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Abstract. By a novel approach, we get explicit robust stability bounds for positive linear time-invariant time delay differential systems
subject to time-varying structured perturbations or non-linear time-varying perturbations. Some examples are given to illustrate the obtained

results. To the best of our knowledge, the results of this paper are new.
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1. Introduction

Roughly speaking, a dynamical system is called positive if for
any non-negative initial condition, the corresponding solution
of the system is also non-negative. Positive dynamical systems
play an important role in modelling of dynamical phenomena
whose variables are restricted to be non-negative. They are of-
ten encountered in applications [1-38], for example, networks
of reservoirs, industrial processes involving chemical reactors,
heat exchangers, distillation columns, storage systems, hier-
archical systems, compartmental systems used for modelling
transport and accumulation phenomena of substances, see e.g.
[1, 7, 12, 25]. Recently, problems of stability and robust sta-
bility of positive systems have attracted a lot of attention from
researchers, see e.g. [2, 11, 12, 23-33] and references therein.
In this paper, we give explicit robust stability bounds for
positive linear time-invariant time delay differential systems
of the form
m
B(t) = Aoz(t) + Y Apx(t—hi),  t>0, (1)

k=1

subject to the time-varying structured perturbations
Ap ~ Ag —I—Dk(t)Ak(t)Ek(t), k€ {0,1,...,777,}7 2)
or the non-linear time-varying perturbations

Agw(t) ~ Aox(t) + f(t;2(t));

m

D Aga(t — hi) ~ Y Aga(t — hy) (3)
k=1 k=1

FF(t;x(t —71(t)), ..y x(t — T (1)))-

Motivated by many applications in control engineering, prob-
lems of robust stability of dynamical systems have attracted a
lot of attention from researchers during the last twenty years,
see e.g. [15-19, 31, 34-36] and references therein. In partic-
ular, problems of robust stability of linear differential systems
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without delay @(t) = Axz(t), ¢ > 0, under the structured per-
turbations have been studied extensively for a long time, see
e.g. [15-17, 34-36]. Moreover, robust stability of the linear
differential systems with delay (1) under time-invariant struc-
tured perturbations has been dealt with in [19, 32, 37]. Some
problems of robust stability of linear differential systems with
delay under non-linear perturbations have been considered in
[4,9, 14, 21, 38] and most of obtained results have been given
in terms of linear matrix inequalities (LMIs).

Although there are many works devoted to the study of
robust stability of differential systems with delay, however, to
the best of our knowledge, the problems of robust stability
of the positive linear time delay differential system (1) under
the time-varying structured perturbations (2) or the non-linear
time-varying perturbations (3) have not yet been studied in the
literature and the main purpose of this paper is to fill this gap.

In contrast to the traditional approaches to stability analy-
sis of time-varying differential systems with delay (Lya-
punov’s method and its variants such as Razumikhin-type the-
orems, Lyapunov-Krasovskii functional techniques, see e.g.
[13, 22]), we present in this paper a novel approach to the
problems of robust stability of positive systems of the form
(1) under the time-varying perturbations (2) and (3). To the
best of our knowledge, the obtained results of this paper (The-
orems 3.3, 3.9) are really new.

2. Preliminaries

Let N be the set of all natural numbers. For given m € N, let
us denote m := {1,2,...,m} and m := {0,1,2,...,m}. Let
K = C or R where C and R denote the sets of all complex and
all real numbers, respectively. For integers [, ¢ > 1, K denotes
the I-dimensional vector space over K and K> stands for the
set of all [ x g-matrices with entries in K. Inequalities between
real matrices or vectors are understood componentwise, i.e.
for two real matrices A = (a;;) and B = (b;;) in R, we
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write A > B iff a;; > by fori=1,---,[,j=1,---,¢. In
particular, if a;; > b;; fori =1,--- 1, j = 1,---,¢, then
we write A > B instead of A > B. We denote by leq the
set of all non-negative matrices A > 0. Similar notations are
adopted for vectors. For x € K" and P € K*9 we define
|z| = (|z;]) and |P| = (|pi;|). A norm || - || on K™ is said to
be monotonic if ||z|| < |ly|| whenever z,y € K", |z| < |y|.
Every p-norm on K" (||z||, = (|z1|? + |w2|P + ...+ |z,|P) /P,
1 <p< ooand || = max;=12, ., |z;|), is monoton-
ic. Throughout the paper, if otherwise not stated, the norm
of vectors on K™ is monotonic and the norm of a matrix
P € K4 is understood as its operator norm associated with
a given pair of monotonic vector norms on K' and K9, that
is ||P|| = max{||Py|| : |ly|| = 1}. Note that

PeK™ QeRY|IPI<Q=[IP| < |IPII< QI 4
see, e.g. [36]. In particular, if K" is endowed with ||

[+ lloc then [|A]} = [[|A]]| for any A =
precisely, one has

. Hl or
(ai;) € K™*™. More

n
40 = Al = oo 3ol
=

[Alloe = [l[Allloc = max Z |aij]-

Let B, = {& € R™ : |lz|| < r}, for given r > 0.
For any matrix M € C"*" the spectral abscissa of M
is denoted by p(M) = max{RA : A € o(M)}, where
o(M) :={z € C: det(zI,— M) = 0} is the spectrum of M.
A matrix A € R"*" is called Hurwitz stable if p(A) < 0.

A matrix M € R™*"™ is called a Metzler matrix if all
off-diagonal elements of M are non-negative. We now sum-
marize in the following theorem some properties of Metzler
matrices.

Theorem 2.1. [36] Suppose that M € R™*™ is a Metzler
matrix. Then
(i)  (Perron-Frobenius) p(M) is an eigenvalue of M and
there exists a non-negative eigenvector = # 0 such
that Mz = p(M)x.

(ii) Given a € R, there exists a nonzero vector x > 0
such that Mz > ax if and only if u(M) > a.

(iii)  (tI, — M)~! exists and is non-negative if and only if
t> u(M).
(iv) Given B € R}*", C'€ C"*". Then

IC|<B = pw(M+C) < pu(M+ B).

Let J be an interval of R. Denote C'(.J, R™) the set of all con-
tinuous functions on J with values in R”™. In particular, if R
is endowed with the norm || - || then C'([c, 5], R™) is a Banach
space with the maximum norm |[|¢|| = maxge(q,g) [|#(0)]]. In
what follows, ¢ > 0 means that ¢(6) > 0,V0 € [a, 5].
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3. Robust stability of positive linear time delay
differential systems

Consider a linear time-invariant time delay differential sys-
tem of the form (1) where hy > 0 (k € m) are given positive
numbers and A, € R"*" (k € m,,) are given matrices.

For a given ¢ € C([—h,0],R™), (1) has a unique solution
satisfying the initial value condition (s) = ¢(s), s € [—h, 0],
where h := max{hy : k € m}, see e.g. [13]. This solution is
denoted by z(+; ¢). Then (1) is said to be (globally) exponen-
tially stable if, and only if, there are positive numbers «, M
such that

Vt € R, ) € C([=h,0L,R") = [z(t;9)ll < Me™*||g]].

It is well-known that (1) is exponentially stable if, and only if,

det <zln — Ay — Z Ake_h’“z> #0, Vz e Cy,

k=1
where C; := {2z € C: R, > 0}, see e.g. [13, Chapter 7].

Definition 3.1. The system (1) is said to be positive if
x(t; ) > 0,Vt € Ry for any ¢ € C([—h,0],R™),¢ > 0.

The following is well-known in the theory of positive lin-
ear systems.

Theorem 3.2 (a). The system (1) is positive if, and only if,
Ap € R™ ™ is a Metzler matrix and Ay € Rﬁf_x", for each
ke m.

(b) Let (1) be positive. Then the following statements are
equivalent

(i) (1) is exponentially stable;
m

(i) p (Z Ak) <0
k=0

m

(iii) (Z Ak) p < 0 for some p € R, p > 0.
k=0

Proof. The proof of (a) can be found in [12], [30]. The state-

ment (i) < (ii) has been proven in [30, Theorem 4.4] (see

also [29, Theorem 4.1]) and (ii) < (iii) has been shown

in [10, Theorem 3.1] (see also [20, Theorem 3]).

We now deal with robust stability of the positive linear
time-invariant time delay differential system (1) under the
time-varying structured perturbations (2) and the non-linear
time-varying perturbations (3).

3.1. Time-varying structured perturbations. Suppose (1)

is exponentially stable. Consider perturbed systems of the
form

i(t) = (t)=(t)
+ > (Akx(t — hi) + (De(t) A () Bi (1) a(t — (1)), (5)
k=1

t > o,

(Ao + Do(t)Ao(t) Eo

where 7,(-) € C@RL,R) (¢ € m) satisfy 0 <
T(t) < 1%, V& € Ry for some 7, > 0 and Di(-) €
C(Ry,R™) Ep(-) € C(Ry,R**™) (k € m,) are given

Bull. Pol. Ac.: Tech. 63(4) 2015
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and Ax(-) € O(Ry,R%*a) (k € m,) are unknown pertur-
bations.

Let h := max{ry, hr : k € m}. Note that (5) is now a
linear time-varying time delay differential system. For a fixed
o > 0 and a given ¢ € C([—h,0],R™), (5) has a unique
solution satisfying the initial value condition

x(s+0)=0¢(s), se€l-h,0], (6)
see e.g. [13]. This solution is now denoted by z(+; o, ¢). Re-
call that z(+; o, ¢) is continuously differentiable on [0, c0) and
satisfies (5) for any ¢ € [0, 00). Then (5) is said to be (glob-
ally) exponentially stable if, and only if, there exist M, 3 > 0
such that

Vo € C([-h,0,R"),Yt>0c>0:
|z(t; 0, 9)[| < Me="=)|g)].
We are now in the position to state the first result of this

paper whose proof is given in Appendix in a more general
setting.

Theorem 3.3. Let (1) be positive and exponentially sta-
ble. Suppose that there exist Dy € R, By € R%*"
and A, € legxq" for kK € mg such that |Dy(t)] < Dy,
|Ek(t)] < By and |Ag(t)| < Ay for any t € Ry and any
k € mg. Then the perturbed system (5) remains exponential-
ly stable provided

= 1

> Akl < —— O

k=0 Ez(Z Ak) Dj
k=0

maxi7j€m0

Remark 3.4. (i) In particular, the problem of robust stability
of the positive linear time-invariant differential system without
delay

z(t) = Ax(t), t >0, ®)

under the time-invariant structured perturbations
A— A+ DAE,

has been studied in [35,36]. More precisely, it has been shown
that if (8) is exponentially stable and positive and D, E are
given non-negative matrices then a perturbed system of the
form
i(t) = (A+ DAE)x(t),

remains exponentially stable whenever

1
IEA-IDI|’
see [35,36]. However, this problem is still open in the case
of time-varying structured perturbations. Thus, Theorem 3.3
is new even for the case of systems without delay.

On the other hand, the problems of robust stability of the
linear time-invariant differential system with delay (1) (not
necessary positive) under time-invariant structured perturba-
tions have been addressed in [19,37]. An upper stability bound
for (1) subject to the time-invariant structured perturbations
was presented in [19] in terms of solutions of an global op-

timization problem in R? while a particular case of Theo-
rem 3.3 with Dy (-) = Dy, € R, Ey()) = B, € REE*"

t>0,

1Al <
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(k € myg) can be found in [37]. However, in the general case,

a result like Theorem 3.3 cannot be found in the literature.
(i1) Note that (7) is independent of delays and so the result

of Theorem 3.3 holds for perturbed systems of the form (5)

with bounded delays.

The following is immediate from Theorem 3.3.

Corollary 3.5. Let A € R™ " and Ai(-) € C(R4,R™*™)
(k € my) be given and let 7;(-) € C(R4,Ry) (k € m) be
given bounded continuous functions. If A is a Hurwitz stable
Metzler matrix then the linear time delay differential system

m

(1) = (A+ Ao(8)z(t) + Y An(Dz(t — (1), ()

k=1

is exponentially stable provided there exist Ay € R, k €
my such that

|[Ar(t)] < Ak, t €Ry, k € my

and
m

1
Akl < =
2 AT

We illustrate the obtained results by two examples.

Example 3.6. Consider the time delay differential equation

&(t) = —az(t) + b(t)z(t — h), teRy, (10

where @ > 0, h > 0 and b(-) is a bounded continuous func-
tion on R . By applying a Razumikhin-type theorem to (10),
it has been shown in [22, Example 5.1, page 74] that (10)
is exponentially stable if sup;cr, |b(t)| < a. Note that this
assertion is immediate from Corollary 3.5.

Moreover, a differential equation with time-varying delays
of the form

(t) = —azx(t)+b(t)z(t—h1(t))+c(t)z(t—ha(t)), te€ R4,

(1)
is exponentially stable provided a > 0 and hi(:), ha(:) €
C(Ry,Ry) and b(+), ¢(-) € C(R4,R) are bounded such that

sup |b(t)| + sup |c(t)| < a.
teRy teRy

Example 3.7. Consider a linear time delay differential equa-
tion in R? defined by

i(t) = Agz(t) + Ayz(t —h), teR,, (12)

where h > 0 and

-1 1 0 0
A = A = .
’ ( 0 —2 )’ 1 ( 10 )

Note that (12) is positive and exponentially stable, by Theo-
rem 3.2. Consider a perturbed system given by

&(t) = (Ao + Do(t)Ao(t) Eo(t))x(t)

—I—Alac(t — h) + Dl(t)Al(t)El (t)$(t — T(t)), (13)
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where 7(-) € C(R4,R;) is bounded and

et 0
Dy(t) = 0 , Dy(t) == 1 ;
t+1
et 0
Eo(t) = 0 . 2t )
241
1 0
Eq(t) = 0 1 ,
t+1

for t € R, and

Bo(t)i=(alt) b(1) ), M) = (elt) dlt) )

with a(-), b(+), ¢(-), d(-) €
tions.
Note that for any ¢ € R, we have

1 0
|Do(t)| < Do := ( 0 ), |Di(t)] < Dy := < 1 >7

||Eo<t>|SEo:=((1) f) By (1)] < By =<; f)

and

C(R4,R) are unknown perturba-

Eo(Ag+ A1) 'Dg = E1(Ag + A1) ' Dy

Eo(Aog + A1) "'Dy = Ey(Ag + Ay))7'Dy

()0 (2)

Let R? be endowed with 2-norm. By Theorem 3.3, (13) is
exponentially stable if a(-), b(-), ¢(-), d(-) are bounded and
satisfy

teR teR4

V( sup |a(t)])? + (sup [b(¢)])?

" %ti‘ﬁg O + (s 1) < o

3.2. Non-linear time-varying perturbations. Assume that
(1) is exponentially stable and we now consider perturbed
systems of the form

() = Aow(t) + f(t,x(t) + > Apw(t — hu)
h=1

(ot = 7i(1), . a(t — 7 (1)),
where ¢ > o >0 and

(14)

@) () € CRL,R) (k € m) are given such that 0 <
7,(t) < 71, Vt € Ry for some 7, > 0, k € m;

@) f(;) : Ry x R® — R”™, is an unknown continuous
function such that f(¢;0) = 0,V¢ € Ry and f(t;u) is
(locally) Lipschitz continuous with respect to u on each
compact subset of R x R™.

950

m times
———

i) (-5 - ,oys ) Rex R x ... x R"— R™, is an un-
known continuous function such that F(¢ ;0,...,0) =
0,vt € Ry and F'(t;uq,ua, ..., un) is (locally) Lipschitz
continuous with respect to w1, ug, ..., U, on each com-

m times

—N—
pact subset of R x R™ x .... x R".

Note that (i), (ii) and (iii) ensure that for a fixed o > 0
and a given ¢ € C([—h,0],R") (h := max{ry, hy, : k € m}),
there exists a unique local solution of (14) satisfying the ini-
tial condition (6). This solution is defined and continuous
on [0 — h,v) for some v > o and satisfies (14) for each
t € [0,7) see e.g. [6,13]. It is denoted by z(-; o, ¢). Further-
more, if the interval [c — h,<) is the maximum interval of
existence of the solution z(-;0,¢) then x(-;0,¢) is said to
be non-continuable. The existence of a non-continuable solu-
tion follows from Zorn’s lemma and the maximum interval of
existence must be open.

Definition 3.8. (i) The zero solution of (14) is said to
be locally exponentially stable if there exist positive num-
bers 7, K, such that for each ¢ € R, and each ¢ €
C([=h,0,R™), [|¢|l < r, the solution z(-;0,¢) of (14) and
(6) exists on [0 — h,00) and furthermore satisfies

|z(t; 0,8)|| < Ke Pt~ vt > 0.

(i) The zero solution of (14) is said to be globally exponen-
tially stable if there exist positive numbers K, such that
for each o € Ry and each ¢ € C([—h,0],R™), the solution
x(+; 0, ¢) of (14) and (6) exists on [0 —h, 00) and furthermore
satisfies

lz(t: 0. 9)| < Ke P =g, Vit = 0.

When the zero solution of (14) is locally exponentially sta-
ble, globally exponentially stable then we also say that (14)
is locally exponentially stable, globally exponentially stable,
respectively.

The following whose proof is given in the Appendix, is
an extension of Theorem 3.3 to non-linear time-varying per-
turbations.

Theorem 3.9. Let (1) be positive and exponentially sta-
ble. Suppose that there exist Dy € R’erl’“; b, € R‘fxn;

Ay € Rl_{:xq’“, k € my, such that

|f(t;u)] < DoAgEplul, ¥Vt € Ry, Yu € R™; (15)
m
|F(t 01, e um)| <Y DpAgEylugl,
— (16)

vt € Ry; Yug, ..., uym € R™.

Then the perturbed system (14) is globally exponentially sta-
ble provided (7) holds.

Remark 3.10. It is important to note that if f(¢;u) is (glob-
ally) Lipschitz continuous with respect to v on Ry x R"
and f(¢;0) = 0,Vt € Ry and F(t;u1,uz, ..., Uy,) is (glob-
ally) Lipschitz continuous with respect to ui,us, ..., Uy, On

Bull. Pol. Ac.: Tech. 63(4) 2015
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m times
———
Ryx R" x ... x R" and F(¢;0,0,...,0) = 0,Vt € Ry, then
(15) and (16) hold automatically for some Dy, Ag, By, k €
ULGE
We illustrate Theorem 3.9 by a couple of examples.

Example. Consider the non-linear differential equation with
delay

) et sint
I(t) = (-3 + W) I(t)
F(2(t — h) 4+ e EF TN g — 2 (1)),
t>0>0,

a7

where h > 0is given and 7(-) : Ry — R is a given bounded
continuous function.
First, the linear time delay differential equation

#(t) = —3a(t) + a(t — h), t € Ry,

is positive and exponentially stable, by Theorem 3.2. On the
other hand, (17) can be represented as

z(t) = =3x(t) + f(t;2(t)) + x(t — h) + F(t; x(t — 7(t))),

where )
et sint
t. = .
it w) 22+ 1)
F(t;u) := e*(t2+“2)u, teRy, ueR
Clearly,

1
[fEGuw)] < gluls  FGu)l <ful, VEeRy,ueR.

Theorem 3.9 implies that (17) is globally exponentially stable.

Example. Consider the non-linear differential equation with
delay in R? given by
+F(t;x(t — ha(t)), z(t — ha(t)),
t>02>0,

(18)

where h > 0 is given and hi(-), ha(-) : R — Ry are given
bounded continuous functions and
0 1
A1 = y
1 0

-2 1
Ay = ,
=74
\/a(l + sin? t)u? + b2-tv?
Vel + cos? t)ud + d21—tv3

te Ry, u:(u1 ), v:<vl>€R2.
U V2

and a, b, ¢,d > 0 are parameters.
By Theorem 3.2, it is easy to check that the system

$(t) = on(t) + AlI(t —h),

F(t;u,v) := (

teRy,

Bull. Pol. Ac.: Tech. 63(4) 2015

is positive and exponentially stable. On the other hand, F
is globally Lipschitz continuous with respect to u, v on
R, x R? x R? and satisfies

|F(t;u,0)| < max{v2a,v2c}u] + max{Vd, vV2d}|u],

Vu,v € R2.

(Ao + Ay) ! = ( 1j2 j )

[(Ao + A1)l =2, for
By Theorem 3.9, (18) is globally exponentially stable provid-

ed
max{\/%, \/2_0} + max{\/g, \/ﬁ} < %

Note that

p=1,00.

4. Concluding remarks

By a novel approach, we present explicit robust stability
bounds for positive linear time-invariant time delay differen-
tial systems subject to time-varying structured perturbations
and non-linear time-varying perturbations.

It is important to note that the approach of this paper can
be applied to study problems of stability of various class-
es of differential systems such as: linear (non-linear) time-
varying ordinary differential systems, time-varying differential
systems with finite (infinite) delay, time-varying Volterra dif-
ferential systems (with delay), time-varying Volterra-Stieltjes
differential systems, etc. These works will be done in the near
future.

Appendix
Proofs of Theorems 3.3, 3.9.
It is clear that Theorem 3.3 is just a particular case of
Theorem 3.9. So it remains to prove Theorem 3.9.
We divide the proof into four steps.
Step 1: We claim that

m
I ((AO + DoAgEp) + Z(Ak + DkAkEk)> < 0.
k=1

Since (1) is positive, it follows that A is a Metzler matrix
and Ay > 0 for any k € m, by Theorem 3.2 (a). Thus, (4 +

DoAoEo)+ > (Ak + DiArEy) is also a Metzler matrix be-
k=1
cause Dy, Ej, Ay, are non-negative for any k € m,,. We show
m
that po = p ((AO+DOAOEO)+ Z (Ak +DkAkEk)) < 0.
k=1

Assume on the contrary that ;o > 0. By the Perron-Frobenius
theorem (Theorem 2.1 (i), there exists 7o € R’}, 2o # 0 such
that
<(A0 + DoAoEo) + ) (A + DkAkEk)> To = foZo-
k=1
m
Let Q(t) = tI, — Ag — > Ag, t € R. Since (1) is positive

k=1
m

and exponentially stable, p (Ao + > Ak) < 0, by Theo-
k=1
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m

rem 3.2 (b). Thus Q(po) := poln, — Ao — > Ay is invertible
k=1

and this implies

m
Qo)™ (Dvoono + DkAkEkxo> = . (19)
k=1
Let ig be an index such that || E;, zo|| = max;e,m, || Eizo|. Tt
follows from (19) that || E;,zo| > 0. Multiply both sides of

(19) from the left by E;, to get

Eiy Q(10) "' DoAo Egg

+ Z EioQ(:u‘O)

k=1

71DkAkEk£L'0 = B, xp.

This gives

| B, Q(110) ™" Dolll| Aol | Eoxo |

+ D 1B, Qo) " D[l Ak | Exoll = || By 2ol

k=1
Thus,

e || EiQ(po) ~D (Z IIAkH) [ Eiszoll = ([ Eigwoll,
k=0

or equivalently,

max | E,Q(ko) ™' D; HZHAkH > 1. (20)
On the other hand, the resolvent 1dent1ty gives
Q0)™" = Qo) ™" = 10Q(0) ' Q (ko) "
Since Ay + I:Zn:l A, is a Metzler matrix with
1 (Ao + i Ak) < 0 and g > 0, Theorem 2.1 (iii) yields
Q) ! Zk(z)land Q(po)~t > 0. Therefore,
Q(0)™" = Q(uo) ™" 2 0.

This gives, E;Q(0)"'D; > EQ( 0)”
myg. By (4), we have ||E Q(0)~1Dy| >
any 7,7 € mg. Then (20) implies

'D;j >0, foranyi,j €
1E:QUto) Dy . for

1
Agll >
;) [[ Al s 1EQ(0)

LD
However, this conflicts with (7).

Step 2: Let ¢ € C([—h,0],R"™) be given and let z(t) :=
x(t;0,0),t € [0 —h, ) be a non-continuable solution of (14)
and (6). We show that there exists § > 0 such that for any
o > 0 and any r > 0 and any ¢ € C([—h,0],R™) with
el <.

|zt o, ¢)|| < Ke PU=9) vt € [o,7),
where K depends on (3, 7.
By Step 1, 12 ((Ao—f—DQAQEQ)

0. Thus,

21

+ > (Ag +DkAkEk)) <
=1

m
<(Ao + DoAoEo) + > (Ax + DkAkEk)> p<0, (22)
k=1

952

for some p := (a1, a9, ...,a,)T,; > 0,Vi € n, by Theo-
rem 3.2 (b). By continuity, (22) implies that

((AO + DOAOE()) —+ Z(Ak + DkAkEk)ehﬁ)p (23)
k=1

< 7ﬂ(a1a (3 an)Ta

for some sufficiently small 8 > 0. Fix » > 0 and choose
K > 0 such that |¢(t)| < Ke #tp for any t € [~h,0] and
for any ¢ € C([—h,0],R") with ||¢|| < r. Define u(t) :=
Ke Bt=9p t € [0 — h,00). Set x(t) := z(t;0,0), t €
[0 — h,7y). Then, we have |z(t)| < u(t),Vt € [0 — h,o]. We
claim that |z(t)| < u(t) for any ¢ € [o,7).

Assume on the contrary that there exists ty > o such that
|x(to)] € u(to). Set ¢ty := inf{t € (o,7) : |z(t)] £ u(t)}. By
continuity, t; > ¢ and there is ig € n such that

lx(t)| < wu(t), VteElo,tr),
|Zio (t1)] = i (t1),  [@i ()] > wie (1),
YVt € (tl,tl + 6),

(24)

for some € > 0. Let Ay = (aﬁf)), Dy ARE)y, = (bif)) for
k € my. Since Ay is a Metzler matrix and A, > 0 for k € m
and Dy ApEy, > 0 for k € my, we have for any i € n,

L0 = sonei ) (1) < o fai(1)
+ Z al |z ()] + | filt, 2(2))]
J=1,j#i

+ZZa(k)|z] t— hy)|
k=1 j=1
+|E; (Gt —71(t), oy 2t — T (1)) ],
for almost any ¢ € [o,~). Then (15), (16) imply that

n

d 0 0 0
i < allw@] + Y al (@ |+Zb‘>|z]

J=1,j#i
k
+Zza mtfhk|+Zzb“|x]tw<>>|
k=1 j=1 k=1 j=1

for almost any ¢ € [o,~). Thus we have for any ¢ € [o,7),

. (t+ D) — |2 (t)]
D|ay(t)] =1 24
|2i(t)] im sup .

t+h
= lim sup

1 d
st h/£|zz(s)|ds
t
< al¥|ai(t)] + Z Oyt |+Zb a5 (£)
ZZ al | (t — hy,) |+zzbw (¢ — 7 (1))],

J=1,j#i
k=1 j= k=1 j=1
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where D+ denotes the Dini upper-right derivative. In partic-
ular, it follows from (23) and (24) that

(24)
D*fayy (1) < al) Ke Pt=qy

3 R+ YK
Jj=1,j#10 j=1
+ Z Z am JKe™

k=1 j=1

1 D) ST I

k=1 j=1

f@tﬂ(iﬁ@+zm
DHNCEEIES D ALY

k=1j=1 k=1j=1
(23)
< —ﬁKe_B(tl_”)ozz0 = Dy, (t).

However, this conflicts with (24). Therefore, we have for any
o >0 and any ¢ € C([—h,0],R™)

j2(t;0,9)| < u(t) = Ke ?=p, vt € [0,7).
By the monotonicity of vector norms, this yields
lz(t; 0, )| < Kie P72, vt € [0,7),

for some K71 > 0.

Step 3: We claim that v = oo and so (14) is locally
exponentially stable.

Seeking a contradiction, we assume that v < co. Then it
follows from (21) that z(+; o, ¢) is bounded on [0, 7). Further-
more, this together with (14) and (15), (16) imply that ()
is bounded on [o,~). Thus z(-) is uniformly continuous on
[0,7). Therefore, lim,_, - x(t) exists and 2(-) can be extend-
ed to a continuous function on [o,]. Moreover the closure
of {x : t €[o,7)} is a compact set in C'([—h, 0], R™), by
Arzéla-Ascoli theorem [5]. Note that

{(t, 1)
Thus, the closure of {(¢,2¢) : t € [0,)} is a compact set in
R4 x C([—h,0],R™). Since (7, z.) belongs to this compact
set, one can find a solution of (14) through this point to the
right of ~. This contradicts the non-continuability hypothesis
on z(+). Thus v must be equal to oo.

Step 4: Finally, we show that (14) is globally exponen-
tially stable.

By Step 3, in particular, the linear system

e—ﬂ(tl—g)a]

tl O’)

2t €lo,v)} C [o,7]xthe closure of {x;

m

y(t) = (Ao + DoAoEo)y(t) + Z Apy(t — hg)
N k=1 25)
+ D DulBry(t — i (1)),

k=1
is locally exponentially stable provided (7) holds. Because of
linearity, (25) is globally exponentially stable provided (7)
holds.

Bull. Pol. Ac.: Tech. 63(4) 2015

ct€o,y)}

Fix ¢ € C([-h,0],R") and let z(t) := z(t;0,¢),t €
[c — h,00) be the solution of (14) and (6). Denote y(-) :=
y(+;|]), the solution of (25) satisfying the initial condition
y(t) = (t),t € [=h,0] where [¢[(t) := |p(t)],t € [-h,0].
As shown in Step 1, (7) implies that pu(Ag + DoAgFEy +

v Ap + DiAgEy) < 0. Furthermore, it is shown in
Step 2 that

(Ao + DoAoEy + Z A + DkAkEk> p <0,
k=1

for some p := (p1,p2,.....,pn) € R™,p > 0. Thus there is

€o > 0 such that

(Ao + DoAoEy + Z A + DkAkEk> p K —€p,
k=1

for any € € (0, €]. Note that
y(t) = o) > [o(t)] — ep = [z(0 + 1) — ep,

for any € € (0, €p]. By similar arguments as in Step 2, we
can show that

€ [—h,0],

y(t) > |z(c+t)| —ep, te€]0,00).
By the monotonicity of vector norms,
ly@I + ellpll = llz(o + ), ¢ €[0,00).
Letting € tend to zero, we get
ly@l = llz(e+ 1), t € [0,00). (26)

Since (25) is exponentially stable, (26) implies that (25) is
globally exponentially stable. This completes the proof.

Acknowledgements. This research is funded by the Vietnam
National University Ho Chi Minh City (VNU-HCM) under
the grant number B2015-28-01/HD-KHCN.

REFERENCES

[1] J. Baranowski and W. Mitkowski, “Stabilisation of LC ladder
network with the help of delayed output feedback™, Control
and Cybernetics 41, 13-34 (2012).

[2] M. Buslowicz, “Robust stability of positive continuous-time
linear systems with delays”, Int. J. Appl. Math. Comput. Sci.
20, 665-670 (2010).

[3] A.Berman and R.J. Plemmons, Nonnegative Matrices in Math-
ematical Sciences, Acad. Press, New York, 1979.

[4] Y.Y. Cao and J. Lam, “Computation of robust stability bounds
for time-delay systems with nonlinear time-varying perturba-
tions”, Int. J. Systems Science 31, 359-365 (2000).

[5] J. Dieudonne, Foundations of Modern Analysis, Academic
Press, London, 1988.

[6] R.D. Driver, “Existence and stability of solutions of a delay dif-
ferential system”, Archive for Rational Mechanics and Analysis
10, 401426 (1962).

[7] L. Farina and S. Rinaldi, Positive Linear Systems: Theory and
Applications, John Wiley and Sons, New York, 2000.

[8] H. Goérecki, S. Fuksa, P. Grabowski, and A. Korytowski, Analy-
sis and Synthesis of Time-delay Systems, J. Wiley & PWN,
Chichester & Warsaw, 1989.

953



(9]

(10]

(11]

[12]

[13]

(14]

[15]

[16]

(17]

(18]

[19]

(20]

[21]

[22]

(23]

954

www.czasopisma.pan.pl P N www.journals.pan.pl
S

POLSKA AKADEMIA NAUK

P.H.A. Ngoc and C.T. Tinh

A. Goubet-Bartholomeiis, M. Dambrine, and J.P. Richard,
“Stability of perturbed systems with time-varying delays”, Sys-
tems & Control Letters 31, 155-163 (1997).

W.M. Haddad and V. Chellaboina, “Stability theory for non-
negative and compartmental dynamical systems with time de-
lay”, Systems and Control Letters 51, 355-361 (2004).

W.M. Haddad and V. Chellaboina, “Stability and dissipativity
theory for nonnegative dynamical systems: a unified analysis
framework for biological and physiological systems”, Nonlin-
ear Anal. Real World Appl. 6, 35-65 (2005).

W.M. Haddad, V. Chellaboina, and Q. Hui, Nonnegative
and Compartmental Dynamical Systems, Princeton Universi-
ty Press, New York, 2010.

J. Hale and S.M.V. Lunel, Introduction to Functional Differ-
ential Equations, Springer, New York, 1993.

Q.L. Han, “Robust stability for a class of linear systems with
time-varying delay and nonlinear perturbations”, Computers &
Mathematics with Applications 47, 1201-1209 (2004).

D. Hinrichsen and A.J. Pritchard, “ Stability radius for struc-
tured perturbations and the algebraic Riccati equation”, Sys-
tems & Control Letters 8, 105-113 (1986).

D. Hinrichsen, A. Ilchmann, and A.J. Pritchard, “Robustness of
stability of time-varying linear systems”, J. Differential Equa-
tions 82, 219-250 (1989).

D. Hinrichsen and A.J. Pritchard, “Robust exponential stability
of time-varying linear systems under time-varying parameter
perturbations”, Int. J. Robust and Nonlinear Control 3, 63-83
(1993).

D. Hinrichsen and A.J. Pritchard. Mathematical Systems The-
ory I, Springer, Berlin, 2005.

G. Hu and E.J. Davison, “Real stability radii of linear time-
invariant time-delay systems”, Systems & Control Letters 50,
209-219 (2003).

T. Kaczorek, “Stability of positive continuous-time linear sys-
tems with delays”, Bull. Pol. Ac.: Tech. 57, 395-398 (2009).
J.H. Kim, “Delay and its time-derivative dependent robust sta-
bility of time-delayed linear systems with uncertainty”, /EEE
Transactions on Automatic Control 46, 789-792 (2001).

V.B. Kolmanovskii and V.R. Nosov, Stability of Functional
Differential Equations, Academic Press, London, 1986.

F. Knorn, O. Mason, and R. Shorten, “On copositive linear
Lyapunov functions for sets of linear positive systems”, Auto-
matica 45, 1943-1947 (2009).

[24]

[25]

[26]

[27]
(28]

[29]

(30]

(31]

(32]

(33]

[34]

[35]

[36]

[37]

(38]

X. Liu, W. Yu, and L. Wang, “Stability analysis for continuous-
time positive systems with time-varying delays”, IEEE Trans.
Automatic Control 55, 1024-1028 (2010).

L.G. Luenberger, Introduction to Dynamic Systems, Theory,
Models and Applications, J. Wiley, New York, 1979.

O. Mason and M. Verwoerd, “Observations on the stability
properties of cooperative systems”, Systems & Control Letters
58, 461-467 (2009).

W. Mitkowski, “Remarks on stability of positive linear sys-
tems”, Control and Cybernetics 29, 295-304 (2000).

W. Mitkowski, “Dynamical properties of Metzler systems”,
Bull. Pol. Ac.: Tech. 56, 309-312 (2008).

P.H.A. Ngoc, “A Perron-Frobenius theorem for a class of pos-
itive quasi-polynomial matrices”, Applied Mathematics Letter
19, 747-751 (2006).

PH.A. Ngoc, T. Naito, and J.S. Shin, “Characterizations of
positive linear functional differential equations”, Funkcialaj
Ekvacioj 50, 1-17 (2007).

PH.A. Ngoc, “Stability radii of positive linear Volterra-
Stieltjes equations”, J. Differential Equations 243, 101-122
(2007).

PH.A. Ngoc, “Strong stability radii of positive linear time-
delay systems”, Int. J. Robust and Nonlinear Control 15, 459—
472 (2005).

P.H.A. Ngoc, “On positivity and stability of linear Volterra
systems with delay”, SIAM J. on Control and Optimization 48,
1939-1960 (2009).

L. Qiu, B. Bernhardsson, A. Rantzer, E.J. Davison,
P.M. Young, and J.C. Doyle, “A formula for computation of
the real stability radius”, Automatica 31, 879-890 (1995).

B. Shafai, J. Chen, and M. Kothandaraman, “Explicit formu-
las for stability radii of nonnegative and Metzlerian matrices”,
IEEE Trans. on Automatic Control 42, 265-270 (1997).

N.K. Son and D. Hinrichsen, “Robust stability of positive
continuous-time systems”, Numerical Functional Analysis and
Optimization 17, 649-659 (1996).

N.K. Son and P.H.A. Ngoc, “Robust stability of positive lin-
ear delay systems under affine parameter perturbations”, Acta
Mathematica Vietnamica 24, 353-372 (1999).

J.J. Yan, J.S.H. Tsai, and F.C. Kung, “A new result on the ro-
bust stability of uncertain systems with time-varying delay”,
IEEE Trans. on Circuits and Systems I: Fundamental Theory
and Applications 48, 914-916 (2001).

Bull. Pol. Ac.: Tech. 63(4) 2015



