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Abstract: The concept of inverse systems for standard and positive linear systems is in-
troduced. Necessary and sufficient conditions for the existence of the positive inverse 
system for continuous-time and discrete-time linear systems are established. It is shown 
that: 1) The inverse system of continuous-time linear system is asymptotically stable if 
and only if the standard system is asymptotically stable. 2) The inverse system of dis-
crete-time linear system is asymptotically stable if and only if the standard system is un-
stable. 3) The inverse system of continuous-time and discrete-time linear systems are 
reachable if and only if the standard systems are reachable. The considerations are illus-
trated by numerical examples. 
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1. Introduction 
 
 In positive systems inputs, state variables and outputs take only non-negative values. Ex-
amples of positive systems are industrial processes involving chemical reactors, heat exchang-
ers and distillation columns, storage systems, compartmental systems, water and atmospheric 
pollution models. A variety of models having positive linear behaviour can be found in engi-
neering, management science, economics, social sciences, biology and medicine, etc. Positive 
linear systems are defined on cones and not on linear spaces. Therefore, the theory of positive 
systems is more complicated and less advanced. An overview of state of the art in positive 
systems theory is given in the monographs [2, 4]. 
 The linear systems and control systems have been the classical field of research and they 
have been considered in many books [1, 5-8]. 
 In this paper a new concept of inverse systems for standard and positive linear systems will 
be proposed. The positivity, stability and reachability of the linear inverse systems will be 
investigated.  
 The paper is organized as follows. In Section 2 two lemmas concerning the function of 
matrices are recalled. The concept of inverse systems for standard and positive continuous-
time and discrete-time linear systems are introduced in Section 3. Necessary and sufficient 
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conditions for the existence of positive inverse systems are established. The asymptotic stabil-
ity of inverse linear systems is addressed in Section 4. Necessary and sufficient conditions for 
the asymptotic stability of the inverse continuous-time and discrete-time linear systems are 
given. In Section 5 it is shown that the inverse systems are reachable if and only if the stan-
dard systems are reachable. Concluding remarks are given in Section 6.  
 The following notation will be used: ℜ  ! the set of real numbers, +Z  ! the set of non-
negative integers, mn×ℜ  ! the set of mn×  real matrices, mn×

+ℜ  ! the set of mn×  matrices 
with nonnegative entries and ,1×

++ ℜ=ℜ nn  the nn×  identity matrix will be denoted by .nI  
 
 

2. Preliminaries 
 
 The following well-known [3, 6] lemmas will be used in proofs of the main results of the 
paper. 
 
Lemma 2.1. If ,kkk iβαλ += k = 1, …, n are the eigenvalues (not necessary distinct) of the 
matrix nnA ×ℜ∈  then ,1−= kk λλ k = 1, …, n are the eigenvalues of the inverse matrix 

.1−= AA  
 
Lemma 2.2. Let the scalar function )(λf  be well-defined on the spectrum of the matrix 

nnA ×ℜ∈  i.e. the values 
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are finite. Then the function )(Af  of the matrix A is given by 

  ,])(...)()([)(
1

)1(
2

)1(
1∑

=

−+++=
r

k
kmk

m
kkkk k

k ZfZfZfAf λλλ  (2.2) 

where 

  ∑
−

−= =
+−

+−

−⎥
⎦

⎤
⎢
⎣

⎡
−+−

=
1

1
)1(

)1(
)(

)(Ψ
1

)!1()!1(
)(Ψk

k

m

ji

i
kn

k
ji

ji
k

kj IA
d
d

jji
AZ λ

λλ λλ

 (2.3) 

and the minimal polynomial of the matrix A has the form 
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 In particular case when 1...21 ==== rmmm  (r = n) then we have 
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and 
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Remark 2.1. [3, 6] The matrices kkj mjrkZ ...,,1;...,,1 ==  defined by (2.3) are linearly 
independent and independent of the function ).(λf  
 
 

3. Standard and positive inverse systems 
 
3.1. Continuous-time systems 
 Consider the standard autonomous continuous-time linear system 

  ,0),()( ≥= ttAxtx&  (3.1) 

where ntx ℜ∈)(  is the state vector and .nnA ×ℜ∈  It is assumed that the matrix A is nonsin-
gular, i.e. .0det ≠A  
 
Definition 3.1. The system 

  1),()( −== AAtxAtx&  (3.2) 

is called the inverse system of the system (3.1). 
 The inverse system (3.2) exists if and only if the matrix A of the system (3.1) is nonsingular. 
 
Definition 3.2. The system (3.1) is called positive if ,)( ntx +ℜ∈  0≥t  for any initial condi-
tions .)0(0

nxx +ℜ∈=  
 
Theorem 3.1. [4] The system (3.1) is positive if and only if its matrix A is the Metzler matrix 
(off-diagonal entries are nonnegative). 
 
Theorem 3.2. The inverse system (3.2) of the positive asymptotically stable system (3.1) is 
positive only if the matrix A is diagonal. 
 
Proof. If the positive system (3.1) is asymptotically stable then its matrix is a Hurwitz Metzler 
matrix and it satisfied the condition [4] 

  .1 nnA ×
+

− ℜ∈−  (3.3) 
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 Therefore, the inverse system (3.2) is positive only if the matrix A is diagonal, otherwise it 
is not positive.  
 From Theorem 3.2 we have the following corollary. 
 
Corollary 3.1. The inverse system (3.2) is positive only if the positive system (3.1) is unsta-
ble. 
For example the positive system (3.1) with the matrix: 
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is unstable since .04det <−=A  In this case the inverse system (3.2) is positive since 
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Example 3.1. Consider the electrical R, L and R, C circuits shown on Fig. 1 which are positive 
linear systems.  
 

 

Fig. 1. R, L and R, C circuits 
 

 The R, L circuit is described by the equation 

  
dt
diLRie +=  (3.4) 

and the R, C circuit by the equation 

  .c
c u

dt
du

RCe +=  (3.5) 

From (3.4) and (3.5) we have 

  ,11,1 e
RC

u
RCdt
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e

L
i

L
R
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di

c
c +−=+−=  (3.6) 

 For RCALRAuxix c /1,/,, −=−===  and LC /1=  the R, C circuit is the inverse 
circuit of the R, L circuit and vice versa. 
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Theorem 3.2. Let the minimal polynomial of the matrix A has the form (2.4). Then the solu-
tions of the equations (3.1) and (3.2) are given by the formulas 
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respectively and the matrices kkj mjrkZ ...,,1;...,,1 ==  are defined by (2.3). 

Proof. By Lemma 2.1 if ,kλ  k = 1,…, n are the eigenvalues of the matrix nnA ×ℜ∈  then 
kk λλ /1=  k = 1,…,n are the eigenvalues of the matrix .1 nnAA ×− ℜ∈=  The matrices 

kkj mjrkZ ...,,1;...,,1 ==  are the same for the matrix A and 1−A  (see Remark 2.1). 
Substituting tef λλ =)(  and λλ /)( tef =  in (2.2) respectively we obtain the formula (3.7) and 
(3.8) respectively.  
 In particular case when 1...21 ==== rmmm  (r = n) and the minimal polynomial has the 
form (2.5) then the formulas (3.7) and (3.8) takes the forms 
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Example 3.2. Consider the linear system (3.1) with the matrix 

  .44
10
⎥⎦
⎤

⎢⎣
⎡

−−=A  (3.9) 

 The characteristic (minimal) polynomial of the matrix (3.9) has the form 
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 Taking into account that in this case ,1=k ,2=km 21 −=λ  and using (3.7) we obtain: 
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 The inverse matrix A  of (3.9) has the form 
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25.011AA  (3.12) 

and its characteristic polynomial is  
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 Using (3.8) for k = 1, 21 =m  and 5.0−=λ  we obtain 
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3.2. Discrete-time systems 
 Consider the standard discrete-time autonomous linear system 

  ...},,1,0{1 =∈= ++ ZiAxx ii  (3.15) 

where n
ix ℜ∈  is the state vector and .nnA ×ℜ∈  It is assumed that the matrix A is nonsingular 
.0det ≠A  

 
Definition 3.3. The system 

  1
1 , −
+ == AAxAx ii  (3.16) 

is called the inverse system of the system (3.15). 
 The inverse system (3.16) exists if and only if the matrix A of the system (3.15) is nonsin-
gular. 
 
Definition 3.4. The system (3.15) is called positive if ,n

ix +ℜ∈  +∈ Zi  for any initial condi-
tions .0

nx +ℜ∈  
 
Theorem 3.3. [4] The system (3.15) is positive if and only if its matrix A has nonnegative 
entries, .nnA ×

+ℜ∈  
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 A matrix nnA ×ℜ∈  is called monomial if in each row and in each column only one entry 
is positive and the remaining entries are zero. 
Theorem 3.4. The inverse system (3.16) is positive if and only if the matrix A of the system 
(3.15) is monomial. 
 
Proof. It is well-known [4] that nnA ×

+
− ℜ∈1  if and only if the matrix A is monomial. By 

Theorem 3.3 the system (3.15) is positive if and only if .1 nnA ×
+

− ℜ∈  Therefore, the system 
(3.16) is positive if and only if the matrix A is monomial.  
 
Theorem 3.5. Let the minimal polynomial of the matrix A has the form (2.4). Then the solu-
tions of the equations (3.15) and (3.16) are given by the formulas 
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respectively and the matrices kkj mjrkZ ...,,1;...,,1 ==  are defined by (2.3). 
 Proof is similar to the proof of Theorem 3.2.  
 In particular case when the minimal polynomial of A has the form (2.5) then the formulas 
(3.17) and (3.18) takes the forms 
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where Zk is defined by (2.7’). 
 
Example 3.3. Consider the linear system (3.15) with the matrix 

  .56
10
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−−=A  (3.19) 

 The characteristic (minimal) polynomial of the matrix (3.19) has the form 
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 Taking into account that in this case ,21 −=λ  31 −=λ  and using (2.6) and (3.17’), (2.7’) 
we obtain  
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 The inverse matrix A  of (3.19) has the form 
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Using (3.18’) for 3/1/1,2/1/1 2211 −==−== λλλλ  and (3.20) we obtain 
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4. Stability of inverse systems 
 
4.1. Continuous-time systems 
 The continuous-time linear system (3.1) is called asymptotically stable if 

  0)(lim =
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t

 for any initial conditions .0
nx ℜ∈  (4.1) 

 In a similar way we define the asymptotic stability of the inverse system (3.2). 
 
Theorem 4.1. The inverse system (3.2) is asymptotically stable if and only if the system (3.1) 
is asymptotically stable. 
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Proof. It is well-known that the system (3.1) (and (3.2)) is asymptotically stable if and only if 
0Re <−= ii αλ  for all eigenvalues ,iii jβαλ +−=  i = 1, …, n of the matrix A ).( 1−= AA  

By Lemma 2.1 the eigenvalues ,iλ  i = 1, …, n of the matrix A  are related with the eigenval-
ues iλ  of the matrix A by the equality 
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From (4.3) it follows that 0Re <−= ii αλ  if and only if .0Re <−= ii αλ  Therefore, the 
inverse system (3.2) is asymptotically stable if and only if the system (3.1) is asymptotically 
stable.  
 The considerations can be easily extended for positive continuous-time linear systems. 
 
4.2. Discrete-time systems 
 The discrete-time linear system (3.15) is called asymptotically stable if 

  0lim =
∞→

ii
x  for any initial conditions .0

nx ℜ∈  (4.4) 

In a similar way we define the asymptotic stability of the inverse system (3.16). 
 
Theorem 4.2. The inverse system (3.16) is asymptotically stable if and only if the system 
(3.15) is unstable. 
 
Proof. It is well-known that the system (3.15) (and (3.16)) is asymptotically stable if and only 
if 1<iλ  for all eigenvalues iλ  ),( iλ  i = 1, …, n of the matrix A ).( 1−= AA  By Lemma 2.1 
the module of eigenvalues ,iλ  i = 1, …, n of the matrix A  with module of eigenvalues iλ  of 
the matrix A are related by the equality 

  ....,,1,1 ni
i
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λ
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From (4.5) it follows that ,1<iλ  if and only if .1>iλ  Therefore, the inverse system (3.16) 
is asymptotically stable if and only if the system (3.15) is unstable.  
 The considerations can be easily extended for positive discrete-time linear systems. 
 
Example 4.1. Consider the positive linear system (3.15) with the matrix 

  .55.02.0
1.04.0
⎥⎦
⎤

⎢⎣
⎡=A  (4.6) 

 The system with (4.6) is asymptotically stable since the coefficients of the polynomial 
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  25.005.145.02.0
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are positive. The eigenvalues of the matrix (4.6) are ,635.01 =λ  .315.02 =λ   
The inverse matrix A  of (4.6) has the form 
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and its eigenvalues are ,575.1635.0/1/1 11 === λλ  .175.3315.0/1/1 22 === λλ  There-
fore, the inverse system is not positive and it is unstable. 
 
 

5. Reachability of inverse systems 
 
5.1. Continuous-time systems 
 Consider the continuous-time linear system 

  ,0),()()( ≥+= ttButAxtx&  (5.1) 

where ,)( ntx ℜ∈  mtu ℜ∈)(  are the state and input vectors and ,nnA ×ℜ∈  .mnB ×ℜ∈   
 
Definition 5.1. [1, 5] The system (5.1) is called reachable if for any given final state n

fx ℜ∈  
there exists time ft  and input ftttu ≤≤0)(  such that ff xtx =)(  for zero initial state 

.0)0( =x  
 To simplify the notation we shall assume that the matrix A has distinct eigenvalues 

.,...,1 nλλ  
 
Lemma 5.1. The system (5.1) is reachable if and only if 
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Proof. It is well-known [5] that the system (5.1) is reachable if and only if the rows of the 
matrix Be At  are linearly independent. Using (2.6) for tef λλ =)(  we obtain 
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where kZ  are defined by (2.7). From (5.3) it follows that the rows of the matrix Be At  are 
linearly independent if and only if the condition (5.2) is satisfied. 
 The considerations can be easily extended for multiple eigenvalues when the minimal 
polynomial of the matrix A has the form (2.4). It is assumed that the matrix A of the system 
(5.1) is nonsingular. 
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Definition 5.2. The system 

  BBAAtuBtxAtx ==+= − ,),()()( 1&  (5.4) 

is called the inverse system of the system (5.1). 
 
Theorem 5.1. The inverse system (5.4) is reachable if and only if the system (5.1) is reach-
able. 
 
Proof. If the eigenvalues nλλ ...,,1  of the matrix A are distinct then by Lemma 2.1 the eigen-
values of 1−= AA  are also distinct and ,/1 kk λλ =  k = 1, …, n. Using (2.6) for matrix A  we 
obtain 
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 From comparison of (5.3) and (5.5) and Lemma 5.1 it follows that the inverse system (5.4) 
is reachable if and only if the system (5.1) is reachable.  
 
Example 5.1. Consider the system (5.1) with the matrices 
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The same result we obtain using the condition (5.2).  
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for the inverse system (5.4) we obtain 

  .210
5.11][ =⎥⎦
⎤

⎢⎣
⎡ −= rankBABrank  (5.11) 

Therefore, the inverse system is also reachable. 
 
 
5.2. Discrete-time systems 
 Consider the discrete-time linear system 

  ,,1 ++ ∈+= ZiBuAxx iii  (5.12) 

where ,n
ix ℜ∈  n

iu ℜ∈  are the state and input vectors and ,nnA ×ℜ∈  .mnB ×ℜ∈  It is as-
sumed that the matrix A of (5.12) is nonsingular. 
 
Definition 5.3.  
 The system 

  BBAAuBxAx iii ==+= −
+ ,, 1

1  (5.13) 

is called the inverse system of the system (5.12). 
 
Definition 5.4. The system (5.12) (and also the system (5.13)) is reachable if for any given 
final state n

fx ℜ∈  )( n
fx ℜ∈  there exists a number of step q and the sequence of input 

110 ,...,, −quuu  such that fq xx =  ).( fq xx =  
 
Theorem 5.2. The inverse system (5.13) is reachable if and only if the system (5.12) is reach-
able. 
 
Proof. It is well-known [1,5, 9] that the system (5.13) is reachable if and only if 

  nBAIrank n =− ][ λ  for all ,Aδλ ∈  (5.14) 

where Aδ  is the spectrum of A. 
By assumption the matrix A is nonsingular and its eigenvalues (all elements of Aδ ) are non-
zero. Using (5.14) for the inverse system (5.13) we obtain (for all Aδλ ∈ ) 

  

].[][

0

0
][][ 1111

BAIrankBIArank

I

A
BAIrankBAIrank

nn

n
nn

−=−=

⎭
⎬
⎫

⎩
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−=− −−−−

λλ

λ
λλ

 (5.15) 

From (5.15) it follows that the inverse system is reachable if and only if the system (5.12) is 
reachable. 
 Note that this way of proving can be also applied to prove the Theorem 5.1. 
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Example 5.2. Consider the system (5.12) with the matrices 

  .1
0,56

10
⎥⎦
⎤

⎢⎣
⎡=⎥⎦

⎤
⎢⎣
⎡

−−= BA  (5.16) 

 The eigenvalues of the matrix A are ,21 −=λ  .32 −=λ  The pair (5.16) is reachable since 

  2156
01][ 2 =⎥⎦
⎤

⎢⎣
⎡

+
−=− λ

λλ rankBAIrank  (5.17) 

for all }.3,2{ −−=∈ Aδλ  
 The inverse matrix 

  ⎥⎦
⎤

⎢⎣
⎡ −−== −

06
15

6
11AA  and ⎥⎦

⎤
⎢⎣
⎡== 1
0BB  (5.18) 

has the eigenvalues ,2/1/1 11 −== λλ  3/1/1 22 −== λλ  and 

  2
11

0
6
1

6
5

][ 2 =
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

+
=−

λ

λ
λ rankBAIrank  (5.19) 

for all }.3/1,2/1{ −−=∈ Aδλ  Therefore, the inverse system is also reachable. 
 Those considerations can be easily extended for: 1) the observability of the inverse sys-
tems 2) the reachability and observability of the positive linear systems. 
 
 

6. Concluding remarks 
 
 The concept of inverse systems for standard and positive linear systems has been investi-
gated. Necessary sufficient conditions for the existence of the positive inverse systems for 
continuous-time and discrete-time linear systems have been established (Theorem 3.1 and 
3.4). The solutions to inverse systems have been derived (Theorem 3.5). It has been shown 
that: 1) the inverse system (3.2) of continuous-time linear system is asymptotically stable if 
and only if the system (3.1) is asymptotically stable (Theorem 4.1), 2) the inverse system 
(3.16) of discrete-time system (3.15) is asymptotically stable if and only if the system (3.15) is 
unstable (Theorem 4.2), 3) the inverse system (5.4) of continuous-time system (5.1) and in-
verse system (5.13) of discrete-time system (3.12) are reachable if and only if the systems 
(5.1) and (5.12) are reachable (Theorem 5.1 and 5.2). The considerations concerning reach-
ability can be easily extended for the observability and for positive continuous-time and dis-
crete-time linear systems. An extension of these considerations for 2D linear discrete-time 
systems and 2D linear hybrid systems are open problems. 
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