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Abstract: The article introduced some expressions for self- and mutual slot leakage
inductance of phase windings for the mathematical model of an induction machine in the
natural phase coordinate system and for dg0 model and in an arbitrary coordinate frame.
Calculation of self- and mutual slot leakage inductance have been performed for three-
phase double-layer, delta and delta-modified winding connections. Introduced expres-
sions may be useful in the design of windings and in the analysis of dynamic states of
AC electrical machines.
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1. Introduction

The analysis of dynamic states of induction machines can be carried out in the natural
three-phase system [6, 7] or in the common arbitrary reference frame. The matrix of mutual
inductances between the stator and rotor windings L, in the natural coordinate frame depends
on electric angle 3 between a axes of the stator and rotor windings. Introduction of a common
arbitrary reference frame for the stator and rotor makes that the mutual inductance matrix L,
has its coefficients which are angle-independent on the rotor rotation. In the classical theory of
electrical machines we may discriminate inductance of the stator and rotor windings, asso-
ciated with the main magnetic flux and the inductance associated with leakage flux. The issue
of determining the self- and mutual inductances associated with the main flux has been widely
discussed in the literature [1, 3, 4, 7]. The inductance is determined under the knowledge of
the spatial distribution of the stator magnetic flux and its ampere-turns [1, 6, 7, 9, 11]. How-
ever, much of the problem gives rise to the determination of the leakage inductance of
windings. In the monoharmonic model of three-phase induction machine the leakage flux of
each winding consists of slot leakage flux, air-gap leakage flux, end winding and skew
leakage flux. The largest participation in the total leakage flux has the component associated
with the slot leakage one. So far, to calculate the slot leakage inductance are generally used
the complex values [5, 11]. This way the slot leakage inductance is determined for steady state
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of an induction machine. The use of complex values does not allow to determinate of self- and
mutual inductances of slot leakage. The book [7] introduced dependencies the self- and mutual
inductances of slot leakage flux for the double-layer winding, using instantaneous values of
stator's currents. This book presents how to determine the self- and mutual inductances of the
slot leakage flux for the mathematical model in natural three-phase system and for dg0 model
in an arbitrary reference frame. Calculations have been performed for three-phase double-
layer, delta and delta-modified windings. In such windings, the common slot has two sides of
different coils, and in some slots, the sides may belong to different phases. This produces
mutual slot leakage inductance for the single-layer winding which equal to zero.

2. A mathematical model of three-phase induction machine
for the natural phase system

Arrangement of the stator and rotor windings in symmetrical three-phase induction ma-
chine with one pair of poles is shown in Figure 1. Three-phase induction machine is consi-
dered as a system of magnetically coupled stator- and rotor windings. The fixed magnetic axes
ay, by, ¢, for the stator and the rotating magnetic axes a,, b,, ¢, of the rotor are moving each to
other with angular electric velocity w. The stator windings are identical and symmetrical
distributed, by 120 electrical degrees. Similarly, three-phase rotor winding consists of three
identical distributed windings, displaced in space by 120 electrical degrees [6, 7].

O

Fig. 1. Arrangement of three-phase windings of the
induction machine and the reference stator and
rotor variables within common reference frame

Voltage equations of the stator and rotor's winding in the natural reference frame in the matrix
form are [6, 7]
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d¥,

u, = Rgiy +

v,
u, =R.i, + d—

where: ug, u,, i, i, ¥, ¥, — column vectors of voltages, currents and leakage fluxes associated
stator and rotor windings, R, R, — matrix of the stator and rotor winding resistance

Usa lsa ¥

Us = \Usp (> Ly =9 Lsh (> VY =¥w ¢, 2)
Use Lsc e
Urq ira b

Uy =Upp i =i, Y, =¥m . A3)
Ure Ire e

Matrices of stator and rotor resistances are diagonal

R, 0 O R, 0 0
RS = 0 RS O 5 Rr = 0 Rr 0 Iy (4)
0 0 Ry 0 0 R,
where: R;, R, — resistance of one phase winding of stator and rotor
Stator ¥ and rotor ¥, linked fluxes can be expressed by the inductance matrices by the
following equations
Ws =Lgi; + L, (19)1,
(5)

Y, = L,(9)i, + L,i,

where: L, L, — stator and rotor self inductance matrix, L,. — matrix of mutual inductances
between stator and rotor windings, L,, = L,,’, 9 — electrical angle between the rotor and stator
(Fig. 1).

In the above equations, the index s refers to variables and parameters of stator circuits and
index 7 to variables and parameters of the rotor's circuit. Matrices of self inductance of stator
and rotor consist of a matrix of self inductance associated with the main flux and the matrix
associated with the leakage inductance associated with leakage flux

L, =L, + L, L. =L, +L, (6)

where: L,,, L,,,— matrixes of self inductances of stator and rotor, connected with the main flux
in air gap, L, L, — matrixes of leakage inductances of stator and rotor. Matrices of leakage
inductance of stator and rotor of (3 x3) dimensions are symmetric matrices and contain their
self inductance leakage flux and the mutual inductance leakage flux
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where: L., Lo — leakage flux self inductance of one phase of stator and rotor's winding, L o,
L, — mutual inductance of leakage flux between the stator windings or rotor windings.

In the single-layer and full-pitch double-layer windings the stator and rotor mutual leakage
inductances are equal to zero. Self inductance matrices of stator and rotor connected with the
main flux of (3 x3) dimensions are symmetric matrices with constant coefficients

oLt p oL 1
2 2 2 2
1 1 1 1
Lyg=Lys|—— 1 _E > Ly =Ly, _E 1 _E 5 (8)
R R
2 2 2 2

where: L, L,, — magnetizing inductance of the stator and rotor windings connected with the
main flux.
Magnetizing inductance of stator L,,; and rotor L, are defined by expressions [6, 9]

2 2
L, =3 Horle( Nk | ) 4 porle(Nekw o 1, )
T O p T O p n’

sr

where: 14 — magnetic permeability of vacuum, r — average radius of air gap, o, — effective
thickness of air gap, /, — effective length of the stator's core, N,, N, — number of series con-
nected turns in windings stator and rotor's phase, k., k,, — coefficients of stator and rotor's
windings, ng — turn ratio, whereby

_ Nskws
Nrkwr .

n sr

(10)

The matrix of mutual inductance between the stator and rotor windings L, is a matrix with
coefficients depending on electrical angle of rotor rotation ¢

cos(9)  cos($+37) cos(3+47)
Ly = Lyg| cos(9+37m)  cos(9) cos($+27)|, (11)
cos(9 + %7[) cos(9 + %7[) cos(H)

L, maximum mutual inductance between the stator and rotor windings is determined by
relation [6, 9]

4 vl ( Nk \( Nk 1
Ly :_;UO - ( - J[ Jz_Lms~ (12)
T b p p gy

Taking into account (5) between the fluxes associated with the stator and rotor windings and
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stator and rotor currents, the voltage equations for the stator and rotor (1) take the following
form

u = Ry, + L, 35 g (93 4B (D)
dt de

dr
13)
u, = Ryi, + L, Sy (93 4 D)
dt dr dr
Taking into consideration the time derivatives of the inductances
dL,(9) _dLy(9) 48 _dL,(9)
dt dg dt dg
(14)
dLy(9) _ dLu(9) 49 _dLs(9)
dt d¢ dt dg
the matrix Equations (13) can be written as
uy = Ryiy + L, Y5 s 1, (99 Y 4 W D)y
dt dr dg
15)
u, = Roi, + L, S v L (93 4 455D
dt dr dg

In order to do the calculations for the dynamic states of an induction motor the stator and
rotor voltage equations (15) should be supplemented by the equation of movement

Q
Jd—=Te—Th, (16)
dt

where: J— moment of inertia, T, — electromagnetic torque, 7, — load torque.
Electromagnetic torque of an induction motor in natural three-phase reference frame is cal-
culated from dependencies [6, 8, 9]
.7 d Ly (9)

T. = ppis ————1i,. 17
Pb 49 (17)

3. A mathematical model of three-phase induction motor in the arbitrary
reference frame

In order to simplify the analysis it is convenient to take the rotor variables (voltages, cur-
rents and fluxes) for stator side according to turns ratio

Uy =ngly, Y, =ng¥,, i, = . (18)
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Considering dependencies (18) the voltage and flux equations take the form

u, = Ri; + a¥,
L (19)
u, = R, +
Y, =L, + L’sr (19)1;
(20)

W;,' = L;'s (19)13 + L;l;’

Combining the expressions (18), (9) and (10) with rotor resistance matrix R, and its induc-
tances L,, L, we obtain

er = nerr ) er = nsgrLr = LVo‘r + L’m; 5 (21)
Loy =ng Loy, (22)
p 1ot
2 2
L, =Ly ! 1 _% > (23)
LI
2 2

cos($)  cos($+27) cos(I+ % 7)
Ly, =ngy Ly = Ly,| cos(3+ $7)  cos(9)  cos(3+37)|. (24)
cos(F + %7{) cos(9 + %7{) cos(9)

In order to obtain equations with constant coefficients it is needed to carry out the trans-
formation of the stator and rotor variables to a common arbitrary reference frame d, ¢, 0 which
is rotating with any angular velocity oy

usdqozcus isqu =Ci, qlsqu =CY¥,
(25)
Urdg0 = Dur irdq() = Dlr Y’rqu = Dqlr

The transformation matrix C of stator phases a, b, c to the arbitrary reference frame of d, ¢, 0
and the inverse matrix C ' are determined by

cos(9;) cos(&k —%ﬂ'j cos(&k —%7[)

2 2 4
C=—|-sin(Y)—sin| ¥ ——7x | —sin| I ——
3 sin(9 ) sm( e 37[) sm( A 37[)

(26)

! L !
2 2 2
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cos(% ) —sin(% ) 1
cl= cos(&k —%7[) —sin(&k —%7[) 11. 27

cos(&k —iﬂ'j —sin(&k —iﬂ'j 1
L 3 3 i

However, transformation matrix D of rotor phases a, b, ¢ to the arbitrary reference frame
of d, ¢, 0 and the inverse matrix D ~' are determined by

cos(J —9) COS(Sk -9 —%ﬂj cos(&k -9 —%nj
D= % —sin( - 9) - Sin(lgk -4 —%ﬂj - sin(ﬁk -4 —%ﬂ'j , (28)
! 1 1
L 2 2 2 ]
cos(% —9) —sin(% —9) 1
D' = cos(gk -9 —%ﬂ'j - sin(gk -9 —%ﬂ'j 1. 29)
COS(QIC —:9—§7r) —sin(gk —9—%;;) 1

In the above-mentioned matrices, 9, angle is an electric angle between stator magnetic axis
a and the axis d of common arbitrary reference frame. However, ¢ angle is the angle between
the stator axis a and rotor axis a. The time derivatives of the angles 9, and 9 angles (as indi-
cated in Fig. 1) give the electrical angular velocity wy in arbitrary reference frame and elec-
trical angular speed of rotor @
d S d$y
o =——, w=—m. (30)
dt dt
The flux-voltage Equations (19) and (20) stored in the common arbitrary reference frame
dg0, according to dependence (25) give

dlc'y
Usdq0 = CRSC_ll'Sdo + C(—WO)
dt
, (31)
, N d\p7'yp,
Urdqg0 = DRrD_lirqu + DM
dt
¥ 4g0 = CLiC 'istg0 + CLy (DD irago
(32)

Y1400 = DL (9)C iggg0 + DL.D g0
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After determining the matrix Equations (31) and (32) one can obtain

3l 00 ,
R, 0 0 2 ; R. 00
CRC'=|0 R, 0|, CL,(HD'=| 0 EL,,,S 0, DRRD'=/0 R 0| (33
0 0 R o 0 o0 0 0R,
iLms 0 0
Lys 0 0 2 ;
CLC'=| 0 Loy, 0 |+] © EL,,,S 0l (34)
0 0 Loos 0 0 0
Ly,s, 0 O
Lsr 0 O 3
DLD'=| 0 L,, 0 |+| © Slws O] (35)
0 0 Loos| | 0 "0 o0
d(C" W i) d¥ a0

C = Wk qulsqu +

dt
( ) , (36)
dD-IYId() d¥ a0
D " — (q — ) K, W g0 + —=
7 (o — ) dq0 7
where:
0-10
K,=K,=|100].
000

Diagonal matrix of leakage inductance contains stator leakage inductance L, and rotor one
L, as well as stator leakage inductance L, and the rotor L), one

Las = Lo‘es - Lo‘ms Lar = Laer - Lo‘mr
. 37)

Loos = Loes + 2Lo‘ms Lsor = Loer + 2Lo‘mr

Leakage inductances of stator L, and rotor L, are the difference of self leakage induc-
tance of a particular winding and mutual leakage inductances between the phase windings of
the stator or rotor. Such inductance is winding leakage inductance of the components d, g of
leakage flux. However, the leakage stator inductance L.y, and rotor L, is winding leakage
inductance for zero leakage flux sequence component. It is the sum of winding self leakage
inductance and double mutual leakage inductance of stator or rotor's windings.



www.czasopisma.pan.pl P N www.journals.pan.pl

N

Vol. 62(2013)  Determination of slot leakage inductance for three-phase induction motor winding 577

Taking into account the dependencies (33)-(36) the matrix equations of the stator and rotor
voltages (31) and fluxes (32) in the system of coordinates d, ¢, 0 (in the arbitrary reference-
frame) takes the form of

Usd _RS 0 O_ Isd d yjsd _lllsq
Usdg0 = \Usqg [ = 0R; O isq +d_ ylsq +ay Fa
uo) [0 0 R]lin) |0 0
_ - , (38a)
Urq Rr 00 ird d l[/rd _yqu
Urdq0 = u;’q =0 R O l;’q +d_ yjrq +(a)k_w) Yra
Uro 0 0 R ||i U 0
Y| [Los+Ln 0 0 [fiw] [Ln O 0]lim
Vo0 =Wyt = 0  Los+Ly 0 [igp+| 0 Ly 0|40y
o] | O 0 Logo | liso 0 0 0]
_ ) (38b)
ol [Lw 0 0(ia) [Lm+Lor O 0 |[iy
Va0 =g t=| 0 Ly 0|diy ¢+ 0 Lpy+Lo, 0 |{in
ol LO 0 0] i 0 0 Lo |iro
where
3
Lm = ELms .
Figure 2 shows the equivalent diagrams corresponding to expressions (38a) and (38b).
i ~o ¥y R L L R (0, - 0)¥y
sd S %

Fig. 2. Arbitrary reference-frame equivalent
diagram for a 3-phase, symmetrical induction
machine
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Electromagnetic torque in the common reference frame dg0 is determined by dependence
[1,6,7]

3 . o
T, = prLm (lrdlsq —lyglsd ) . (39)

4. Determination of slot leakage inductance of double-layer winding

In the double-layer winding there are slots which are situated in upper and lower layer the
coil sides. One side of the coil is located in the bottom layer of a slot and the second side of
the coil is located upper the slot. In the case of double-layer windings we can distinguish the
slots, in which the lower and upper layers are with different phases. Figure 3 shows the
distribution of coil wires in the slots of stator of the three-phase induction motor of stator with
slot number Q; = 18, the number of pole pairs p = 1, the number of slots per pole and phase
g5 =3 and short pitch y, = 7/9.

17

- b- b- a+ a+ a+ ¢c- C ¢ b+ b+ b+t a- a- a- c+ ct
- a+ a+ a+ C ¢ ¢ b+ b+ b+ a- a- a- c+ c+ c+ b-

Fig. 3. Arrangement of coil sides of a double-layer windings with short pitch y, = 7/9

Slot leakage inductance is determined by the following simplifying assumptions:
¢ magnetic permeability of ferromagnetic material surrounding the slot is equal to infinity,
« distribution of the magnetic field lines along the width of slot is straight.

Slot leakage inductance is determined from the magnetic leakage flux energy stored in all
slots. If the magnetic field strength changes along slot height, then magnetic field strength,
according to the designations in Figure 4, is calculated from the following dependencies

ho
1
Wor =5 Hobile j H2 (y)dy . (40)
0

Magnetic energy of an individual slot is the sum of magnetic energies of slot part (Fig. 4).

ha+hi+hy ha+hi+hg+hg ha+hi+hg+hg +hg

hq
1
Wo :E,uobsle IH§4 (»)dy + IHf3 (V)dy + _[Hfz (n)dy + J‘Hfl Wy @41
0

hd /’Ld +h,‘+hd hd +h,‘+hd +hg
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A
y
A w
5 =
Ngg 1 <
Fig. 4. Cross-section of a slot with coil sides ey w
. . L Hx(y) \C& <
for a double-layer windings with main dimen- ol ™\ '
sions to calculate the slot leakage inductance < Al =
> . > A
oxT -
Ngig LA . X=

Magnetic field strength of each slot part filled only with phase winding a (i; = i, = i, ) is

equal to
e in part4
H, )= Vg 0<y<hy, 42)
by hy
e inpart3
Qx3(y):Nd’“ for hg <y <hg+h, (43)
e in part 2
j Noiy, v—hy —h;
Heo(y) = Nala | Nele Y70 for hg+h <y<hg+h +hg, (44)
by by he
e inpart 1
Nyi, Ngig
H (= b +b— for hg+hi+hg <y<hg+h +hg +hs. (45)

The total magnetic energy of a single slot, filled only with phase winding a is equal to

2 2
(Nd) ha +hi+ﬂ+h—“ + Ne |( 1 By
1 2 N, 3by by by by N, 3by by 2
WmaQ = E/J()leNc Iq - (46)

4o Na Ne iy i
N. N.\2b; b

Analogous expressions are obtained if the slot is filled in only with phase winding b or c.
Number of slots with conductors carrying the currents of the same winding phase is equal to

2
Qs (yv - g) .
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Therefore, the total magnetic energy associated with slots where the coil currents concern
the same phases (Fig. 1)

1 , 2
Wma c == leNc s s T |
e =7 Ho Q(y J
Na( ha  he i h) (NeY(hs h
d I SR M st E =04 (47)
N3k, b b b )N \3b b )T L,
(ig +i, +if)
N Ne(he b
N, N.\2bs; by

If the slot which contains the sides of coils with different phases and oriented with dif-
ferent directions, wherein the lower layer includes phase sides a and the upper layer include
the phase b, the magnetic energy of a single slot is calculated from the following dependencies

2 2
[&j [h_d+h_g+£+h_sjlg+[£j (h—g-i-h—sjlg
1 5 |\ Ne 3by by by by N, 3by by
WmQab = EﬂOIeNc . (48)

No(h
_2&_g _g+h_q iaib
N. N.\2by by

Similar dependencies are obtained if the lower layer contains the phase ¢ current, while the
upper layer contains the phase current a

2 2
(&j h_d+h_g+h_’+h_° 13_;,_ & h_g+h_b 13
! NG ) (36, by by b N. ) b, b,
Wcha = EﬂOZeNc . (49)
N
o Na Ne (ke | he)
N. N.\2by by

When the lower layer contains the phase b current and the top layer has the phase current a

2 2
h ; Ng hg
1 2 N, 3by by by b N, 3by by
Wmec = E/"OleNc . (50)

N, ( h
_2&_‘5 _g+h_s ipi,
N, N.\2bs; by

The wires inside slots have the coil sides oppositely directed and the coil sides of particular
phase occupy only the lower layer. The wire number is to Oy(1 — y,). Thus, the magnetic
energy of slots with different phase sides is equal to
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1
Wmab,bc,ca = E,LIOIENCZQS (1 - ys) :

2 2
Ny he  hg ki by N, he  hy)| 2 a2 o
+ =+ L E + I G2 42 4
KNCJ (3[75 by by by N, 3b, by (fa +1y +iy) (€2
Na N he  hs
Ne N\ 2bs by

-2 j(iaib +ibic +icia)

Total magnetic energy stored in all stator slots is determined by the expression

2
I Na\(ha e hi b
3UN, 3by by by by
1 (N Y[ he
W =E,U016N3Qs +§[N‘jj (3;; +ij+ (iz +ip +i2)+
(52)
2Nd£ h_g+h_g (}’5—2)
N, N.\2bs by 3
Ny Ng( h P
_;UOZeNc?Qs(l_ys){N_l: Ni (Zbgs +Zj (iqdp +ipic +lcla)}-

The resultant slot leakage self inductance Ly, and mutual inductance Lo, can be calcu-
lated from the energy balance of the magnetic field leakage in all Q; stator's slots. This energy
can be represented as [7]

1 LQo‘ LQmo‘ LQmo‘ la
Wm :_{ ia ib lc} LQmG LQG LQmG ib =
2 ,
LQmU LQmo‘ LQo‘ 12 (53)

1 222 L
=ELQJ(1a +iy +ii )+ Lomo (iaip +iple +iciy.

The comparison of dependencies (52) and (53) results in self- and mutual inductance of
slot leakage flux with double-layer short pitch winding

2 2
l(&j h_d+h_g+£+& +l & h_g+h_° +
3UN, 3by by by by) 3N, 3b, by

LQo‘ = ,uOlech Qx (54)
N Ny ( hg b [y _3)
N, N.\2b, b, )\"° 3

Ny N h, hg
LQmo- = _,UOleNCZQs ¢ _yS)N_iN_i{Z_;v+Z} (55)
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Taking into consideration the expressions

Q=6I%Is, N¢ = ' (56)

and taking into account that for the double-layer winding A, = hy = h./2 as well as Ny = N, =
N./2, the expression for self- and mutual slot leakage inductance can be written as

N? he hi  hy
Loy =2u0l, —— ko +—+—koa 7, 57
. ﬂop%{ 36, ' 4b, by @} 7
N2 (h h
L mo — _2/101(3 : { . kml +_Skm2}s (58)
Omo pqs | 3bs by

where the coefficients kg, kg, and k1, k,» are determined by the following formulas

9 1 3 1
kot ==ys —— kop =2y, ——
01 8)’ ] 02 2)’ 5
(59)
99, 233
ml 16 16% m2 4 4yv

Slot leakage inductance for components d, g as well as the zero sequence component (ac-
cording to dependence (37)) can be written as

NZ [ h hi h
Ly = Loo — Lome =240le ——4—k; + + =k b, 60
o =Looc — Lome = 2440 a. {3bs 1 TS 2} (60)
Lo =Los +2L =24l N_? e k +£ h—“k (61)
a0 Qo Omo Hole 7 3b, 02 4b, | b, 02 (>

where the coefficients k; and &, and ko, and k, are given by the following formulas

9 7 3
hi=—yi+—, k=Zy+,
T e T T,
(62)
27 11 9 5
k s T T k - s T
01 16y 16 02 4y

The values of the factors for self inductances kp, and kg, and mutual inductances £, and
k. of slot leakage for double-layer winding are given in Figure 5. Figure 6 shows the values
of factors k; and k, for the dg components, and coefficients ky; and kg, for zero sequence
component.
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Fig. 5. The factors kg, kg2 and E ‘
k1, kyp of coil vs the span y 8o |
values

Fig. 6. The factors k; and k, for
coil vs the span y, values
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I I
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I I I
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0&65 0.7 0.75 0.8 0.85 0.9 0.95

5. Determination of slot leakage inductance for delta winding

Location of delta winding in each stator slot are presented in Figure 7. The winding is
characterized by delta distribution of the linear density of the current [2].

b+ b+ ct+ c+ ct+ c+
b- b- c- ¢ c- c- a- a- a- a- b- b-

Fig. 7. Arrangement of the coil sides for delta winding with the number of slots per pole and phase g, =3
and the number of pole pairs p = 2

A sketch of a slot with coil sides for delta connecting of the winding with main dimensions
to calculate the slot leakage inductance is shown in Figure 8.

The magnetic field strength for particular slot parts for k-of slot, wherein k=1, 2, ...., g, —1,
according to the designations in Figure 8, is calculated from the following dependencies
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* in part 4 (lower part of a slot — current flows i)

q-k

7Ncib i
H, () =—1 Y for 0<y<d=%y,,
b Lh‘ q
q
e inpart3
L"‘Ncib . .
Ex}(y):q— fOI‘ 9= hCSySq_ hc+h[,
by q
e inpart2
u]\]cib chla X .
9 q y q- q-
Hw(y)= + for T h +h<y<
2(») b, bk . y
q
e inpart 1
9K Ny K, . . )
H,() = 1 +4 for 4= hc+hi+—hcﬁy£q_
b, b, . . p

where: /. — the height of the slot occupied by coil sides in the slot.

(63)

(64)

he + h; +£hc ,(65)
q

hc +hi +£hc +hx > (66)
q

A
y
A -
%Ncla 1 =
q 2 = A ) . .
Hx(‘/) \C?) | Fig. 8. A sketch of a slot with coil
o N Y = sides of delta winding with main di-
= ~ T A mensions to calculate the slot leakage
Y o inductance (k= 1, 2, ..., g, —1)
Qs H Y C? c
ds Nelo v X
vy— >
o bso .

The magnetic energy of the &-of such slot, which is the sum of the energies of individual

slot parts, is determined from the following expressions
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Wok =Wt + Wz + W3 +Wpya =
3 2 2 2
(u) hc +(u] ﬁh_c_'_(q_kj £+(q_kj E lg+
! q ) 3b q ) qbs q ) b q ) bs . (67
2
= _,UOIeNc
2 3 2 2
m he m hs | ,a-k (kj he . khl
Hl=| —+—| —fiad —2——|| — Talp +—— |iglp
q) 3bs \q) by q |[\q) 2b q b

Magnetic energy for slot 4¢-k is calculated in the same way as for & slot exchanging cur-
rent i, with current i,

Wocag-ky =Wt + Wiz + Wz +Wipa =
3 2 2 2
ERCECRER
| q )3bs \ q )qgb \ q )b .
:_/UOIech
2 3 2 2
k hc k hs .2 q_k k hc .. khs ..
+|| — + = — iy +2——|| — Igly +—— |iglp
q) 3bs q) bs q q) 2b q by

Total magnetic energy for k-of such slot and for slot (4g-k) is equal to

(68)

1
Wor,(ag-k) = Wor + Woaq—k) Iaﬂolech .
3 2 3 2 2 2
(uj +3(MJ l+[£j h_L+(ﬂj £+ (ﬂj +(£j E (154_13) . (69)
q q ) g \q) )3bs q ) b q q) )bs
| “k|(kY he kh
4R e (B
q |\q) 2bs qbs

The total energy of slots with the currents i, and i, is determined by the following
dependence

1
Woap) = EﬂoleNf .
3 2 3 2 2 2

~ (ﬂ) +3(ﬂ) E{ﬁ} he +[‘1_—kJ hi | (ﬂ) +[£) bleed)l. oo
£ q 9 ) a \q) )3b q ) b q b

k| (kY he kh

_4q_ —| =+=Z\i,i
q q) 2by q b

Using expressions of finite series of numbers [12]

S
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1+2+---+(q—1)=@

_4q(q-DQ2q-D

12 +22 432 +(g-1)? -

(71)

202
P22 433 1(g-1) =14 (6]4 )

and expression (70) we obtain the final form for the total energy

{(q—l)@q—l) he +(q—l)(zq—l)L(q—l)(zq—ng}(igﬂg)

4 3b 6 b 3 b
1 5 q s q s q s
Woiapy == HoleNe )
2 _2{@,_1)((,“) he  (@=D(g+1) h}
L — |Yalb
4q 3by 3q by

Similar dependencies for magnetic energy are given for slots which contain pairs of phase
currents (i, i.) and (i., i,)

[(q—l)(aq—l) he +(q—l)(zq—l)L(q—l)(zq—l)g}(igH.Cz)
1 4q 3by 6q by 3q by
Wob,e) == tole N , (73)
2 (q-Dg+1) he  (g=1(g+D h|. .
-2 —+ — ipic
4q 3b, 3q by

{(q—l)(zq—l)£+(q—l)(Zq—l)L(q—l)(zq—l)g}(icz”g)
1 ) 4q 3b; 6q by 3q by
WQ(c,a) = E ,u()leNc . (74)
_ol la=Dlg+D) h  (g=D(g+D Ay i
4q 3bs 3q by

The total magnetic energy of slots with the currents of different phases with pair of poles is
equal to

{(q—l)aq—l) h +(q—1)(2q—1)h,-+(q—1>(2q—1)hx}(i3+i3 2
4q 3by 6g by 3q by

1
Woah.e) :EﬂoleNh (75)

_|g=D(g+D ke (g-D(g+D hs iy + e + i)
4q 3b 3q by
The magnetic energy, for slots which contain only windings with current of the same phase
(two slots of a particular phase for one pair of poles) and the number of coils », in a slot can
be calculated from

1 2 hc hs 2 2 2
Wype=—puoleN:2 +—(iy +ip +if). 76
be = Ho {3[) 5 }( b +ic) (76)

) )
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When the winding is disposed in two layers in a such slots we obtain

1 2 hc hi hs .2 .2 .2
Wape =— ol NZ2 + +— (5 +i; +i7). 77
bie =7 Ho {3bs TS }( b ) (77)

Taking into account the dependencies (75) and (77) total magnetic energy of all slots will
be determined by the following dependence

2 2 2
3g7+1 h +4q 3q+2£+2q +1 A (i3+i§+§)

2 2
L e @ TR G iy
4q 3b; 3qg by

1
Wo == e PNZ2 (78)

From the comparison of equations (53) and (78), and taking into account the expressions
(37), we can calculate the self- and mutual slot leakage inductance for delta winding

NY2 h. h; hy
Lop =2p0le — {—kgl +—kgp3 + kgz},
pq \3bs s

79
4b, b )
Lom =-2 lN—Xz{h“ k +h—sk } (80)
om Hole g 3b, ml b, m2 (s
where the coefficients ky;, ko, and kgs and k,,;, k,.» are given by the following dependencies
3¢ +1 2¢” +1 4g* -3g+2
kor =20 g, 22 HL BT 3
3q 3q
' 81)
2 2
kml :q 21 km2 q 21
8q 6q

However, slot leakage inductance for components dg and zero sequence component ac-
cording to (79) and (80) and (37) amounts to

2 .
L, = 2yozeN—S{ fe p By +h—fk2}, (82)
pq | 3b; 4by s
Loos =20l N [ ke o+ ey + 15 g (83)
o0s = 2Hole e 01 b, 03 ) 02 (-
The coefficients k;, k, and ky,, ko, are given by the following expresions
2 2 2
k1:7q ;—1 k2:5q ;1 k3:4q 32q+2
8¢ 6q 3q
(34)
2 2 2
+1 +2 4g° -3g+2
kor =2 > kor =4 5~ kos =4 i< 2(]
2q 3q 3q
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the values of self inductance factors ky; and k¢, as well as the factors for mutual k,, and k,,
inductances for the slot leakage of double-layer winding are given in Figure 9. Figure 10
shows the values of the factors k; and k, for components dg and coefficients ko, and kq; for
zero sequence component.

© o o
> B o -]

k1‘ k2’ k01’ k02

o
[N}

Fig. 10. Factors k; and k; vs the number of slots per pole and phase ¢,

6. Determination of delta-modified slot leakage inductance

Spatial distribution of linear density of current for delta winding connection is closer to the
sinusoidal shape than that obtained for the double-layer winding. Delta winding does not al-
low to eliminate any harmonic belt spatial frequency components in the magnetic field distri-
bution. For example, the fifth and seventh harmonic components in magnetic field. Delta-
modified winding, whose we designed has been patented in [10]. It is characterized by scant
higher harmonic spatial content and allows for a significant reduction in the fifth and seventh
harmonics as the most significant. The spatial distribution is similar to the sinusoidal one. It is
obtained for that winding by reducing the number of wires in the coils of delta winding, which
have the maximum number. It concern the coils which are placed in slots 3, 6, 9, 12, 15, 18 in
Figure 7. Distribution of delta-modified winding group can be written as
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1 2 -1 -1 2 1
N, =N, o BTN, N, LN, . ZN, —N,, (85)

qs qs qs qs qs qs

where: N, — maximum number of windings in a slot, g, — number of slots on the pole and
phase.

The coefficient / in the formula (85) comprises a range of 0 < 4 < 1, wherein for winding
in delta connection we had 4 = 1. By a suitable selection of coefficient # we may obtain dis-
tribution of the magnetic field close to a sinusoidal distribution. Rules for the selection of
coefficient / are given in the patent description [10]. Magnetic energy of slots, where there are
only windings with the same phase (the slots of particular phase per one pair of poles) placed
in two layers, with the number of windings 4N, in a slot is equal to

1 20 he o hio o hy ol 2 0
Wape =—ole NE2 h” + h“+—h o i +in). 86
bie = Ho {31)5 T, b (ia +i +ic) (86)

Taking into account the dependencies (75) and (86), the total magnetic energy of all slots
for delta-modified winding is determined by the following expressions

2
WQ :%2/’!01(3 Ne .
P4
3q2—4q(1—h2)+1h_c+4q2—3q(2q—h2)+2i+2q2—3q(1—h2)+1h_s @22 42| 6D
2 3h 2 4b 2 by | 40P
4q s 3q s 3q s

_|4-D@g+D he  (¢-Dg+D) hy (Gai + ipio +10iy)

From comparison of the equations (87) and (53), and taking into account expressions (37),
the results for self- and mutual inductance associated with the slot leakage flux for delta-
modified winding can be expressed

N2 [ h, h; h
Loo =2u0le —<—ko1 + —koz +—kos ¢, 88
o0 = 2o pq{%s AT A QZ} ®%
2
Lam = _2/1012 Ns { hc kml +£km2 } (89)
rq 3bs by

Where coefficients kg, kg, and kg3 are described by expressions

3% —4g(1-h*)+1
kot =24 q(2 ) . koo
4q

C2g7 -3q(1-h*)+1
3q2

_4q” -3q2q-h*)+2
3q2

, ko3 ,(90)

however, coefficients k,,, and k,,, are identical as in delta winding.
Slot leakage inductance for components dg and zero sequence component according to
(88) and (89) and (37) will amount to
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2
Ly =2uol, Ns {hc ky + i k3 +h—sk2}, 1
pq | 3b 4b by
Loos = 20t W5 [ Be gy b By 92)
c0s = 2Hol. PR 01 b, 03 b, 02 (-

Where coefficients ki, k, and ko1, ko, are described by

7¢% —4q(1-h*)+1 ' 52 =3q(1-h*)+1 . 4% =3g(2qg-h*)+2
= 2 2: 2 3= 2

fa 8q2 6q2 3q2
. (93)
_4q% -3q(2q—h*)+2

g7 —4q(-h*)+1
9 3q2

g7 -3q(1-h*)+2
24> N ’
q

kot
3q2

ko3

koo

The procedure for calculating of slot leakage inductance can be simplified under omitting
small interlayer insulation thickness /; between the two sides of the windings in each a slot. As
a result of such simplification, the slot leakage inductance can be calculated in the same way
as for a single-layer winding, but one should use the two factors taking into account the phase
currents reallocation on both sides of the winding in a slot. The coefficient &, to the slot part
occupied by the winding and the coefficient k; to the top of a slot without winding should be
taken into account. The slot leakage inductance is then determined from the following ex-
pressions

N2
Lop =210, p—;(ﬂQakQI + @kaZ)

) 94)
N2
Lopm = _2/u016 _S(AQakml + ﬂvaka)
pq
N2
Ly =2 uole —(Agaks + Agpk2)
pq
> (95)

N2
Loos = 240l p—;(ﬂgakm + Aovkoz)

Magnetic conductivity coefficients Ay, and Ay, in the formulas above refer to the single-
layer winding of any shape, where in the coefficient Ay, refers to the slot part comprising the
winding and coefficient Ay, refers to the top of the slot without winding. The coefficients ko,
ko2, ki, ko, k1, ko, ko1, koo calculated for rectangular slot can also be used to calculate the slot
leakage inductance of other shapes [4, 11], committing only a small error. Dependencies on
magnetic conductivity coefficients of single-layer windings of any shape, appearing in
formulas (94) and (95), can be found in the works [3, 4, 5, 11].

Table 1 shows the values of the coefficients k; and &, for different types of windings, for

qs=3.
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Table 1. Coefficients &, and k, for different types of windings

ky k, Type of winding — ¢, =3
1 1 single-layer
0.906 0.875 double-layer — y, = 5/6
0.889 0.852 delta
0.845 0.808 delta-modified — 4 = 0.858

7. Conclusions

In this paper, the inductances of the windings for induction motor have been calculated.
The dependence of the magnetic field energy on the arrangement of the motor coils is
overwritten. For the three-phase current values, the author derived the formulas for the slot
leakage inductance of double-layer, delta and delta-modified windings. The method presented
in the paper allows to calculate self- and mutual slot leakage inductance of an induction
machine in a natural system of coordinate and slot leakage inductance for components dg and
zero component. Presented dependencies and graphs show that the placement of the coil in the
slot which are belong to different phases causes a reduction in slot leakage inductance in
comparison to a single layer winding. Comparing coefficients shown in Table 1, we can state
that the greatest reduction in inductance is observed for delta-modified winding, then delta and
the smallest one is for the double-layer winding. Developed analytical dependencies may be
useful in the design of windings and in the analysis of dynamic states of the AC electric
machines.
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