasto-plastic-damage model
for the beam with the height of 2 = 400 mm are given in
Figs. 6 and 7.

Bull. Pol. Ac.: Tech. 61(1) 2013
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experiment

0 T T T T T
0.0 0.5 1.0 1.5 2.0

@ [mm]
Fig. 6. Calculated force-displacement curve within coupled elasto-

plasticity-damage as compared to experimental maximum vertical
force for beam with height h = 400 mm)

b)

Fig. 7. Distribution of calculated non-local equivalent strain at fail-

ure within coupled elasto-plasticity-damage with non-local softening

(a) against experimental crack pattern [49] (b) in concrete beam with
height h = 400 mm

The calculated maximum vertical force is in a reinforced
concrete beam in good agreement with the experimental value
[49]. The maximum vertical forces differed by 3%—-23% from
the experimental ones in calculations with other beams (the
highest difference was for the largest beam).

The calculated geometry of localized zones is also in sat-
isfactory agreement with the experimental ones. At the begin-
ning of a loading process the straight localized zones occur,
next curved zones start to develop, finally the growth of high
steep shear zones leads to failure.

Finally, Fig. 8 shows a comparison between the calculat-
ed and experimental deterministic size effect in beams: the
shear stress V/(bdf .) at failure as a function of the effective
beam depth. In addition, the size effect law by Bazant [1]
is enclosed. The experimental, numerical and theoretical are
similar and the beam strength shows strong size dependence
on the beam height.

Bull. Pol. Ac.: Tech. 61(1) 2013
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0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 8. Calculated size effect in short reinforced concrete beams
from FE-analyses compared to experiments [49]) and to size effect
law by Bazant [1] (b — beam width, d — effective beam height, f.
— compressive strength of concrete, V,, — ultimate vertical force): a)
experiments, b) FE calculations, c) size effect law

6. Dynamic behaviour of concrete

6.1. Uniaxial compression. In numerical simulations, the
homogeneous specimen was fixed at the lower and upper edge
and the uniform vertical velocity was imposed along the upper
boundary (Fig. 9).

150

L 150 1

1 1
Fig. 9. Uniaxial compression test: specimen geometry, FE mesh and
boundary conditions

The concrete parameters were: £ = 35.0 GPa, v = 0.15,
¢ = 14°, ¢ = 8°, the compressive yield stress oo = 30 MPa
with linear softening (H = 1.55 GPa). The relaxation time
was equal to 1x107%5,2x107 65, 1x107°5s,2x107° s and
2 x 10~* s, respectively. The imposed strain rate was varied
from € = 107> 1/s up to € = 102 1/s. In the first step, plane
strain quasi-static calculations with the elastic-visco-plastic
model and local softening were carried out for the different
mesh discretization: 10x10, 20x20 and 40x40 (with plane
strain triangular elements in the so-called “union jack pattern”
and with plane strain four-node square elements with full inte-
gration). The FE calculations were performed without inertial
forces during the so-called slow process (the prescribed verti-
cal strain rate to the top edge was ¢ = 10~% 1/s) and the fast
process (¢ = 1 1/s) (Figs. 10 and 11). The viscous parameter
was T =2x 1076 s.
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Fig. 10. The calculated force-displacement curves with elasto-visco-
plastic model with local softening for different FE meshes: a) slow
process (¢ = 10™% 1/s), b) fast process (¢ = 1 1/s)

a)
b)

Fig. 11. The calculated contours of softening parameter with dif-

ferent meshes using elasto-visco-plastic model with local softening:

a) slow loading process (¢ = 10™* 1/s), b) fast loading process
(E=11s)

The FE results of Figs. 10a and 11a are evidently mesh-
dependent in a softening range during the slow process since
the intersecting shear zones are confined to one row of finite
elements and a different response in a post-peak regime was
obtained for each mesh (Fig. 10a). Thus, the viscous terms
are simply not sufficient to properly regularize the initial val-
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ue problem. In turn, for the fast process, the mesh-dependence
does not occur (Figs. 10b and 11b) and shear zones have larg-
er widths than one element row. For all meshes, the width of
the shear zone is very similar and equal to 22 mm (Fig. 11b).
The numerical results (geometry of localized zones and force-
displacement curves) are almost the same as in [4].

The effect of a non-local approach on FE quasi-static re-
sults within elasto-visco-plasticity is demonstrated in Figs. 12
and 13 (7 = 2 x 1079 s). Due to the presence of a character-
istic length of micro-structure (I, = 5-15 mm) in an inviscid
phase, the widths of shear zones are also mesh-independent
(wider than one row of elements) for the slow loading process
(Fig. 12A). The width of a localized zone increases obviously
with increasing [, (Fig. 12A): 6.7 mm (I, = 0 mm), 13.5 mm
(Ic = 5 mm) and 24 mm ([, = 15 mm). During fast load-
ing process, the overlapping effect of both the non-locality
and viscosity occurs. Thus, the width of localized zones in-
creases: 22 mm (I, = 0 mm), 25 mm ([, = 5 mm), 31 mm
(I = 15 mm) and their edges become smoother (Fig. 12B). In
addition, a post-peak response exhibits smaller discrepancies
(Figs. 13a and 13b).

A)

a).).c)
B)
.a) .) .c)

Fig. 12. The calculated contours of softening parameter for slow (A)

and fast (B) loading process: a) elasto-visco-plastic model with local

softening (I = 0 mm), b) elasto-visco-plastic model with non-local

softening (I. = 5 mm), c) elasto-visco-plastic model with non-local
softening (I, = 15 mm)

Next, the effect of several different strain rates € ranged
from 10~° 1/s up to 100 1/s on the dynamic concrete behav-
iour was investigated (Figs. 14—16). The numerical strength
results were compared with the compressive dynamic increase
factor (CDIF) according to the CEB recommendations [50]
based on laboratory experiments (in the form of a bilinear
function of the factor CDIF of the strain rate € in a logarith-
mic scale).

First, the dynamic FE results using the visco-plastic mod-
el (simulation #1, 7 = 2 x 107° s) and elasto-plastic model
(simulation #2) with non-local softening (I, = 5 mm) were
compared during 2D and 3D calculations (Fig. 14). The cal-
culated dynamic increase factor is underestimated as com-
pared to CEB for the strain rate ¢ < 1 1/s (the same re-
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sults were obtained at ¢ < 1 1/s). In turn, for high strain
rates (¢ > 10 1/s), the calculated dynamic increase factor is
overestimated since material fragmentation is not taken into
account. An increase of CDIF is more pronounced in real
3D simulations than in simplified 2D analyses. In simulations
with viscosity, CDIF increases faster than in non-viscous sim-
ulations (at € > 10 1/s).

a) 10004 _
sl =15 mm

800 4

600 -

P [kN]

400

200

0:6 0.8 1.0 1.2
u [mm]

0.0

b) 1000 4

800 4

600 4

P [kN]

400 -

200

0 T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2

u [mm)]
Fig. 13. Calculated force-displacement curves within elasto-visco-
plastic model with non-local softening for different characteristic
lengths of micro-structure: a) slow process (¢ = 10~% 1/s), b) fast
process (¢ =1 1/s)

64 CEB
-- 0-- FEM (2D) simulation #1 (z=2E-5 s)
—M— FEM (3D) simulation #1 (7= 2E-5 s)
-- Y¢-- FEM (2D) simulation #2
—%— FEM (3D) simulation #2

CDIF

10 10" 10
[1/s]
Fig. 14. Dynamic FE results considering effect of material formula-
tion and viscosity with relaxation time 7 = 2 x 10™° s as compared
to dynamic compressive increase factor CDIF by CEB [50] (#1 —
elasto-visco-plastic model with non-local softening and #2 — elasto-
plastic model with non-local softening)
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The shape and width (about 30 mm) of shear zones and
load-displacement curves are practically the same ate < 1 1/s
(Figs. 15 and 16). The shape of localized zones starts to
evidently change at € > 10 1/s. For the highest strain rate
€ = 100 1/s, the localized region is concentrated close to the
upper surface (Fig. 15), and the material indicates a stiffer
response in the elastic domain and a more brittle response in
a softening range (Fig. 16).

-a) -b) -c) -d)
.e) .f) -g) .h)
Fig. 15. The contours of non-local softening parameter from FE dy-
namic simulations for different vertical loading strain rates: a) 107°
1/s,0) 107 1/s, 1/s, ¢) 1073 1/s, d) 1072 1/s, €) 10~ * 1/s, ) 10° 1/s,

2) 10" 1/s, h) 102 1/s using elasto-visco-plastic model with non-local
softening (7 =1 X 1075 s, l. = 5 mm)

0.0 0.3 0.6 0.9
u [mm]

Fig. 16. The load-displacement curves from FE analyses for differ-
ent vertical strain rate using elasto-visco-plastic model with non-local
softening (t =1 x 107% s, I, = 5 mm)

6.2. Uniaxial tension. A dumbbell-shaped specimen was as-
sumed as in the experiments by Yan and Lin [51] (Fig. 18).
The following material parameters were assumed in FE calcu-
lations: £ = 29.0 GPa, v = 0.15 and the tensile yield stress
oyto = 2 MPa with linear softening (H = 0.65 GPa). The
numerical dynamic analyses were performed with the varying
strain rate (10~°-10" 1/s).

Similarly as in uniaxial compression, the FE results show
that the dynamic increase factor is underestimated as com-
pared to the both experiments [51] and CEB recommendation
[50] for the small strain rates € < 1 1/s and overestimated for
the large strain rates € > 1 1/s a (Fig. 19). An increase of a
viscosity parameter leads to a better accordance at € < 1 1/s.
For higher strain rates, the calculated dynamic factor is close
to CEB with the very small viscosity parameter 7 = 1076 s
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only. For simulations without viscosity, the strength’s growth
with increasing strain rate is not obtained.

64 — CEB
--t-- 1=2E-4s

54 --O-- 1=2E-5s g
B 7= 1E-5s fi

44 === 1=2E-6s _:T:Iﬁ
0 1= 1E-6s i

CDIF

[1/s]

Fig. 17. Dynamic FE results of CDIF with different relaxation times
7 as compared to CEB curve [50] (elasto-visco-plastic model with
non-local softening)

70

1 f
100

Fig. 18. Geometry of dumbbell-shaped specimen subject to uniaxial
tension and FE mesh

200

124 CEB

--@-- experiment

104 -- O-- FEM simulation #1 (z=2E-4 s)

== &= FEM simulation #1 (7= 1E-4 s)
84 --v-- FEM simulation #1 (z=2E-5 5) 8
L._.L' -- /A== FEM simulation #1 (z= 1E-5 s) J::,V'
B 64 -0~ FEM simulation #1 (+= 1E6 5) fin
-- v-- FEM simulation #2 ’,f" O

[1/s]
Fig. 19. Dynamic FE results of uniaxial tension as compared to
TDIF by CEB [50] for different strain rates at different relaxation
times (#1 — elasto-visco-plastic model with non-local softening and
#2 — elasto-plastic model with non-local softening)

The numerical results with the elasto-visco-plastic model
with non-local softening (/. = 5 mm) and different viscosity

94

parameters: 7 = 1 x 10765, 1x 10755, 2x107°s,1x107%s
and 2x 10~* s (simulation #1) were compared with those with
the elasto-plastic model with non-local softening (I. = 5 mm)
(simulation #2) (Figs. 19-21)

7 ) b)'c) l d)
I e) I f) 2)

Fig. 20. The contours of non-local softening parameter from FE dy-
namic simulations for different strain rates &: a) 107° 1/s, b) 1074
1/s,¢) 1073 1/s, d) 1072 1/s, e) 1071 1/s, f) 10° 1/s, g) 10" 1/s using
elasto-visco-plastic model with non-local softening (7 = 1 x 107¢,

lc = 5 mm)
—10'1/s
60+ e 10° 1[5
——-10" 1/s
> 40/ ———— 10'2 1/s
~ 107 s
: ---10"1/s
o0l -==10" 1/s
. R
0.00 0.02 0.04 0.06 0.08
u [mm]

Fig. 21. The load-displacement curves from FE dynamic simula-
tions for different strain rates € using elasto-visco-plastic model with
non-local softening (7 = 1 X 1075 s, l. = 5 mm)

For slow strain rates (¢ < 10! 1/s), a localized zone is
created in the mid-region close to the specimen widening (the
zone width is about 23 mm) (Fig. 20). For ¢ = 1 1/s two
localized zone are created in the specimen mid-region with
the width of 21 mm. In turn, at ¢ = 10" 1/s, a localized zone
is concentrated close to the specimen top. At € > 1 1/s, the
maximum vertical force significantly grows with increasing &
(Fig. 21).

7. Conclusions

The following conclusions can be derived from our FE analy-
ses:

The FE quasi-static calculations demonstrate that our cou-
pled elasto-plastic damage models enhanced by a characteris-
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tic length of micro-structure in a softening regime can prop-
erly reproduce the experimental load-displacement diagrams
and strain localization in plain and reinforced concrete ele-
ments under monotonic and cyclic loading. The model cap-
tures plastic strains and stiffness degradation in both tension
and compression, and stiffness recovery effect during cyclic
loading by means of a strain equivalence hypothesis. It is able
to properly describe strain localization under both tension and
compression due to a presence of a characteristic length of
micro-structure. Its drawback is no clear distinction between
elastic, plastic and damage strain rates, and a relatively large
number of material constants to be calibrated. However, most
of material constants may be calibrated independently with a
monotonic uniaxial compression and tension (bending) test.
Standard uniaxial cyclic tests are needed to calibrate damage
scale factors.

A strengthening effect is obtained in FE dynamic sim-
ulations in concrete with our elasto-visco-plastic model and
non-local softening at increasing strain rates under both com-
pression and extension. The FE results may differ from the
CEB recommendations based on the experimental outcomes.
The calculated dynamic increase factor is namely too low at
small strain rates and too high at high strain rates. The vis-
cous terms in a plastic domain are not sufficient enough to
properly describe creep and viscosity due to the water con-
tent. Thus, further research works on the formulation of a
realistic coupled elasto-visco-plastic-damage model are need-
ed by taking into account elastic viscosity [4] and material
fragmentation [27].
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