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Hierarchical filtration
for distributed linear multisensor systems

ZDZISLAW DUDA

In the paper two filtration algorithms for distributed multisensor system are presented.
The first one is derived for a linear dynamical system composed of local subsystems described
by local state equations. Local estimates are sent to a central station to be fused and formed
an optimal global estimate. The second algorithm is derived for a system observed by local
nodes that determine estimates of the whole system using local information and periodically
aggregated information from other nodes. Periodically local estimates are sent to the central
station to be fused. Owing to this a reduced communication can be achieved.

Key words: multisensor system, distributed Kalman filtering, decentralized filtration, hi-
erarchical fusion, aggregated information

1. Introduction

Multisensor systems find applications in many areas such as aerospace, robotics, im-
age processing, military surveillance, medical diagnosis. The advantage of using these
systems over a systems with a single sensor results from e.g. improved reliability, ro-
bustness, extended coverage, improved resolution e.t.c. In these systems an optimal state
estimation problem is one of the critical concerns.

Theoretically, state estimate can be determined by using Kalman filter in a central-
ized structure. Conventional Kalman filtration requires that all process measurements are
sent to a central station which determines an estimate of the state system. The central-
ized architecture produces an optimal estimate in a minimum mean square error (MMSE)
sense, but it may imply low survivability and requires high processing and communica-
tion loads.

In order to integrate data from distributed sensors estimation fusion algorithms and
appropriate architectures are proposed. The fusion approach has been researched for
years and some results are known. In [4, 5, 9] a centralized optimal state estimate is
calculated from estimates determined by local nodes. The global estimate is equivalent
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to the optimal centralized one. In [1, 2, 3] are presented fusion algorithms guaranteed
local optimality, only.

Fusion algorithms are realized in different structures.

In a hierarchical structure local nodes process its sensor data to form local estimates.
These estimates are sent to a central node to be fused. The hierarchical structure has the
advantage (as compared with a centralized one) of lower communication, lower process-
ing cost and increased reliability. It is possible that information flows from local nodes
to the central node and also from the central node to local nodes (feedback architecture).
Owing to this an accuracy of local estimates can be improved.

In a fully decentralized structure the central node is absent. Each sensor node can
operate independently of other component and communication between nodes is one to
one. From communication constraints point of view it is useful for local nodes to send
information as transformed data. It has been discussed e.g. in [4, 9, 10, 11, 12, 13].
Reduced communication can be also achieved by lower rate of communication from
local nodes to the central node in comparison with the sensor observation rate. This
approach is proposed e.g. in [2, 6, 8].

In the paper two filtration algorithms for large scale multisensor systems are pre-
sented. In the section 4 a state estimation for a system with local dynamical models con-
nected with local measurement nodes is considered. In the section 5 an original proposal
of a hierarchical fusion architecture is presented. In this structure local nodes determine
estimates of the whole system using local information and periodically aggregated in-
formation from other nodes. Periodically local estimates are sent to the central node to
be combined.

2. Preliminaries

It is well known that a minimum mean square error (MMSE) estimate £ of a
random signal x given information 7 is a conditional expectation £ = E(x|i). For dy-
namical systems a state estimate £, ,; at time n+ 1 given measurement information

7]- =[il,i, ...,ijT]T at time j has the form
i1 = E (s [i))- (1)
Thus, for j =n—+1 we have
Sntprt = E (st [ins1) = E (st [T 1) (2)
where i,+1 = [i7,i, |]7. If the random vector [x!_,i7,iT 1T is gaussian, then

xAn+1\n+l :E(xn+l |?n+1) :E(xn+1 ‘?na inJrl) :E(anrl |7n) +E(xn+l |l~n+l\n) —Exy41 3)

where

ini1jn = int1 — E (ins1]in) (4)
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If the random vector [x/ T is gaussian then

[
n+1"n+1jn

~ . N —1 ~ N
E(xn41 ‘ln+1|n) = Expt1 +Pxn+1in+l\npzl+1\nzl+1\n (ln+1|” Elﬂ+1‘") )

where P,g denotes the covariance matrix of the random vectors o and f.
Under above assumptions, (3) can be written in the form

Bpi a1 = Fni 1+ Kot [ing1 — E (ing1[in)] (6)
where
Sntin = E (Xns1]in) (7
and
_ _ —1
Kn+1 - Pxn+lin+l\tzp}:;l+1‘n;;+1‘n ’ (8)

The equations (6)-(8) are used for determination of a state estimate £, given available
information fn.

3. Model of a system and a problem statement

Consider a linear system described by the equation
where x, is a state, A, is a system matrix, w, is a state noise. It is assumed that
x0 ~ N(%0,X0), wp ~ N(w,,W,) and x, € R¥, w, € R¥, A, € R**. Additionally, w, is

a gaussian white noise process independent of the gaussian initial state xg.
Let there exist M local measurement nodes with measurement equations

yo=Cxi+ri i=1,..M (10)
where
x\ =Dix, (11)
is a local state described by a local state equation

X = A 4wk i=1,2,..M. (12)

n’

It is assumed that w', ~ N(W',,W))), ri, ~ N(O,R’,), wy, r’, and w', r! are gaussian white
noise processes independent of each other and of the gaussian initial state xf); xi € RN,
yi € RP', C D Al are known matrices with appropriate dimensions.

Equation (12) may be treated as a local model connected with the local measurement
node.

For the above model first, in the section 4, the distributed estimation fusion algorithm
is derived. Then, in the section 5, for DZ =1 in (11), an algorithm of state filtration
realized in a hierarchical, partially decentralized, fusion architecture is proposed.
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4. Kalman filtration for i, | = [j7,yT 1)

Let us consider a state filtration for the system (9) with the measurements model (10)
and (11). Equation (10) can be written in the form

Vo = Cpn +1, (13)
where
C,=C.Di. (14)
Denote by y, = [yp" -, W1, Farr = DG oovb o vb )T = Broyvid]’s Sustn =
Yir1 —EOng1[¥p) and i, =57, iy = ¥ |- The vector y, can be written in the form

Yn =CuXn+tn (15)

where C, = [CIT,....cMT1T v, = [r}T, .. .PMTVT R, = Er,rl = blockdiag{R),...,R™}.
For the system described by (9) and (15) the random vectors [x} ¥, yo |7
A s yI"and [xI 1,)75 +1|n]T are gaussians. Thus the estimate

bl

n+
)en+1\n+l :E(anrlb_;nJrl) (16)
results from (6)—(8) and has the classical form
)’C\n-&-l\n-i—l :)’C\n-&-l\n‘i‘Kn-&-l(yn-&-l _)”\n+1|n) (17)
where ¥, | n = E(yn-‘rl Wn) = Cn+18, 11 |n and
)en+l\n :E(xn+1|)7n) :An£n|n+wn- (18)
The matrix gain K, can be found from (8) as
Knt1 = Py 11nCl (Co 1 Py 11nCLy 4+ Ryy1) ™! 19
w1 = Pog 110Gt (Co 1 Pag11nCrst + Rug1) (19)
where the a priori error covariance matrix has the form
Poiin =E&p1nX, 1) = AnPup AL + W, 20
n+1jn = (xn+l\nxn+1\n) — AnlpnAy + Wh. ( )
A posteriori error covariance matrix P, is given by
Pn\n = Ekvn|n35vy];\n = (1 - KnCn)Pn|n—1 . (21)
An initial condition Xy results from (17)

Xoj0 = Xo|—1 + Ko(yo — CoXo—1) = %o + Ko(yo — Co%o)- (22)



www.czasopisma.pan.pl N www.journals.pan.pl
N
~—

HIERARCHICAL FILTRATION FOR DISTRIBUTED LINEAR MULTISENSOR SYSTEMS 511

The covariance matrix Py can be determined from (20) as
Po‘ 1= EX()‘ 1X0| 1= E( )(X() —X()) = X(). (23)

Kalman filter consists of (17)—(21) with the initial conditions (22)—(23).

The state estimate £, can be determined in a centralized structure with one central
processor using observations y’, i =1,2,....M passed from M sensors. If the number
of sensors increases then the inverse of the matrix in (19) increases in proportion to the
square of its dimension and this approach becomes limited. In this case an advantage in
calculations gives an information filter described in the next section.

4.1. Information Kalman filtration

Let us notice that (17) can be written in the form

Bpptpnrt = (1= Kus1Cov1)Zp1)n + Knt1Yns1- (24)
It can be shown that
1-Ky1GCoy1 = n+1\n+1P,,_+1|,, (25)
and
Kui1 =PyiijniCr LR (26)

Inserting (25) and (26) to (24) gives
xAn+l\n+1 = Pn+1\n+1P +1‘nxn+1\n +Pn+1\n+lc +1Rn+1yn+l- (27)

From (27) it results that

—1 N o1 s —_—
P"'H|”+1x’1+1\”+1 - Pn-s-l\nxnﬂ\n +Cop 1R, 1 Vit (28)
Denoting by
Britinrt = Pt ® Eon=Pl R (29)
n+lin+1 n+1|n+1 n+1|n+1> n+ljn n+1|n n+1|n

and using the definition of C,,; 1, R+ and y,4+; we can write (28) in the form

M
. e T pl e iT (pi \—l.
xn+1\n+l_xn+1\n+Cn+1Rn+1y”+1_ n+l\n+ZCn+l( n+1) Yn+1- (30)
i=1

Equation (30) is a measurement — update information filter equation

In order to determine £, Fn multiply the both sides of (18) by P, 1\'1 Using (29) we
obtain
1 A
Pn+1|nxn+1\n = Pn+1|nA Pn+l\n n+1‘nxn\n +P_ +1‘nwna (31)
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=P

n+1|n +P

APy 1k, (32)

ok
Xnt1|n nln +1|n
Equation (32) is a time-update information filter equation.

It can be shown that a recursive form of the covariance matrix P has the form

+1| +1

1 N
P = n+1\n+c+1Rn+1Cn+1 n+1|n+z il (Ru1)” Gyt (33)

Finally, the Kalman information filter consists from (30) and (32) with (33) and (20).

Let us notice that information Kalman filter results from classical covariance filter.
But in the information filter it is possible to increase processing speed.

Summarizing, the measurement-update equations (30) and (33) are computationally
simpler than the equations (17) and (21). The time-update equation (32) with an appro-
priate matrixPn;ll‘n is more complex than (18) and (20) but they do not depend on the
observations.

4.2. Hierarchical filtration

Consider a local state estimate of the system (12) based on the measurements yﬁ,
described by the model (10) i.e.

ﬁ2+1\n+1 = E(xinrl |)7£l+1) (34)
where ¥, | = i, ....y'L ] = [, ¥ )7 Thus the information estimate £* g TE
sults directly from the section 4.1 and has the form

xAit*+l\n+1 :ff;*+un+c_fz7il(RZ+1)_1y2+1 (35)
i ' ' .
Xnt1n = (Prlz-‘rl\n) An n+1\n n|n + (Prlz—&-l\n) Wn (36)
with
Pl = AnPi A+ Wi (37)
pi -1 _ (pi ~l AT (R L@ 38
Postpnr1) =P G (Ry) Gy (38)
From (35) and (38) it results that
C;zTH( 2+1)71y;+1 :)2;*+1|n+1 _'x’\il*-‘rl‘n (39)

and

Gl (R )™ Gy = (Pogpe) ™ = (Bry) ™ (40)
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Let us notice that CIZ | (R, )~'y' ., and CI (R, |)~'Ci, in (30) and (33), using
(39)and (40) can be written in the form

i

1. iT AT 1. iT
Cn+1( n+l) Yns1 =D, Gy ( n+1) Yn+1 =Dy (n+1\n+1 n+1|n)

—1 i AT ~iT —1 /i 75 iT -1 ' @1
Gt (Ry1) ™ Gt = D G (R 1) T CLDY, = Dy (P )™ — (Pryyy) 1D,
and finally (30) and (33) can be written as

M o

XAZ+l|n+l :xAZ+l|n+ ZD; (X\il*+1|n+l Ail*-&-l\n) (42)

i=1
1 T -1 ' ~117i
Pn+1|n+1 n+1|n+ZDl n+1|n+1) _(P;;+1|n) ]DZ (43)

Equations (42) , (43) with (32) and (20) summarise partially decentralized filtration.

For D’ =1 we have that x}, = x,,, A’ =A,, W, =w,. It means that local nodes
determine the estimate of the system (9) based on the measurement model (13). This
case is generally considered in a literature.

We can treated the global estimate performed by the central processor as over-

head. In this case it needs information of the difference DI (%*! AT A*l+1\n) and
[DT[(P! i 1) =(Py,y),)""1D;] from local nodes. There the communication between

local nodes is not needed.

5. Aggregated filtration

Consider the system (12)-(10) for Dil = 1. It means that the state x,, described by (9)
is measured by local nodes according to a measurement model

=Clxy+7h. (44)
Let
mi, =Dy, 1=0,1,., i=1,..M (45)

be aggregated, at every k units, information of the ith local sensor. It is assumed that the
vector my, is the vector of smaller dimension than y,k The aggregated information of the
whole system has the form

mix = Dyyie = DicCuexix + Dt (46)

where mj = [m[1kT7 mlk ] y Yk = [y[k 5. 7y%T]Tale = dlag{D;k)l = 1a"'7M}7Clk =
(LT e CUTIT 1 = 1 e AT
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Denote by y, = [y’lT,...,y;T,...yﬁlT]T, j# k1 = 0,..,im[¢], g =
[m,{,..,mgk,..,mlTk]T. The estimation problem considered in this section is to find

the state estimates in the form:
~ - . n
Rupni = E(oulFh, i), for lk<n< (I+1)k, [=int H 47)
and
S = E (el 1,mu),  for 1=0,1, ... (48)

Proposed algorithm may be used in a hierarchical partially decentralized structure. The
ith local subsystem determines the state estimate using its own local information y, and,
at every k units, aggregated information 77 received from other subsystems. The local
estimates®y . ;, = 1,2,...,M are transmitted every k units to a central node where
global state estimate is reconstructed.

Notice that for D, equal to a unit matrix (D!, = 1), all global information available
at time [k is used for filtration. For Dj, = 0 no information is transmitted from the ith
subsystem to other subsystems.

5.1. Derivation of the state estimate £, ; for n = /k

According to (48) we have

)en\n,i = E(xnb_;i,_] ) = E(xnb_;fq—l Mgk, My) =
= E(xu|¥—1,n—k) + E (xu| ity ) — %n = (49)
= xn\n Li +Pxnmn, mnl i, tﬁn,i

where

Knln—1,i = An—1%1jn—1,i + Wn-1
My = My — mn\n—],i (50)

Mpjn—1,i = E(my|¥,_1,7itn—k) = DyCuSnfn1.-
It can be shown that
Rjni = Enjn—1,i + Kn,i (M — g1 ;) (5D
where
Ky = Pyjy_1,,Co Dy Dy (Cy Pn\n 1,.Cr +Ry)DJ~

n|n ll—An 1P, ljn— 11 1+Wn 1 (52)
n|n,i_(1 KnlD C) nln—1,i-

The estimate £, 1,—1,; (£1x—1;x—1,)) 1S determined in the next section.
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5.2. Derivation of the state estimate %, ; for [k <n < (I + 1)k
Using (47) we have
'fn|n,i :E(Xn‘yf,”l?llk) :E(xl’l‘yffzflaﬁllkvyiz) =
:E(xn‘y‘zflaﬁ:llk)+E(xn‘37n,i) — X = (53)
= -fn|n—1.,i + Px,,)Nz,l,,-Py:n;yn#iyn,i
where
)en|n—1,i = An—lfn—l\n—l,i + Wn—1
Yni = Yn = Snln—1.i (54)
Fan—1.i = EQplVu—1, ) = Gy -
It can be shown that
)en|n,i = An—l)en—l [n—1,i +Wpo1+ Kn,i(yil - yA;‘n_1) (55)
where
Kn,i - Pn\n—l,icizT (C;.;Pn\n—l,iCiT +R£1)_1
Papn—1 = An-1Putjn-1iAp—1 +Waoi (56)
Pn|n,i = (1 - Kn,iC;l)Pn\n—l,i'
An initial condition Xg,; results from (53)
Kojo,i = o1, + Ko.i(vh — Cofo—1,1) = Ko+ Ko,i (¥ — Co%o).- (57)
The covariance matrix Fy|_,; can be determined as
Py = E(Xy_1%01) = E[(x0 — o) (x0 — %) "] = Xo. (58)
5.3. Information Kalman filter for n = [k
Let us consider (51) with (52). It can be written in the form
xAn\n,i = (1 - Kn,iDnCn)xAn\nfl,i + Kn,imn' (59)
Now we transform (1 — K, ;D,C,) and K, ; to an appropriate form. We have
Pn\n,i(sz)
_ -1 _ -1
1- KnJDnCn - (1 - KmiDnCn)Pn|n71,i(Pn|n71,i) = Pn\n,i(Pn|n71,i) . (60)
Denote by
Oni = D(CuPyjniCy +Ra)D. 61)
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Multiplying the both sides of (43) by O,,; gives

0,,(61)
Ki(Dn(CuPyjp—1,Co +Ru)DY) = Pyyp1,Cr Dy (62)
Thus
KyiDuRyD} = (1=K, iDyCy)Pyj—1,Ch Dy, (63)
and

Pn\n‘i(Pn\nfl.i)il (60)
——
Kni= (1=K, ;DyCy) Pojp—1,Cr D} (DyR,DY) ! = Py, CE DY (DuR,DY) . (64)
Inserting (60) and (64) to (59) gives
xAn\n,i = Pn|n,i(Pn|n—1,i)ilx,\n\n—l,i +Pn|n,iC;DZ; (DanDr];)ilmn- (65)

Multiplying the both sides of (65) by (P,,;) " gives

(Pn\n.,i)il)en\n,i = (Pn|n—l,i)7lx,\n\n—l,i +C;D£ (DanDZ;)ilmn- (66)
Denoting by
)e;:|n7i = (Pn\mi)ilx,\n\n,i? (67)
and using the definition of C,,, D,;, R,, and m,, we can write (66) in the form
1 4
Bt = Pafn—1.) ™ Fanri+ Y i1 (68)
j=1
where
il =T DIT(DIRIDITY " 'm (69)

At time n = [k an information vector i{k is computed by jth (j = 1,2,...,M) local node
and sent to other local nodes. The ith (i = 1,2,...,M) local node computes the estimate
)Gfkl ki according to (68), covariance matrix Py ; according to (52) and the state estimate
Xiltiei = Purlik,i % i+

The information of £ ; and Py, i =1,2,...,M is sent to the central node, where
a global estimate is calculated using e.g. covariance intersection method [7]. According
to [7] the global estimate £ ;. is calculated as

Rk = Y, Ok PPy lk\lk Alk|ik.i (70)
i=1

where

(trPyur) ™" . |
Olk,i = ’ v P =) o i(Pui) - (71)
! Y (trPyquie) ™! 8 l; IS
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6. Conclusions

In the paper are presented two partially decentralized Kalman filters realized in the
hierarchical structures. The first one may be used for large scale distributed multisensor
systems described by global and local states models. This approach can be applied for
a multisensor system in which local state models are equivalent to the global model. In
order to reduce communication and calculation requirements periodically fused formula
is proposed. Local nodes produce optimal estimates of the global state in MMSE sense
using its own detailed information and periodically aggregated information from other
local nodes. Local state estimates and appropriate covariance matrices are sent to the
central node to be fused. Fusion may be performed in local nodes without central node,
but it requires full communication between nodes.
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