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Entropy generation minimization
in transient heat conduction processes
PART II - Transient heat conduction in solids
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Abstract. Formulation and solution of the initial boundary-value problem of heat conduction in solids have been presented when an entropy
generation minimization principle is imposed as the arbitrary constraint. Using an entropy balance equation and the Euler-Lagrange variational
approach a new form of the heat conduction equation (non-linear partial difference equation) is derived.

Key words: transient heat conduction, initial boundary value problem, entropy generation minimization.

Nomenclature

B
Q
S

>0 9 4D e N

Indexes

He
in
o
out
t

X,y

constants,

specific heat capacity [kJ/kg-K],
internal,

heat conduction coefficient [W/m-K],
Wiedemann-Franz constant [W/A-K]?,
mass flow rate [kg/h],

heat flux [W/m?],

intensity of internal heat source [W/m?],
entropy flux [W/m?-K],

entropy generation due to the process irre-
versibility [W/m?-K],

absolute temperature [K],

Cartesian coordinates,

transformed temperature,

domain,

operator nabla,

time,

density,

Lagrange multiplier,

difference.

helium,
entering,
environment,
leaving,
total,

partial derivatives with respects to x and y.
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1. Introduction

The transient heat conduction equation assuming minimiza-
tion of the entropy generation rate, Sgen,min, can be derived
in two ways — from the Euler-Lagrange variational principle
or direct minimization of the expression describing entropy
generation rate.
Euler-Lagrange transient heat conduction equation.
The function to be minimized is

Sgen = / / %VTOVTdr,

Q =0
where k is thermal conductivity coefficient (assumed con-
stant), ' = T'(x,y, z,7) — temperature field, 7 denotes time
and €2 is the domain model consideration, with additional

condition -
// @dﬂdrzC, )
or

Q 7=0

where S = S(£,7) is entropy of the system and C' is con-
stant. Condition (1) represents entropy change of the system
from initial to final equilibrium state. The problem can be
dealt with by means of Lagrange’s method of undetermined
multipliers as follows

Find function T'(x,y, 2, 7) which satisfying required ini-
tial and boundary conditions minimizes simultaneously inte-
gral

Ik
Sgen :/ / EVTO VTdr = minimum
Q 7=0
over the whole domain 2 provided that

T 08
/ / =2aqdr = C.

Q =0
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To solve the problem a new function [1]

k oS
K=_—=VToVT+\—
T2V oVI T or
is introduced where A is the Lagrange multiplier. The ex-
tremals must satisfy the Euler-Lagrange equation
3
0K d (0K
- =0
Y (o) =

i=1

where T, denotes gradient components 07 /0x;, (x; =
x,v, z). Introducing from thermodynamics

dS  pc, OT
dr T or

function K is

pcp OT

T o 2

Varational calculus requires the function (2) must satisfy the

Euler-Lagrange equation

0K o (9K\ 9 (0K\ 0 (0K\ |
oT Oz \ 9T, oy \ 9T, 92 \oT, )

After calculations

k
KZEVToVT—i-)\

9 k A 0T
k=T TVTOVT+2pcp87 =0. 3)
From the fact that the third component of Eq. (3) does not
depend on the path of the process, value of A can be chosen
arbitrary. Assuming A = —2, Eq. (3) becomes in the final

form oT
9 a
T——NVToVT =— 4
aV TV oV 5 @)
where a = k/pc, is diffusion coefficient. Additional external
heat source ¢, ,q is described by the second term of Eq. (4)
and is

Gv.a = —%VT o VT.

2. Numerical example

Consider 1D classical initial-boundary problem given by: (in
dimensionless form)
e governing equations
9*T  oT
ox2 o’
e boundary conditions
T,7)=T1)=1,

T=T(,1), re(=1,1), (&)

T(-1,7)=T(-1)=1,
e initial conditions
T (z,0)=T(x) =e.

A general scheme is presented in Fig. 1. Analytical solution
can be easily obtained with separation of variables method
and is

B 2 = (=) (2n + 1)%72
T(x’7)71+;;2n+1e}(p {74 T ©

cos(2n+1) g:r
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T(x,7)
xe(-1,1)

T(x,0)=e
I /] ~
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'T' ///—2:— —
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/
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Fig. 1. Initial boundary value problem

When the entropy generation minimization approach is
applied, the initial-boundary value problem takes the form:
(dimensionless form)

e governing equations

PT 1 <8T>2 or

dz2 T \ox) — or’
T=T(x,7), re(—-1,1),
e with boundary conditions
T(-1,7)=1,
T(1,7)=1,

e and initial conditions
T (2,0)=T(x)=e.
Introducing new variable
O(x,7)=InT(x,7)

initial-boundary value problem becomes

0%0 00
@ = E, 9—9($,T) (7)
and
0 (07 7_) =0,
0 (17 7_) =0,
0(x,0)=1
Its analytical solution is [2]
4K (- (2n + 1)272
O(x,7) = —= Z exp [—77
T 2n + 1 4 ®)
cos (2n + 1) gac

and
T (l‘, T) = €xp (G(Za T)) .

Solutions (6) and (8) are presented in Figs. 2 and 3 respec-
tively. Difference

or=T (.f, T)clasical -T (I’ T)S (9)

gen
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Fig. 2. Solution of classical problem
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Fig. 4. Temperature difference 67'(x, 7) according to Eq. (9)
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is shown in Fig. 4 where T (2, 7) g0 and T' (2, 7)g = are
solutions of classical and entropy generation minimization
initial-boundary value problems (5) and (7). Solutions (6)

and (8) allow to calculate entropy generation rates

1 o
: 1 (0T (z,7)\°
Sgen,t - 2// ﬁ (T) dxdr

0 0

1 oo
. 00(x,T) 2
Sgen,t = 2// ( (a:E ) dxdr.

0 0

and

Numerical calculations gives

e classical initial-boundary value problem
Sgen.cr = 0.332 (J/m’K),
e entropy generation minimization

Syen.cl = 0.267 (J/mK).

3. Example of general solution

3.1. Initial-boundary value problem when boundary con-
ditions depends on time.

e governing equations (dimensionless form)

9T 1 (9T\*_ 0T
ox2 T \dz)  or’

T=T(x,71), z e (0,1),

e boundary conditions

T (Oa T) = ¢1(T)7

T(1,7) = ¢a(7),

e initial conditions
T (x,0) = f(x).
After transformation
0(x,7) =InT(x,7)
the problem is
o0 _ o0
02
0(0,7) =1In¢y(7),
0(1,7) =1Ings(1),
0 (x,0) =1In f(x)
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and its solution is given with the use of Duhamel’s theo-
rem [2]:

O(x,7) =2 Z exp (—n’m?7) sin(nrz)
n=0
1

/ln f(:c’)g sin(nma’)dx'+

0
-

+n7r/exp (n*m°A) {ln¢1 () — (—1)" Inpa(z)}

and
T (l‘, T) = €xp (G(Za T)) .

In such cases entropy generation rate calculation requires nu-
merical calculation.

3.2. Consider 2D initial-boundary value problem.

e governing equations (dimensionless form)

or @ [y (o] _or
ox2  oy2 T |\ oz Oy o7’
T="T(z,71), x,y € (—1,1),

e boundary conditions

T(l‘, 7177_) = T(l‘, ]-aT)

=T(-Ly7)=T(Ly7) =1,
e initial conditions
T (x,y,0) = To(x,y).
After introducing
0(z,y,7) =InT(x,y,7)
the problem takes the form
9%0 0% 00
o2 "o ar
and
0(x,—1,7)=0(x,1,7)=60(—1,y,7) =6 (l,y,7) =0,
0 (z,y,0) =0y (z,y) = InTy(x,y).
The solution for 6 is [3]:

0 (Iay77—) = ¢($, 1) . w(y, 1)erf r

AV
where
4 S (- (2n + 1)%72
1) =— S
vty = 230 ey |- BT
n=0
cos(2n + 1) g:c
and finally

T (z,y,7) = exp (0(x,y,7)).
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Solutions of many initial boundary-value problems can be
found in heat transfer literature, [2] and in monographs on
analytical solutions of non-linear partial differential equa-
tions [3].

4. Conclusions

The results illustrate a practical aspect of the Principle of
Entropy Generation Minimization [4] that:

“The entropy of a system can be reduced only if it is made
to interact with one or more auxiliary systems in a process
which impacts to these at least a compensating amount of
entropy”.

In the case of heat conduction processes interaction with
outside systems are realized by additional internal heat source
which becomes as the component of Euler-Lagrange equa-
tion. In this way it is possible to explain formation processes
of dissipative structures [5]. Additional heat source decreases
irreversibility ratio.

Analysis of the data presented in Fig. 4 (67'(x, 7)) points
out that the temperature changes with time are more inten-
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sive (faster) when the source is included. It leads directly to
more effective consumption of driving energy and minimiza-
tion of natural resources. The method is directly connected
with exergy optimization.
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