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Positive stable realizations for fractional descriptor
continuous-time linear systems

TADEUSZ KACZOREK

A method for computation of positive asymptotically stable realizations of fractional de-
scriptor continuous-time linear systems with regular pencil is proposed. The method is based on
the decomposition of the improper transfer matrix into strictly proper matrix and a polynomial
matrix. A procedure for decomposition of a positive asymptotically stable realization is given
and illustrated by a numerical example.
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1. Introduction

A dynamical system is called positive if its trajectory starting from any nonnega-
tive initial state remains forever in the positive orthant for all nonnegative inputs. An
overview of state of the art in positive theory is given in the monographs [5, 13]. Vari-
ety of models having positive behavior can be found in engineering, economics, social
sciences, biology and medicine, etc. The positive fractional linear systems have been
addressed in [10, 11, 22, 25].

An overview on the positive realization problem is given in [1, 5, 13, 14]. The real-
ization problem for positive continuous-time and discrete-time linear systems has been
considered in [6, 7, 15-17, 19-21] and the positive realization problem for discrete-time
systems with delays in [20-21]. The realization problem for fractional linear systems has
been analyzed in [15, 18, 22] and for positive 2D hybrid systems in [19]. A method based
on the similarity transformation of the standard realizations to the desired form has been
proposed in [17].

Positive stable realizations problem for continuous-time standard and fractional lin-
ear systems has been addressed in [7, 15] and computation of realizations of discrete-
time cone systems in [8]. A method for computation of positive realizations of descriptor
continuous-time linear systems has been proposed in [23].
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Standard descriptor linear systems has been addressed in [2, 12] and positive de-
scriptor systems has been analyzed in [3, 4, 9, 27].

In this paper a method for computation of positive asymptotically stable realizations
of fractional descriptor continuous-time linear systems with regular pencils will be pro-
posed.

The paper is organized as follows. In section 2 the positive realization problem for
standard and descriptor continuous-time linear systems is recalled. The positive frac-
tional linear systems are considered in section 3. The realization problem for positive
fractional linear systems is addressed in section 4. Concluding remarks are given in sec-
tion 5.

The following notation will be used: R — the set of real numbers, R"*™" — the set of
real matrices, R — the set of n x m matrices with nonnegative entries and R", = R"* L
RP*™M(s) — the set of p x m rational matrices in s with real coefficients, RP*™[s] — the set
of p x m polynomial matrices in s with real coefficients, M,, — the set of n x n Metzler
matrices, I, — the n X n identity matrix.

2. Preliminaries and positive realization problem for standard and descriptor
linear systems

Consider the standard continuous-time linear system
x(t) = Ax(t) + Bu(r) (la)

y(t) = Cx(t) + Du(r) (1b)

where x(¢) € R", u(r) € R™, y(t) € RP are the state, input and output vectors and
A€ R, Be RV, C e R, D € RPX™,

Definition 1 [13] The system (1) is called the (internally) positive if x(t) € R",
y(t) € RE, 1 > 0 for any initial conditions x(0) = xo € R’ and all inputs u(t) € N7,
t>0.

Theorem 1 [5, 13] The system (1) is positive if and only if
AEM,, BERY™, CeRY", DeR™ (2)
The transfer matrix of the system (1) is given by
T(s) = Cll,s —A]"'B+D € RP*™(s). (3)
The transfer matrix 7 (s) € RP*™(s) is called proper if and only if

lim T'(s) = K € ®RP"" 4)

s—3oo
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and it is called strictly proper if K = 0. Otherwise the transfer matrix is called improper.

Definition 2 Matrices (2) are called a positive realization of transfer matrix T (s) if they
satisfy the equality (3). The realization is called positive stable if the matrix A of (2) is
an asymptotically stable Metzler matrix.

Theorem 2 [5, 13] The positive system (1a) (or the Metzler matrix A € M,,) is asymptot-
ically stable if and only if the coefficients of the polynomial

det[l,s —A] =5"+a, 15" ' +...+ais+ap 5)
are positive, i.e. ay > 0 fork=0,2,...,n—1.

Other asymptotic stability tests of positive linear systems are given in [13, 22]. Different
methods for computation of a positive realization (2) for a given proper transfer matrix
T (s) have been proposed in [8, 13, 15, 22].

Consider the descriptor continuous-time linear system

Ex(t) = Ax(t) + Bu(r) (62)

¥(1) = Cx(1) (6b)

where x(¢) € R", u(t) € R™, y(t) € RP are the state, input and output vectors and E,A €
R B e RM C € RP*". 1t is assumed that detE = 0 and the pencil of (E,A) is
regular, i.e.

det[Es —A] #0 for some s € C (the field of complex numbers). @)

Definition 3 The descriptor system (6) is called (internally) positive if x(t) € R,
y(t) € RE, t > 0 for any initial conditions x(0) = xo € R and all inputs

W (1) = Cu) e Rm 1> 0,k=0,1,....q.
The transfer matrix of the system (6) is given by
T(s) =C[Es—A]"'B € RP*™(s). (8)

If the nilpotency index u of the matrix E is greater or equal to 1 [12] then the transfer
matrix (8) is improper and can be always written as the sum of the strictly proper transfer
matrix Ty, (s) and the polynomial matrix P(s), i.e.

T(s) = Tip(s) + P(s) ©)

where
P(s) =Do+Dis+...+Dys? € RP*Ms], qeN={1,2,...} (10)
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andg=pu—1.
Theorem 3 [5, 13] Let the matrices
AEM,, BeRY™ CeRT" (11)

be a positive and asymptotically stable realization of the strictly proper transfer matrix
T, (s). Then there exists a positive asymptotically stable realization of T (s) € RP*™(s)
of the form

I, 00 .. 00 (A B 0 0 0
0 00 .. 00 0 I, 0 0 0
E=101 0 ... 0 O E%Tﬁ, A=|0 0 I, 0 0 | eMm;
0 00 .. I, 0 0 0 0 .. 0 I,
I ) ) (12
0
In
B=—| 0 |eRP™ C=[C Dy Dy .. D,J€RY", ii=n+(qg+1)m
0
if and only if
Dy e R for k=0,1,....q. (13)

Proof is given in [23].
If the conditions of Theorem 3 are satisfied then the desired positive realization (12)
of T(s) can be computed by the use of the following procedure [23].

Procedure 1

Step 1. Decompose the given matrix 7 (s) into the strictly proper transfer matrix Ty, (s)
and the polynomial matrix P(s) satisfying (9).

Step 2. Using one of the well-known methods [7, 13, 17-21, 22] find the positive real-
ization (11) of Typ(s).

Step 3. Knowing the realization (11) and the matrices Dy € EKﬁxm, k=0,1,...,q0f (10)
find the desired realization (12).

An example illustrating the procedure has been given in [23].
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3. Positive fractional linear systems

The following Caputo definition of the derivative-integral of fractional order will be
used [22]

a AL
oD?f(l‘)Zd S(0) :F(wl—OL)O/(tfr oEI) dtr, w—1<a<w, weN={1,2,..}

dr® ) 1—w
(14a)
where -
[(x) = / r~le7'dr, Re(x)>0 (14b)
0
is the gamma function and
d"f(t)
) (1) = 14
U= (14c)

is the classical w order derivative.
Consider the continuous-time fractional linear systems described by the state equa-
tions
d®x(t)
dr®

= Ax(t)+Bu(t), 0<a<1 (15a)

y(t) = Cx(t) + Du(t) (15b)
where x(¢) € R”, u(r) € R™, y(t) € R? are the state, input and output vectors and
Ac R, Be RV, C e R, D e RP>™,

Theorem 4 The solution of the equation (15a) satisfying the initial condition x(0) = xo
has the form

t
x(t) = Do (1)xo+ / ®(1 —1)Bu(t)dr (16a)
0
o  pAkka o Akp(k+1)o—1
q)o(t):k:0m7 q)(t):l;)m, 0<(X<1 (16b)

Definition 4 [22] The fractional system (15) is called the (internally) positive fractional
system if x(t) € R, y(t) € R, 1 > 0 for any initial conditions xo € R, and all inputs
u(t) e RY, 1> 0.

Let e; be the ith column (row) of the identity matrix /,. A column (row) of the form
aej, a > 0 is called monomial. A square matrix A = [q;;] is called Metzler matrix if
its off-diagonal entries are nonnegative, i.e. a;; > 0 for i # j [13, 5]. The set of n x n
Metzler matrices will be denoted by M,,.
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Theorem 5 [22] The fractional system (15) is (internally) positive if and only if
AEM,, BERY™, CeRT", De R (17)
Consider the descriptor continuous-time linear system with regular pencil
EX(t) = Ax(t) + Bu(t), x(0)=xg (18)
where x(t) € R", u(t) € R™ are the state and input vectors and E,A € R"*", B € R
detE =0 and det[Es—A] # 0 for some s € C (the field of complex numbers). (19)

Let U,q be a set of all given admissible inputs u(r) € R™ of the system (18). A set of all
initial conditions xy € R” for which the equation (18) has a solution x(¢) for u(z) € Uy
is called the set of consistent initial conditions and is denoted by X?. The set X° depends
on the matrices E, A, B but also on u(z) € U,y [11].

Now let us consider the fractional descriptor continuous-time linear system with
regular pencil satisfying (19)

d%x(t) B
o = Ax(t) +Bu(1), x(0) =xo (20a)
y(1) =Cx(1), x(0)=xo (20b)

where 0 < a < 1 is the fractional order and xo € R”, u(r) € R™ are the state and input
vectors and E,A € R"™", B € RV C € RP*",

Definition 5 The fractional descriptor systems (20) is called (internally) positive if
x(t) € R, y(t) € RY, t > 0 for every consistent nonnegative initial condition xo € X2,
and all admissible inputs u(t) € Uygy, where XCOJr and Uyq are the sets of nonnegative
consistent initial conditions and nonnegative admissible inputs, respectively.

A matrix Q € R"" is called monomial if its every row and column contains only one
positive entry and its remaining entries are zero. The inverse matrix Q! of the monomial
matrix Q has only nonnegative entries, i.e. 9! € R+ [13].

It is assumed that using elementary row and column operations [14, 24] it is possible
to reduce the pair (E,A) to the form

P[Es—A]Q:Es—A (21a)
where
B I, O A= f}n 1‘}12 7
0 0 Axy Ax
(21b)

A]]EM,”, AzzEan, A]QE%TXM, A_21€9{12><nl,
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and ny =rankE, np = n—ny. P € R is a matrix of elementary row operations and
Q0 € R*" is a monomial matrix of elementary column operations. The matrix P can be
obtained by performing the elementary row operations and the matrix Q by performing
the elementary column operations on identity matrix [,,, respectively [14, 12]. Note that
if Q is a monomial matrix then ¥() = Q~'x(¢) € R, t > 0 for every x(t) € Re"., 1 > 0
since Q1 € R,

Theorem 6 The descriptor continuous-time linear system (20) for Bu(t) = 0 is positive
and asymptotically stable if and only if there exists a pair of elementary operations
matrices (P, Q) satisfying (21) such that the coefficients of the polynomials

Lys—A; —A
pi(s) = det ”‘SA H Alz ] = " a1 L Fais+ay (22a)
—Azj —An
and )
p2(s) = det[l,,s — Axn] = 5™ —i—anz,ls"rl + ... dais+ag (22b)

are positive, i.e. a; >0, j=0,1,...,ny and a; >0,i=0,1,...,np — 1.

Proof is given in [24].

4. Realization problem for positive fractional linear systems

The transfer matrix of the fractional descriptor continuous-time linear system with
regular pencil is given by [22]

T(A) =C[EL—A]"'Be RP"(A) (A =s%) (23)

The improper transfer matrix (23) can be decomposed into strictly proper transfer matrix
Ty, () and the polynomial matrix P(A), i.e.

T(A) = Ty, (A) + P(\) (24a)

where
P(A) =Do+DiA+ ...+ DA € RPMA], g=p—1 (24b)

and  is the nilpotency index.

Using one of the well-known methods [7, 13, 17, 21, 22] we may find a positive
asymptotically stable realization (11) of T;,(A) and from (12) the desired positive
asymptotically stable realization of T'(A). Therefore, Procedure 1 can be applied to
compute the desired positive asymptotically stable realization (12) of T'(A) by replacing
s% by A.
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Example 1. Find a positive asymptotically stable realization (12) of the transfer matrix

A3 502+ 50 +4 3N +TA+3

T = | ool imes Asne7atd (23)
A+2 A+3
Using Procedure 1 we obtain the following.
Step 1. The transfer matrix (25) has the strictly proper transfer matrix
2 1
Tp(h)=| M1 A2 (26)
A+2 A+3

and the polynomial matrix

2A24+30+2 3A+1
A +2 A 4+2h+1

2 1 33 2 0
. D = . Dy— . 27b
21] : [02] 2[11] (276)

Step 2. The strictly proper transfer matrix (26) can be rewritten in the form

P(\) = =Do+DiA+DyA%, (¢g=2) (27a)

where

Dy =

20+2)(A+3) A+1)(A+3)
A+ D(A+3) A+2)A+1)

1
LM = G a0+

(28)

and the well-known Gilbert method can be applied to find its positive asymptoti-
cally stable realization [7, 13, 25] since the poles of (28) are distinct and negative
(M = —1, Ay = =2, A3 = —3). Following the Gilbert method we compute the

matrices
7 1 2(+2)(A+3) (A+1)(A+3) 120
T )A3) | e D(A+3) A+2)(A+ 1) . Loo]

B (29a)
rlzrankTI:I, leclBl, C1: § s Bl_[l 0},

1
(A+1)(A+3)

2+2)(A+3) (A+1)(A+3)

=
A+1)(A+3) (A+2)(A+1)
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(29b)
kI =2, Th=CB,, C bo B 01
r>» = ran = Z, = 5 = s = )
2 2 2 pley) 2 0 1 2 L0
T — 1 2 +2)(A+3) (A+1)(A+3) 100
TN+ | A DO3) AL2)At1) “lo 1|
A=—3
(29¢)
0
rs=rankT3 =1, T3 =C3B3, (C3= e B3:[0 1}.
Thus, the positive asymptotically stable realization of (26) has the form
A = block diag([l,, A1, I, A2, I A3] = diag[—1,—2,—2, 3],
(30)
1 0
B,
B—B—Ol C—[CCC]—Zloo
TP ro ] TP 0 001
B3
0 1

Step 3. Using (12), (27) and (29) we obtain the desired positive asymptotically stable
realization of (25) in the form

L 0 0 0 A B 0 0 0
_ 00 00 - 0L 0 0 _ —I i
E= EC.K’_Z,_X”,A: 2 eM,, B= 2 EEK:[_XZ’
0L 00 00 L 0 0
0 0 L 0 0 0 0 b 0
} ) (31)
C=[C Dy D Dy ]€R¥" fi=n+(¢+1)m=4+3-2=10.

and the matrices A, B, C, Dy, D1, D, are given by (30) and (27b).

5. Concluding remarks

The method for computation of positive asymptotically stable realizations of frac-
tional descriptor continuous-time linear systems with regular pencils has been proposed.
The method is based on the decomposition of the given improper transfer matrix 7'(A).
The desired positive asymptotically stable realizations of T'(A) can be computed by the
use of Procedure 1. The method has been illustrated by the example. The method can
be extended to fractional descriptor discrete-time linear systems. An open problem is an
extension of the method to fractional descriptor continuous-discrete linear systems.
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