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Abstract: This paper presents a method intended for calculation of steady-state processes
in AC/AC three-phase converters that are described by nonstationary periodical differential
equations. The method is based on the extension of nonstationary differential equations and
the use of Galerkin’s method. The results of calculations are presented in the form of
a double Fourier series. As an example, a three-phase matrix-reactance frequency converter
(MRFC) with boost topology is considered and the results of computation are compared
with a numerical method.
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1. Introduction

Three-phase MRFCs [1, 2] based on a matrix-reactance chopper (MRC) are used for both
frequency and voltage transformations. The processes in a MRFC system are described by
nonstationary differential equations with periodical coefficients

dX(t)

T=A(f)x(f)+B(f), (1

where X(#) is a vector of state variables, and A(¢) and B(f) are respectively a matrix and
a vector of the converter. These equations can be solved using an approximation by the nume-
rical-analytic method [3, 4]. The search for solutions leads to converting nonstationary dif-
ferential equations into stationary equations and their solutions. The method is based on the
use the Lapunov transformation. Then, in order to calculate the convolutions of functions the
Laplace transform is applied. This method can be used to find transient and steady-state
processes.

" This is extended version of a paper which was presented at the 21st Symposium on Electromagnetic Pheno-
mena in Nonlinear Circuits, Essen-Dortmund, 29.06-02.07, 2010.
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A commonly used method for modelling MRFC is the averaged state-space method [5].
The method involves the generation of a replacement model of the circuit with averaged state
variables. Other methods of solving nonstationary differential equations are Hill’s method [6]
and it’s modification of Taft’s method [7]. In both methods, the solution can be obtained on
the basis of infinite numbers of equations with infinite numbers of variables.

To solve the nonstationary differential equation it is also possible to use Galerkin’s method
[8,9]. This method approximates the solution using a finite number of bases and weight
functions, in which the bases functions for this method are the same. In order to obtain steady-
state solutions bases and weight functions are chosen in the trigonometric form. The results of
calculations are presented in the form of a Fourier series.

In the case of three-phase MRFCs the matrix A(¢) and vector B(¢) have different fre-
quencies. In general, it makes the solution of equations (1) non periodical, especially when
these frequencies are incommensurable.

The subject of this article is to present a numerical method used for the calculation of
steady-state processes in the three-phase MRFCs. The method is based on the use of a state-
space averaged mathematical model, an extension of nonstationary differential equations by
an additional, independent variable of time and the use of Galerkin’s method. The solution is
described by a double Fourier series [10]. The results of the calculations are verified by
a numerical method.

2. Extension of differential equations

The extension of differential equations for an additional independent variable of time [11] is
used for obtaining periodic solutions of nonstationary periodic differential equations which
contain different frequencies. Here, we suppose that the frequencies are incommensurable.

Let us consider the possibility of extending a differential equation using the example of
a simple circuit shown in Fig. 1.

i(1)
—

R
e, (1) Fig. 1. Electric circuit with
independent supply voltages
e, (1)

The electrical circuit has two independent supply voltages with periods 7 and ®
el()=e (t+T),

e (t)=ey (t+0).
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Solving the differential equation in a such circuit

d;“) Ri()=er () +ex (1), @

yields a current i(#) which is not periodical.

We can use the superposition of solutions of two differential equations

dg(’) LRI (D) =a (1),

d’;(f) + Riy (7) = e (7)

and then calculate the sum
i(t,7) =0 () +i2 (7).

In that case the result will be periodical i(¢,7) =i(¢+T,7+ ®) with periods 7 and ©.
We extend (2) in such a way

L(ai(t,r) | 0i(t.7)

> - j+Ri(t,r)=€1(f)+eZ(7)'

The steady-state solution of this equation is periodical with periods 7 and ®. The current i()
in the space of one variable of time is obtained by simply equating ¢ =7, i.e. i(¢) =i (¢, ).

Further, such an approach will be used for solving nonstationary differential equations.
Then the equations (1) described by two independent variables of time take the form

oX(t,7) N oX(t,7)
ot or

=A@, 7)X(¢,7)+B(0), (3)

where X (¢,7) is the vector of state variables.

Formation of the equation (3) leads to a replacement time variable ¢ for 7 in some places
of the matrix A(#) or vector B(¢#) and introduces partial derivatives. If the matrix A(¢#) has
different frequencies then we replace ¢ for z at one frequency and keep ¢ at an other fre-
quentcy. If the matrix A(¢f) and vector B(¢) have different frequencies then we replace ¢ for
7 in the matrix A(f) or vector B(t).

3. Converter general description

Let’s consider the AC/AC three-phase MRFC with boost topology shown in Fig. 2 [1, 12].
A control strategy in a general form is illustrated in Fig. 3.
The switching functions are defined as
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1, switchS jx closed
SJ'K = .
0, switchS jx open,

where j = {a, b, ¢}, K= {A, B, C}.

The input filter Lg|, Ls2, Ls3 is used in order to raise the magnitude of output voltages,
whereas Cp;, Cpp, Cpj are used as storage elements of the MRFC. In each sequence period
T, there are two time intervals, 75 and 7;. In the interval fg the synchronous connected
switches (SCS) are on whereas the matrix connected switches (MCS) are off.

un st L T7sesT Ty imMes A B C )
C . [ ' i i ie‘\, ekJ 3\,)‘ a l
u 2 lSZ L - M . :\ ) ¥ ‘k .
Qs Ty bs2 . i |2A . iﬂB Elc ) I
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Fig. 2. MRFC based on boost MRC; SCS — synchronous connected switches,
MCS — matrix connected switches
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Fig. 3. General form of control strategy description
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In the interval ¢; the SCS are off whereas the MCS are switched over in accordance with
the classical Venturini control strategy [13], i.e., MCS output voltages u,, u;, u. and input
currents iy, ip, ic are formed as follows

Ue

Cu ]
ub] = M(t)[ug

uc

“4)

iA ia
ig |=MT(0)| iy
iC ic

where: M(?) is a low frequency transfer matrix; 7 is the symbol of the transposition.

It should be noted that, as in the case of the Venturini control strategy, the transformation
(4) gives the possibility of load voltage frequency change in the MRFC.

The low-frequency transfer matrix has the form

daA daB daC
M(?)=| dpa dpp dpc |,
ch ch ch

where:

dos=dpp=d.c= (l—DS)(1+2qcos(a)mt))/3,
d yg=d os=d pe= (1= D) (1+2q cos (@t —27/3))/3,
dyc=dps=d g = (1—Ds)(1+2q cos(wnt —47/3))/3,

dix are the low frequency components of the MCS switching functions, Dy = t5/ T, is a se-
quence pulse duty factor, @,, = w; — ®, w, w; are pulsations of the supply and load voltages
respectively, ¢ is a voltage gain.

4. Mathematical model

On the basis of the averaged state-space method [5] we can describe processes in such
a system by the nonstationary differential equation (1), in which the vector of state variables
has the form

. . . T
X = [is) isy is3 upy ugy urs)

and the vector B(#) and matrix A(?) are as follows

T
B(t)z[(L]—mcos(a)t), U—mcos(a)ﬂ—%[j, &cos(wt+47”j, 0,0,0} )

sl Ls> Ls3
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TR d, d dog ]
_ Ry 0 0 das dba _dey
L s Lg Lg Lsi
0 _ R LS2 0 daB de ch
Lg Lg» Lg» Lo
R d, d d.
0 0 _LLss _Lc _Lbc _Lc
AQ) = 53 53 53 53
d, d, d, —
4 B c 1 0 0
Cri Cri Cni RuCp
d d d —
bA bB bC 0 1 0
Cr2 Cr2 Cr2 Ri2Cpo
d. d. d. —
4 B c 0 0 1
| Cu3 Cr3 Crs Ri3CL3 |°

where U, is an amplitude of the supply source, R;s are resistors of the inductors Ls, R are
resistors of a load.

5. Method of calculation

The approximation of the solution by Galerkin’s method is based on the introduction of the
residue defined as a system of differential equations

IXO) A1) X(1) - B() )

Rx) =

over the interval 0<¢<T, where T =27/ w.
The proposed method involves the extension of differential equations from (1) to (3). Then
the residue (5) can be written as
0X(t,7) . 0X(t,7)
ot or

Rx(r) = —-A(t,70)X(t,7)-B(1) (6)

and the elements djx of the matrix M(¢) take the form
dyg =dpp =d.c = (I—DS)(1+2q cos(w,t—wr))/3,

dyp =d.y =dpc :(I—DS)(1+2qcos(aJLt—a;r—27r/3))/3,
doc =dps =d.p =(1-Ds)(1+2qcos(w,t—wr—4r/3))/3.

Taking base functions in the trigonometric form, we replace the vector X(¢, 7) in (6) by
the vector W (¢, ) whose components are
N N
W)=Y D [a) $in (17) + ) Wi (1) + ) Osn (6,0)+d ) E 1 (601 (D)
k=0 n=0
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The superscript z=1, ... 6 corresponds to the position of state variables in the vector
X (¢,7). The weight functions are described as follows

Gk (t,7)=sin(nwt) sin (k oy, 7),

Wk (t,7) =sin(nwt) cos(k wy 7)),

0.k (t,7) =cos(nwt)sin(k wy 7), ®
Enk (t,7) =cos(nwt) cos(k wy 7).
Then the residue (6) takes the form
Ruyin = WD) OWWED) _ o 2y W(t,)-B(). )

ot or
The method is based on determining the coefficients
a5 el

so that the residue (9) takes the minimum value. For this purpose we multiply (9) by weight
functions (8) and integrate the obtained expressions over the region defined by 0<¢<T,
0<7<0,

Gin(t,7)Rw(,rdrdt =0,

O
St @

Vin (6, T)Rw,rydrdt =0,

O —y
O —y @

Ok (1,7) Rw, drdt =0,

O ey
O —y @

Sin (6, 7)Rw(e,rydrdt =0,

O —y
S0

where ©® =27/ wy.

After the calculation of these integrals the result is presented in the form of linear equa-
tions. The solutions of such equations give the coefficients of the double Fourier series (9).

6. Calculation and simulation test results

The calculation of processes in the MRFC with boost topology is realized with the help of
the program Mathematica. The steady-state solution is obtained taking into account the fol-
lowing parameters of the circuit
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RLSl :RLSZ :RLS?, :OOIQ, RLI :RLZ :RL3 :109’
CL] = CLZ = CL3 =0.1 }J,F, LSl = LSZ :LS3 =1 mH’
Un =310V, 0 =27/0 =400 rad/s,

0 =2r/T =250rad/S, Ds =0.7,¢=0.4.

The steady-state solution of the equations (3) is obtained in the form of coefficients of the
double Fourier series for the given parameters. The vector of steady-state variables is determi-
ned using base and weight functions for N= 1. It should be noted that calculations done for
N =2, 3 have the same results.

The exemplary steady-state current in the inductor Lg; is shown in Fig. 4, and the exem-
plary steady-state voltage across the capacitor C;; is shown in Fig. 5, both in the space of two
variables of time

One can see that these solutions are periodical with periods 7' and ©.

To verify the obtained results let us calculate the steady-state process for ¢ = 7 and then
compare it with the results obtained by the numerical method. The exemplary currents in in-
ductors and voltages across capacitors in the steady-state obtained by the described method are
shown in Fig. 6 and 7 respectively. The same results are also obtained by the numerical
method embedded in Mathematica using the function NDSolve.

Fig. 4. Steady-state exemplary current in the inductor Ly,
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u(t t)[V]

0.00

Fig. 5. Steady-state exemplary voltage across the capacitor Cy
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4
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Fig. 6. Steady-state exemplary currents in the inductors: red — ig;, blue — igy, green — ig3

For the given parameters of the circuit the solutions of currents and voltages in steady-state
obtained by the described method and numerical method are identical.

It should be noted that the steady-state solutions obtained by the numerical method can be
determined only after the calculation of transient processes. In Figs. 8 and 9 are shown exem-
plaries of transient processes for current in the inductor ig; and voltage across the capacitor uy;
obtained by using the numerical method and of the results obtained by the proposed method.
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Fig. 8. Steady-state and transient exemplary currents in the inductor is,: red — the described method, blue
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Fig. 9. Steady-state and transient exemplary voltages across capacitor: red — the described method; blue
— the numerical method
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The transient process is depended on values of parameters of the circuit and could be
longer than some periods of the supply voltage. Moreover the differential equations could be
stiff, which also increases the time of calculations.

7. Conclusions

The considered method is intended for the calculation of steady-state processes in three-
phase MRFCs. Differential equations have been extended by the introduction of the additional
independent variable of time. A solution has been obtained by Galerkin’s method assuming
aliquant relation between the periods of the supply source and the control signal. The results
of calculation are presented in the form of a double Fourier series. Calculations have been
realised for steady-state processes in the three-phase MRFC with boost topology. The same
results have also been obtained by using the numerical method.

The proposed new method makes it possible to find steady-state processes in the three-
phase AC frequency converters working with aliquant frequencies of supply voltages and
control signals. Calculations of steady-state processes are obtained bypassing the procedure of
computation of transient processes.
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