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 COMPARISON OF ANALYTICAL METHODS FOR ESTIMATION 
OF EARLY-AGE THERMAL-SHRINKAGE STRESSES IN RC WALLS

B. KLEMCZAK1, A. KNOPPIK-WRÓBEL2

The volume changes caused by coupled temperature and moisture variations in early-age concrete 
elements lead to formation of stresses. If a restraint exists along the contact surface of mature 
concrete against which a new concrete element has been cast, generated stresses are mostly of 
a restraint origin. In engineering practice a wide range of externally restrained concrete elements 
can be distinguished such as tank walls or bridge abutments cast against an old set foundation, 
in which early-age cracking may endanger their durability or functionality. Therefore, for years 
methods were being developed to predict early-age stresses and cracking risk of externally 
restrained concrete elements subjected to early-age thermal-moisture effects. The paper presents 
the comparative study of the most recognised analytical approaches: the method proposed in EC2, 
the method proposed by ACI Committee 207 and the method developed at the Luleå University of 
Technology.
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1. INTRODUCTION

Thermal and shrinkage stresses arise in early-age concrete as a result of volume changes 
due to the temperature and moisture variations during hardening process (Fig. 1). The 
variations of concrete temperature during curing are connected with an exothermic na-
ture of the chemical reaction between cement and water. In structural elements with thin 
sections the generated heat dissipates quickly and causes no problem. In thicker sections 
the internal temperature can reach a signifi cant level. Furthermore, due to the poor ther-
mal conductivity of concrete, high temperature gradients may occur between the interior 
and the surface of thick structural elements. Concrete curing is also accompanied with 
moisture exchange with the environment in conditions of variable temperature. The loss 
of water trough evaporation at the surface of element results in shrinkage, which is clas-
sifi ed as an external drying shrinkage. There is also internal drying resulting from the 
reduction in material volume as water is consumed by hydration, which is classifi ed as 
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autogenous shrinkage. Additionally, the chemical shrinkage is also distinguished which 
occurs because the volume of hydration products is less than original volume of cement 
and water. The volume changes due to the temperature and moisture variations have 
consequences in arising thermal-shrinkage stresses in a concrete element. 

a) 

 

b) 

 

Fig. 1. Temperature (a) and moisture content 
(b) development in time for an externally restrained concrete wall [7].

Thermal-shrinkage stresses in externally restrained elements result from a coupled 
action of self-induced and restraint stresses with a predominant role of restraint stresses. 
Self-induced stresses occur, too, but their infl uence is much smaller. This is mainly 
the result of temperature and moisture concentration distribution within the wall: even 
though the difference is observed, it is of a relatively small magnitude (KLEMCZAK [1], 
KNOPPIK-WRÓBEL [2], ZYCH [3]).

Self-induced stresses originate from the material itself due to the internal restraint 
caused by temperature and moisture gradients. In an internally restrained element stress 
development is characterised by formation of compressive stresses in the interior and 
tensile stresses on the surface of the element in the heating phase while in the cooling 
phase stress body inversion in observed. 

Restraint stresses result from external limitation of deformation, usually caused 
by mature concrete of previously cast layers. Their magnitude depends on a degree 
of restraint induced by an older part against a newer part of the structure. The degree 
of restraint is expressed in a form of an restraint factor, γR, which in any point of the 
element is defi ned as a ratio between the stress generated in an unrestrained element σ 
to the fi xation stress σfi x ([4], [5], NILSSON [6], LARSON [7]):

 
fixR

 

and may take values between 0 at no restraint to 1 at total fi xation. It varies throughout 
the element with the maximum value at the joint in the mid span and decreasing towards 
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free edges of the element. The degree of restrain of the element depends predominantly 
on the length-to-height ratio of the element, L/H, but also on the ratio of stiffness of 
a newly cast (wall) and a mature (foundation) part. Restraint stresses have different 
character than self-induced stresses: in the heating phase almost the whole volume of 
the element is subjected to compression while in the cooling phase tensile stresses oc-
cur. The discussed tensile stresses in the cooling phase can reach a signifi cant level and 
cracks can be induced in the structure. These cracks, especially deep or through cracks, 
may adversely affect the serviceability, lifespan or even bearing capacity of a concrete 
structure. 

Some methods were developed to assess the infl uence of the degree of restraint 
on the character and values of tensile stresses occurring in the phase of the element 
cooling. The methods are based on the concept of the restraint factor. In this paper three 
most known approaches are presented: the method given in Eurocode 2 – Part 3 [4], the 
method proposed by ACI Committee 207 in the Report on Thermal and Volume Change 
Effects on Cracking of Mass Concrete [5] and the method developed at the Luleå Uni-
versity of Technology (NILSSON [6], LARSON [7]).

2. EUROCODE 2 APPROACH

Eurocode 2 – Design of concrete structures in Part 3: Liquid retaining and contain-
ment structures [4] presents a simple, engineering method for determination of restraint 
stresses generated by self-induced strains and resulting risk of cracking in externally 
restrained walls on the example of tanks and silos. The information and requirements 
provided in Part 3 should be read in conjunction with the requirements stated in Part 
1-1: General rules and rules for buildings [8].

2.1. TEMPERATURE AND SHRINKAGE-INDUCED VOLUME CHANGES

The standard does not provide specifi c suggestions for determination of early-age ther-
mal-moisture effects. It is only stated that where conditions during the construction 
phase are considered to be signifi cant, the heat evolution characteristics for a particular 
cement should generally be obtained from tests. The actual heat evolution should be 
determined taking account of the expected conditions during the early life of the mem-
ber (e.g. curing, ambient conditions). The maximum temperature rise and the time of 
occurrence after casting should be established from the mix design, the nature of the 
formwork, the ambient conditions and the boundary conditions.

For determination of restraint strains or stresses it is stated that assumption of elastic 
behaviour of concrete is satisfactorily precise and that the effect of creep can be consid-
ered by means of effective (reduced) modulus of elasticity. To estimate the magnitude 
of the restraint strain free thermal and shrinkage strains must be determined and the 
restraint must be known. The total thermal-shrinkage strain εtot(t) is a sum of thermal 
strain εT(t) and shrinkage strain εcs(t):
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(2.1) ttt csTtot  

where:

 εT = αT  · ΔT – thermal strain, ΔT is the temperature difference, °C;
εcs = εcd + εca –  total shrinkage strain: drying shrinkage and autogenous shrinkage 

strain;
αT –  coeffi cient of thermal expansion, 1/°C; the basic value of αT is given as 

equal to 10∙10-6/°C but the standard emphasises variability of thermal 
expansion coeffi cient depending on the type of aggregate and moisture 
content in concrete mix.

2.2. RESTRAINT STRESSES

The stress at any level y in uncracked section due to translational and rotational restraint 
of the element can be calculated based on the known imposed strain from the equation:

 
yyEy aieffcm,  

in which the actual strain at level y, εa(y), is given by:

 
cenyy

r
RRy miaxa av

111  

where:

Rax –  factor defi ning the degree of external axial restraint provided by elements at-
tached to the element considered. The restraint factors may be calculated on 
the base of the stiffness of the element considered and the members attached 
to it. Alternatively, practical axial restraint factors for common situations may 
be taken from Fig. 2;

Rm –  factor defi ning the degree of moment restraint provided by elements attached 
to the element considered. In most common cases Rm may be taken as 1.0;

Ecm,eff – effective modulus of elasticity of concrete allowing for creep as appropriate;
εiav

 –  average imposed strain in the element (i.e. the average strain which would 
occur if the member was completely unrestrained);

εa(y) – actual strain at level y;
εi(y) – imposed strain at level y;
y – height from joint plane to section;
ycen – height from joint plane to section centroid;
1/r – curvature of joint plane (if the restraining element is fl exible).
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Fig. 2. Axial restraint factor Rax in element restrain along one edge [4].

In the simplifi ed approach when no rotational restraint is considered, the prob-
lem can be reduced to a planar problem (no distribution of strain at the thickness of 
cross-section is considered), εi = εiav

. The average imposed strain can be taken as total 
thermal-shrinkage strain εtot calculated acc. to Eq. (2.1). The stress at any level y of 
centre section can be then conventionally expressed with use of the restraint factor:

(2.2) γR = Rax

as:

 σ = Rax · Ecm,eff · εtot 

The values of material parameters must be defi ned for the actual age of concrete 
corrected for temperature effects and infl uence of creep. The change of material pa-
rameters can be taken according to [8]. The mean modulus of elasticity development is 
given by the equation:

(2.3)

 
cm

cm

cm
cm E

f
tftE

3.0

 

where:

Ecm – mean 28-day modulus of elasticity of concrete, GPa;
fcm – mean 28-day compressive strength of concrete, MPa;
fcm(t) –  mean compressive strength of concrete taking into consideration concrete age, 

MPa, acc. to the equation: fcm(t) = βcc(t) · fcm;
βcc(t) – coeffi cient dependent on the age of concrete.
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The effect of creep can be included by reduction of the modulus of elasticity, how-
ever, it is not stated neither in [4] nor in [8] how the effect of creep on stress relaxation 
in early-age concrete should be considered. Nevertheless, it is given that for concrete 
heated prior to loading, the creep coeffi cient may be assumed to increase with increase 
in temperature above normal (assumed as 20°C) by the appropriate factor given [4], 
hence the effect of self-heating of concrete due to hydration in construction stages can 
be included in calculations.

3. ACI COMMITTEE 207 APPROACH

The instructions given in the Report 207.2R-07 [6] are primarily concerned with con-
trol of cracking in elements that occurs mainly from thermal contraction with restraint, 
hence, it focuses on evaluation of thermal behaviour of massive concrete structures. 
Moisture changes are also discussed but to a limited extent. Other volume changes 
like alkali-aggregate expansion, autogenous shrinkage and changes due to expansive 
cement are not considered. The report presents a detailed discussion on the effects of 
heat generation and volume changes in massive concrete elements, methods to compute 
heat dissipation and volume changes as well as to determine mass and surface gradient 
stresses. 

3.1. TEMPERATURE AND SHRINKAGE-INDUCED VOLUME CHANGES

The maximum effective temperature change depends on four basic temperature de-
terminations: the effective placing temperature, the fi nal or operating temperature of 
concrete, the temperature rise of concrete due to hydration and the equivalent tem-
perature change to compensate for drying shrinkage. The volume change that leads to 
thermal cracking results from the temperature difference between the peak temperature 
of concrete attained during early hydration and the minimum temperature to which the 
element will be subjected under service conditions. The report assumes a condition of 
no initial stress as the initial hydration temperature rise produces little stress in concrete 
– at early age the modulus of elasticity of concrete is so small that compressive stresses 
induced by the rise in temperature are insignifi cant even in zones of full restraint and, 
in addition, are relaxed by a high rate of creep. The thermal volume change ΔV can be 
computed as:

 Tenvadif TTTTV

where:

Tf – fi nal stable temperature of concrete, °C;
Ti – initial placing temperature of concrete, °C;
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Tad – adiabatic temperature rise of concrete, °C;
Tenv –  temperature change due to heat added or subtracted from concrete due to envi-

ronmental conditions, °C;
αT – coeffi cient of thermal expansion of concrete, 1/°C.

The report proposes methods for determination of each of the components. If no 
special treatment was applied, the placing temperature can be taken as equal to the air 
temperature at the moment of placement. The minimum expected fi nal temperature of 
a concrete element (fi nal temperature in service) can be taken as the average minimum 
exposure temperature occurring during a period of approximately 1 week. Instructions 
are given to estimate adiabatic temperature rise if no specifi c data are provided con-
cerning heat generation in massive concrete elements for a given type and amount of 
cement contained. Nevertheless, it is stated that the data should be taken directly from 
laboratory tests for specifi c cements. 

Drying shrinkage was expressed in terms of equivalent change in concrete temper-
ature TDS, according to the equation:

(3.1)
 

100
1251230 u

DS
W

S
VT  

where:

Wu – water content of fresh concrete, lb/yd3, but not less than 225 lb/yd3 (133 kg/m3);
V – total volume, in3;
S – area of the exposed surface, in2.

Eq. (3.1) is an empirical equation and the resultant temperature is given in °F. The 
approximation assumes equivalent drying shrinkage of 150·10-6 and an expansion co-
effi cient of 9·10-6/°C.

3.2. RESTRAINT STRESSES

It is defi ned that the stress at any point in an uncracked concrete member is proportional 
to the strain in concrete. The horizontal stress in a member continuously restrained at its 
base and subjected to an otherwise uniform horizontal length change varies from point 
to point in accordance with the variation in degree of restraint throughout the member. 
Two restraint factors have been developed to fully model the restraint conditions on 
a massive structure: the structural shape restraint factor KR and the foundation restraint 
factor KF.

Distribution of the KR restraint varies with the length-to-height ratio (Lc/Hc) of the 
element. The distribution of the KR restraint at centre section is shown in Fig. 3a. The 
following approximation of KR distribution is proposed:
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where y signifi es location above the construction joint.

a) 

 

b) 

 

Fig. 3. a) Structural shape restraint factor KR at centre section [5], 
b) Basic resilience factor 0

ress  at centre section [6].

The stresses in concrete due to restraint decrease in direct proportion to the decrease 
in stiffness of the restraining foundation material. The restraint factor KF has been ap-
proximated as:

 FF

cc
F

EA
EAK

1

1  

where:

Ac – gross area of concrete cross-section, m2;
AF –  area of foundation or other element restraining shortening of element, generally 

taken as a plane surface at contact, m2;
Ec – modulus of elasticity of wall, GPa;
EF – modulus of elasticity of foundation or restraining element, GPa.

The restraint factor is hence given by the equation:

(3.2) γR = KR · KF
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and tensile stress at any point on the centreline due to a decrease in length εtot can be 
calculated as:

 σ = KR · KF · εtot · Ecm,eff

where Ecm,eff signifi es a sustained modulus of elasticity of concrete at the time when 
thermal-shrinkage strains εtot occurred and for the duration involved. The value of the 
modulus of elasticity of concrete can be given taking into account its development in 
time related to the concrete temperature development as well as taking into consid-
eration the infl uence of creep. Prediction of creep is discussed in ACI Report 209R, 
however, it is not designated to early-age concrete.

4. LULEÅ UNIVERSITY OF TECHNOLOGY APPROACH

4.1. TEMPERATURE AND SHRINKAGE-INDUCED VOLUME CHANGES

The third approach, derived at the Luleå University of Technology, Sweden, is more 
complex (NILSSON [6], LARSON [7]). The method focuses on estimation of cracking risk 
by means of determination of the restraint factor. It should be emphasised that it has not 
been clarifi ed how the restraint coeffi cient shall be applied in a thermal stress analysis. 
The method does not provide instructions for determination of temperature and mois-
ture fi elds. Volume change is expressed in a form of inelastic strain εtot(t) originating 
from a combination of thermal expansion εT(t) and autogenous shrinkage εAD(t):

 εtot(t) = εT(t) + εAD(t)

The discussed approach suggests that parameters required for calculation of thermal 
and shrinkage strains depend on a concrete mix composition and should be determined 
from laboratory tests.

4.2. RESTRAINT STRESSES

In this approach the decisive restraint coeffi cient is defi ned as:

 slipres ,,0
RRR  

where:
0
R   –  the plane-section restraint coeffi cient, which depends on the geometry of the 

structure as well as both the rotational rx
R , ry

R  and translational t
R  boundary 

restraints from underlying foundation materials;
δres –  the resilience factor considering the non-linear effects in high walls (typical-

ly walls with Lc/Hc < 5 where plane-section theory is no longer valid), acc. to 
Fig. 3b;
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δslip –  the slip factor which depicts a restraint stresses reduction as a result of slip failure 
in casting joints (usually occurring in walls with Lc/Hc < 5).

The decisive restraint coeffi cient distribution at height y in central section of a wall 
can be calculated according to the following equation:

 
ry
R

rx
R

t
RRR slipresslipres

0

For the walls which are not affected by the high-walls effects, the formula simplifi es to:

 
01 RR  

The 0
R   coeffi cient is calculated based on the geometry of the wall and its founda-

tion:
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where:

x, y – coordinates of the analysed point, m;
xcen, ycen –  coordinates of the centroid of transformed section (considering old and new 

part of the element), m;
Hc – height of the wall, m;
Bc – thickness of the wall, m;
Ec – modulus of elasticity of the wall at the moment of analysis, GPa;
HF – depth of foundation, m;
BF,eff –  effective width of foundation, m. The effective width of foundation is deter-

mined to comply with the curvature obtained in FE-analysis;
EF – modulus of elasticity of foundation at the moment of analysis, GPa;
ω –  location factor (defi nes relative location of the wall with respect to the cen-

tral axis of foundation).

When a slip failure in the joint is possible and if the sections do not remain plane 
under deformation (high walls effect), the restraint in the wall is defi ned as:
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(4.1)
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where ai are coeffi cients of polynomial function describing resilience factor distribu-
tion.

Tensile stress can be calculated as:

 
fix

R  

The fi xation stress is given by a formula:

 
tttRt tot

t

d, 0
fix  

where R(t,t0) is a relaxation function at time t for loading at the age t0 (in equivalent 
time determined acc. to Arrhenius equation). For a known creep function φ(t,t0) it may 
be expressed as:

 0

0
0 1

1
t,t

t,ttEt,tR cm  

where χ is the ageing coeffi cient. The proposed creep function was derived from Linear 
Logarithmic Model, broadly described by LARSON [7], with parameters to be evaluated 
from laboratory tests.

The development of modulus of elasticity is defi ned as:

 
tEtE Ecmcm  

where Ecm is the 28-day modulus of elasticity of concrete and βE(t) is the relative de-
velopment expressed as a function of equivalent ages, with parameters to be evaluated 
from laboratory tests.
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5. COMPARISON OF ANALYTICAL MODELS: ANALYSIS OF RC WALLS

5.1. MATERIAL, TECHNOLOGICAL AND GEOMETRICAL DATA

In the analysis the distribution of thermal stresses of six walls was investigated. The 
walls differed in dimensions: walls of thickness 40 and 70 cm and length of 8, 16 and 
28 m. Geometrical characteristics of the analysed walls are presented in Table 1. Ac-
cording to classifi cation proposed by FLAGA [9] all the walls are medium-thick elements 
in which expected temperature rise should not exceed 20°C. Moreover, the same value 
of thermal-moisture infl uence measure in a form of apparent surface modulus/equiv-
alent thickness for the walls with the same thickness suggests that the expected self-
-induced part of thermal-shrinkage stress will be of similar magnitude. On the other 
hand, when analysing the linear restraint expressed in a form of length-to-height ra-
tio of the wall, Lc/Hc, distribution of total stress (encountering restraint part of stress) 
should differ between the walls with different Lc/Hc and higher restraint stresses will be 
observed in thinner walls due to relatively greater stiffness of restraining foundation.

Concrete class C25/30 was assumed for both the wall and the foundation. For the 
foundation the material properties were assumed as for 28-day concrete. For the wall, 
development of material properties in time considering infl uence of temperature and 
creep was assumed. Detailed material properties, environmental and technological con-
ditions are listed in Table 1, while parameters for numerical, thermal analysis are given 
in Table 2.

5.2. THERMAL ANALYSIS

The analysis focused on structural behaviour of the walls due to the infl uence of thermal 
effects because this part of the analysis was common for all the presented methods and 
as such allows of comparison. To compare the methods, temperature development was 
determined by means of numerical analysis with use of program TEMWIL developed 
by KLEMCZAK [10]. It was observed that temperature development and distribution in 
the centre cross-section of the wall depends only on the thickness of the wall. Figure 4a 
presents the map of thermal fi elds at the moment of reaching of the maximum hardening 
temperature in a chosen wall. It can be observed that concentration of high temperature 
occurs in the central part of the wall while because of heat dissipation the values of 
temperature decrease towards the exposed surfaces. Figure 4b presents diagrams of 
temperature development in time in the location where the maximum temperature is ob-
served in the wall, i.e. in its central part. It can be noticed that the maximum hardening 
temperatures in the walls were equal to 37.3°C after 1.5 days in 70-cm thick walls and 
32.9°C after 1.1 days in 40-cm thick walls.
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Table 1
Geometrical, material and technological data for the analysed walls

L_28,d_0.4 L_16,d_0.4 L_8,d_0.4 L_28,d_0.7 L_16,d_0.7 L_8,d_0.7

GEOMETRICAL DATA

wall

thickness Bc [m] 0.4 0.7

length Lc [m] 28 16 8 28 16 8

height Hc [m] 4

foundation

depth HF [m] 0.7

length LF [m] 28 16 8 28 16 8

width BF [m] 4

geometrical 
characteristics

Lc/Hc 7 4 2 7 4

AF/Ac 1.75 1.00

MATERIAL DATA

concrete
class C25/30

αT 0.00001/°C

mix comp.

water 170 l/m3

cement CEM III 42.5N, 350 kg/m3

fi ne aggregate sand, 675 kg/m3

coarse aggregate (rounded aggregate) dolomite, 1139 kg/m3

additives & 
admixtures 6 kg/m3

28-days 
mechanical 
properties

fcm 33 MPa

fctm 2.6 MPa

Ecm 31 GPa

TECHNOLOGICAL DATA

environmental 
characteristics

ambient temper-
ature Ta

20°C

relative humidi-
ty RH 60%

wind velocity v 4 m/s

technological 
characteristics

initial temp. of 
concrete mix Ti

20°C

formwork 1.8-cm plywood on side surfaces, removed after 28 days, top surface 
protected with PE foil
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Table 2
Parameters for numerical analysis (temperature fi elds)

Coeffi cient of thermal conductivity λ 3.23 W/(mK)

Specifi c heat cb 1.0 kJ/(kgK)

Density of concrete ρ 2340 kg/m3

Thermal transfer coeffi cient αp

without protection 15.00 W/(m2K)
1.8-cm plywood formwork 5.58 W/(m2K)

PE foil 13.78 W/(m2K)

Heat of hydration Q(T,t)
Acc. to equation for CEM III 42.5N:

5.0

e, eatQtTQ  where Q∞ = 469 kJ/kg, a = 475.7te
–0.093 

a) b) 

 

Fig. 4. Distribution of temperature in the wall: a) map of thermal fi elds (¼ of the L_28,d_0.7 wall) at the 
moment of reaching the maximum hardening temperature, b) diagram of temperature development in 

time – the centre section for the L_28 wall with 0.7 m and 0.4 m thickness.

5.3. THERMAL STRESSES

The analysis of structural behaviour of the investigated walls focused on determina-
tion of total thermal stress distribution, especially the infl uence of restraint stresses, in 
the centre section of the wall according to the presented analytical methods. Tensile 
stresses were determined from tensile strains resulting from contraction of the wall in 
the cooling phase and the computed degree of restraint. Temperature development was 
taken from the numerical analysis. Thermal strain change in any location in the centre 
section of the wall above the joint y in a time step Δt when temperature difference ΔT 
was observed was calculated as:
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 TT ytTyt ,,  

and tensile fi xation stress in any time t as:

 i
ieffcmiT ytEytyt ,,, ,, mean,,

fix  

where Ecm,eff,mean,i signifi es mean sustained modulus of elasticity of concrete in a ith time 
step. Development of the modulus of elasticity in time was calculated acc. to Eq. (2.3). 
The effect of increased temperature was neglected to apply equal values of the moduli. 
The infl uence of creep was considered by reduction of modulus of elasticity of concrete 
(KIERNOŻYCKI [11]):

 01
, ,1

)()(
tt

tEtE
rp

cm
effcm  

where:

β1  – ageing coeffi cient, can be taken as 0.8;
φp ﴾tr, t0﴿ – creep coeffi cient, can be taken as 0.6. 

The total thermal stress at any time t and any location y on a centreline was calcu-
lated as:

(5.1) ytytyt R ,,, fix  

where γR is a restraint factor acc. to Eq. (2.2), (3.2) and (4.1), for EC2, ACI and Luleå 
approach, respectively. In order to compare qualitatively the results obtained with dif-
ferent methods the effect of rotational restraint in the defi nition of the restraint factor 
was neglected. 

5.3.1. Uniform temperature  dis t r ibut ion

In the fi rst approach, a uniform distribution of temperature in the whole volume of the 
wall was assumed. Development of temperature in the walls was assumed as given in 
diagram in Fig. 5d. Stresses were determined after 28 days.

Firstly, in each case thermal strain was calculated for total temperature change dur-
ing cooling, i.e. ΔT = Tmax – T28d which was equal to ΔT = 17.0°C for 70-cm thick and 
12.8°C for 40-cm thick walls. The resulting thermal strains were equal to εT = 17.0∙10-5 
and 12.8∙10-5, respectively. If the mean values of moduli of elasticity were taken 
– Ecm,eff,mean = 17.39 GPa for 70-cm thick walls and 16.76 GPa for 40-cm thick walls 
– the resulting fi xation stresses were equal to σfi x = 2.96 MPa and 2.15 MPa. For the 
fi nal, 28-day values of the moduli (Ecm,eff,28 = 20.95 GPa) the fi xation stresses were 
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equal to σfi x = 3.56 MPa and 2.68 MPa. Secondly, thermal strains were numerically 
integrated in the cooling phase (after the maximum temperature occurs) in time steps 
Δt = 2 hours. In each step a temperature difference was determined and a resulting 
strain was computed. A mean value of the modulus of elasticity was taken in each 
step, too. The fi nal values of fi xation stresses after 28 days were equal to 2.03 MPa for 
40-cm thick walls and 2.99 MPa for 70-cm thick walls. This yields the question of how 
to assume the mean value of the modulus of elasticity in manual calculations when total 
strain is considered.

a) 

c) 
 

 

b) 

d) 

 

 

Fig. 5. The case of uniform distribution of temperature: distribution of total thermal stress in centre cross-
section of the walls according to EC2 (a), ACI (b) and Luleå (c) method, d) assumed uniform temperature 
at the height of the wall (at the moment of reaching the maximum hardening temperature) and fi xation 

stress distribution for the walls with 0.4 m and 0.7 m thickness.
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Total stresses were calculated with use of the restrain factor according to Eq. (5.1), 
for the fi nal values of fi xation stresses after 28 days equal to 2.03 MPa for 40-cm thick 
walls and 2.99 MPa for 70-cm thick walls. Distribution of stresses at the height of the 
walls was presented in Fig. 5. Table 3 presents the values of the restraint factor and total 
stress at the bottom and top of the walls. Comparing the results obtained by means of all 
methods a tendency can be observed that with the increasing Lc/Hc ratio the infl uence 
of the restraint at the height decreases – upper fi bres are allowed to deform more freely. 
Nevertheless, some differences may be also noticed. 

Table 3
Restraint factor and total thermal stress in chosen locations of the walls acc. to different methods

EC2 ACI Luleå

γR σfi x∙γR [MPa] γR σfi x∙γR [MPa] γR σfi x∙γR [MPa]

L_8,d_0.4
y=0 0.500 1.074 0.636 1.294 0.854 1.736

y=Hc 0.000 0.000 0.053 0.108 -0.208 -0.423

L_16,d_0.4
y=0 0.500 1.074 0.636 1.294 0.730 1.485

y=Hc 0.300 0.644 0.255 0.518 0.309 0.628

L_28,d_0.4
y=0 0.500 1.074 0.636 1.294 0.636 1.294

y=Hc 0.420 1.902 0.398 0.809 0.547 1.113

L_8,d_0.7
y=0 0.500 1.481 0.500 1.493 0.799 2.385

y=Hc 0.000 0.000 0.042 0.124 -0.263 -0.785

L_16,d_0.7
y=0 0.500 1.481 0.500 1.493 0.629 1.877

y=Hc 0.300 0.888 0.200 0.597 0.208 0.621

L_28,d_0.7
y=0 0.500 1.481 0.500 1.493 0.500 1.493

y=Hc 0.420 1.244 0.313 0.933 0.411 1.227

The results of the EC2 show a visible and straightforward difference in the values 
of stresses reached in the walls of different thicknesses – the maximum value of stress 
depends only on the thickness of the wall (the fi xation stress). This results from the fact 
that the restraint factor in such an approach depends only on the Lc/Hc ratio and the 
infl uence of relative foundation stiffness is not considered. A similar observation can be 
made in case of the stress distribution obtained with use of ACI method, however, the 
differences in stresses between the walls of different thicknesses are lower. This can be 
explained by the fact that although higher fi xation stresses can be expected in thicker 
walls the restraint exerted by the foundation is in this case lower so the resultant total 
stresses differ by a smaller magnitude.

In the results obtained with the Luleå approach a strong infl uence of both the thick-
ness (fi xation stresses and relative stiffness of foundation) and length (Lc/Hc ratio) is 
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visible. It can be summarised that in the walls with lower Lc/Hc ratio the effect of the 
restraint concentrates near the joint; in contrary, in the walls with higher Lc/Hc ratio 
the effect of the restraint is more uniform at the whole height of the wall. Hence, this 
approach can be treated as an extension to previous methods.

5.3.2. Non-uniform dis t r ibut ion of  temperature

Calculations were made according to the procedure presented in section 5.3.1 but taking 
into consideration real distribution of temperature at the height of the wall. As real ther-
mal fi elds are non-stationary fi elds (temperature differs from point to point), a semi-nu-
merical approach was required in which the wall was divided into a fi nite number of 
segments with the same value of temperature assigned. The calculations were made for 
two walls – the L_28,d_0.7 wall and the L_16,d_0.7 wall. Distribution of maximum 
temperature arising in the wall and resulting fi xation stresses are presented in Fig. 6a 
and Fig. 7a. Total thermal stresses along the height of the walls and the restraint factors 
distribution are shown in Fig. 6b, c and 7b, c. This analysis is focused on determination 
of the decisive point. 

Total thermal stresses are a combination of self-induced stresses, caused by temper-
ature differences, and restraint stresses, caused by the infl uence of a linear restraint of 
foundation. As it can be observed in diagrams in Fig. 6 and 7, the restraint coeffi cient 
is a measure that defi nes inclination of the total stress curve in cross-section. Therefore, 
if the value of the restraint coeffi cient is more uniform – which is characteristic for the 
walls with high Lc/Hc ratio – total stress distribution is also more uniform, qualitatively 
similar to fi xation stress. Nevertheless, as fi xation stresses decrease towards the edges 
of the wall, the maximum value of the total stress is not observed at the wall–foundation 
joint but at some height above the joint referred to as a decisive point. 

The locations of the decisive points and the values of stresses in this locations are 
presented in Table 4. The results obtained with Luleå approach give the highest values 
of total stresses, especially concerning the stress in the decisive point, because of the 
high values of the restraint assumed. The lowest values are obtained with use of the ACI 
approach. No direct relationship between the approach and the location of the decisive 
point can be made because the infl uence of the restraint caused by the relative stiffness 
of the foundation is included in a different manner than in the other methods. In the 
Luleå approach it is suggested that the decisive point can be assumed one wall thickness 
above the joint and this is satisfi ed by the results obtained with use of this method. 
Nevertheless, the location of the decisive point varies from case to case. In general it 
can be said that for the walls which differ only in geometry of the wall the decisive 
point is located the closest to the joint in thinner walls with low Lc/Hc ratio and is being 
observed higher as the thickness of the wall and Lc/Hc ratio increase. That tendency in 
visible in the EC2 and ACI approach.

Unauthenticated | 89.73.89.243
Download Date | 8/9/13 11:48 AM



 COMPARISON OF ANALYTICAL METHODS FOR ESTIMATION OF EARLY-AGE THERMAL-SHRINKAGE STRESSES… 115

a) 

 

b) c) 

Fig. 6. The case of non-uniform distribution of temperature – wall L_28,d_0.7: a) distribution of temperature 
at the height of the wall (at the moment of reaching the maximum hardening temperature) and fi xation 

thermal stress, b) restrain factor at the height, c) total thermal stress at the height after 28 days.

a) 

 

b) c) 

Fig. 7. The case of non-uniform distribution of temperature – wall L_16,d_0.7: a) distribution of temperature 
at the height of the wall (at the moment of reaching the maximum hardening temperature) and fi xation 

thermal stress, b) restrain factor at the height, c) total thermal stress at the height after 28 days 

Table 4
Decisive points acc. to different methods: location and the value of total stress

EC2 ACI Luleå

y [m] σ(y) [MPa] y [m] σ(y) [MPa] y [m] σ(y) [MPa]

L_16,d_0.7 1.1 1.289 0.9 1.147 0.7 1.392

L_28,d_0.7 1.3 1.393 1.1 1.127 0.7 1.670
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6. CONCLUSIONS

Estimation of cracking risk in concrete elements is crucial to ensure their durability 
and functionality. In case of early-age concrete elements this task is especially diffi cult 
because of a complex nature of the material and imposed loading. For years analytical 
methods were being developed to assess the character and values of tensile stresses oc-
curring in the phase of concrete element cooling. The derived methods are based on the 
concept of the restraint factor. In this paper the most known approaches are described 
and analysed: the method proposed in EC2 [4], the method proposed by ACI Committee 
207 [5] and the method developed at the Luleå University of Technology [6, 7]. The 
results obtained for the walls with use of these methods are compared. The following 
conclusions can be drawn from the analysis:
– the procedure proposed by Eurocode 2 is a useful method under the assumption 

that the problem can be reduced to a planar problem, the restraining element is 
indeformable and that total rotational restraint exists. For broader use of the method 
some parameters, such as the actual restraint or spatial thermal-moisture fi elds must 
be determined which is possible either numerically or by tests;

– the procedure proposed by ACI report is a simple approach which easily provides 
a designer with estimation of structural behaviour of an externally restraint concrete 
element. Nevertheless, the resultant stresses reach relatively low values in compar-
ison to other analytical methods so its quantitative validity should be controlled;

– the procedure proposed by the Luleå team is the most complex because it takes into 
consideration a great number of factors. In the most simplifi ed form it can be easily 
applied for manual calculations, however, more extensive application requires com-
puter-aided calculations or tests. The approach in a present form may pose some 
diffi culties to a potential user but it has a great potential and should be further inves-
tigated;

– defi nition of the decisive point is vital for sane application of analytical approaches. 
The location of the decisive point varies from case to case and is proposed to be 
assumed one wall thickness above the joint (NILSSON [6]), however, it changes not 
only with the thickness but also with the Lc/Hc of the element (KLEMCZAK, KNOPPIK-
-WRÓBEL [1]). Quantitative defi nition of the decisive point location is required;

– the values and the distribution of stresses at the height of the wall depend not only 
on the applied analytical method but also on the assumed distribution of temperature 
at the height of the wall. Two cases are discussed in the paper. In the fi rst approach, 
a uniform distribution of temperature at the height of the wall was assumed – such 
assumption is commonly used in analytical methods because in these methods the 
temperature rise in the element is also estimated in a simplifi ed way. In the second 
approach, real distribution of temperature at the height of the wall was considered. 
It is worth mentioning that stress distributions obtained from the second approach 
are in good conformity with the results from the numerical tests (KLEMCZAK, KNOP-
PIK-WRÓBEL [1]). Such an assumption enables precise analysis of total stress distri-
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bution but the knowledge of temperature distribution yields necessity of numerical 
calculations;

– the further research should focus on verifi cation of the results obtained with differ-
ent analytical methods with laboratory and numerical tests.
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