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Abstract: This paper presents the method of analysis of parametric systems in frequency 
domain. These systems are also referred to as linear time varying systems (LTV). The 
article includes a description of an analytical method for determining the frequency re-
sponse of the first order parametric circuit with non-periodically variable parameters. The 
results have been illustrated by an example. 
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1. Introduction 
 
 The parametric sections, also referred to as the linear time varying (LTV) sections, are 
systems with time-variable parameters. The parametric systems can be treated as the first 
linear approximation of nonlinear systems [3]. Any non-stationary LTV system is described 
by the ordinary differential equations with variable coefficients. The coefficients are called 
parametric functions and can be treated as the variable parameters of the system.  
 The basic dynamic characteristics of linear stationary systems, such as a step response, 
impulse response and frequency response can be generalized to LTV systems. The knowledge 
of methods applied to determinate the frequency responses is useful in the analogue [1] and 
digital [5] LTV filter synthesis. 
 This work is the continuation of the article series devoted to the analysis of parametric 
systems with non-periodical parameters. The aim of this paper is to present the time-frequency 
characteristics of a LTV system and an exemplar method determining the time-frequency 
response. The obtained results have been illustrated by an example of plotting the amplitude 
and phase characteristics of the generalized first order LTV section. Their analysis in the time 
domain is included in the work [7]. The generalization, in comparison to the earlier works, 
consists in the significant extension of the parametric function class.  

                                                           
* This is extended version of a paper which was presented at the 23th Symposium on Electromagnetic 
Phenomena in Nonlinear Circuits, Pilsen, Czech Republic 02-04.07, 2014. 
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2. Description of the generalized LTV section in the time domain 
 
 In the time domain, the parametric systems are described in two different ways [3, 8]. The 
former of them consists in using ordinary linear parametric differential Equations [7]. The 
processes in the parametric systems are described by differential equations where coefficients 
depend on time: 

  ,)()()()(' tkxtytty =+ ω  (1) 

where: x(t) – input signal of LTV section, y (t) – output signal of LTV section, ω(t) – para-
metric function interpreted as time-varying angular cut off frequency (Fig. 1); k – time-
invariant gain coefficient for constant component. To simplify the calculations it is assumed 
that k = 1 or k = ωg, depending on calculation needs.  
 

 

Fig. 1. Example model of the first order 
LTV system 

 
 Any limited energy of the non-periodic function describing the time-variable parameter of 
the system from Fig. 1 can be approximated [2] by the series: 
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 The Equation (2) describing the variable parameter ω(t) can be transformed to the follow-
ing form: 

  ( ),)Ωsin()Ωcos(e)(
1

g ∑
=

=

− ++=
Nk

k
kkkk

t tBtAt kγωω  (5) 

where:  
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 For assumptions (2)-(4), the parametric functions fulfills the conditions: 

  .0)(lim g >=
∞→

ωω t
t

 (8) 



Vol.  64 (2015)           Time-frequency responses of generalized first order parametric sections     

 

373 

 The variability of the parametric function described by equation (5) has been considered.  
Coefficients Ak and Bk are a response for the functions of values for t = 0, coefficients Ωk 
describe the oscillations of the parametric function whereas coefficients γ k  describe the time in 
which the stationary value ωg is reached. Examples of the functions ω(t) obtained for a few 
sets of coefficients (see Tab. 1) have been shown in Figure 2. 
 

Table 1. Coefficients of parametric functions  
 ωg A1 A2 A3 B1 B2 B3 Ω1 Ω2 Ω3 γ 1 γ 2 γ 3 

ω1(t) 10 −10 10 20 10 10 20 1 2 3 1 2 3 
ω2(t) 10 −10 10 20 0 0 0 10 2 3 1 2 3 
ω3(t) 10   10 5 10 10 20 2 5 5 5 10 1 1 

 

 
Fig. 2. Examples of parametric function variability  

 
 If the above requirement is met and the considered parametric sections are stable, after 
sufficiently long time the LTV sections become equivalent to the stationary low-pass sections 
with a cut-off angular frequency ωg. In such cases, these sections become classic low-pass LTI 
(linear time invariant) filters.  
 The latter of the description methods in the time domain consists in using the parametric 
convolution with the kernel defined by the impulse response h(t) expressed by [8]: 
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where: h(t, t ζ ) = h(t, ζ) – impulse response of the system, ζ – moment of application of the 
excitation to the input of the system. 
 The impulse responses of a LTV system can be obtained by solving Equation (1), for the 
exaction in the Diracc impulse: x(t) = δ(t – ζ),  where t = ζ is the moment of time when ex-
citation δ(t) is applied.  
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 A detailed analysis of time domain has been carried out in works [7]. The solution to a 
differential equation with zero initial conditions results in an impulse response h(t, ζ ) of the 
parametric system and is expressed as:  
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where: 
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 The above formula has been carried out with the assumption that ω(t) is non-periodically 
varying according to relation (5). If the coefficients of the equation are varying, the responses 
will be different for different moments of time t = ζ in which exaction δ(t – ζ ) is applied to 
the input of the system. The mentioned effect is typical for LTV systems and does not exist in 
classic LTI (linear time invariant) systems.  
 
 

3. Generalized LTV section in the frequency domain 
 
 Parametric system frequency responses are defined in two ways [4, 8]. The first of them is 
identical to the one concerning stationary systems and consists in defining the frequency cha-
racteristics as the ratio of the complex output signal to the complex monoharmonic input 
signal. The second way of the frequency characteristic description requires knowledge of the 
impulse response and it defines time frequency response as:  

  { },),(),j( τω τ thtH F=   (13) 

where: τF  – Fourier transform operator.  
 A method of determining of the time-frequency responses of the LTV sections is described 
below. Assuming, that the impulse response of the LTV system is given and further denoted as 
h(t – ζ,  ζ )  (10) [7], the response for any exaction is expressed by (9). For a complex mono-
harmonic signal X(t) = e jω t  formula (9) can be presented as: 
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 As in the case of the stationary systems, magnitude and phase characteristics are defined as 
a ratio of the output signal Y( jω, t) and the input signal e jω t .  
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 Taking into account that t – ζ = τ and h(t, τ) = h(τ, t – τ) one can obtain a transfer function 
in normal form (compare with eq. (13)) 
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 Expanding Equation (10) by its functional Taylor series and applying a generalized version 
of Newton’s binomial formula, one can get the relation describing the time-frequency re-
sponses (16) in closed form. From a mathematical point of view, the Equation (16) describes 
the classic Fourier transform of the impulse response with τ as a variable. Contrary to the sta-
tionary systems, the parametric system frequency characteristics are the complex functions of 
time and frequency. Moreover,  

  ),(j),j(),j( tetHtH ωϕωω = . (17) 

 Functions |H(jω, t)| and ϕ(ω, t) are called time-frequency magnitude characteristics in lite-
rature [8] while time – frequency phase characteristics. Based on formula (16), in this paper, 
time-frequency characteristics of the first order of the parametric sections (Eq. 1) with a para-
meter variable following formula (5) were determined.  
 It should be noted that in the frequency domain, another description of the parametric 
system is possible. It consist in the application of the double Fourier transform with respect to 
the impulse function h(t, τ). It is called a bispectral frequency response [4]. The mentioned 
method of describing LTV system frequency properties is not used in this paper.  
 
 
 

3. Example 
 

 The low pass LTV first order filter presented in Figure 1 has been analyzed for a parameter 
varying as the function ω1(t) variability expressed by Equation 5. The waveform of the time 
varying cut-off angular frequency ω1(t) of the system has been shown in Figure 2. The magni-
tude and phase responses of the analyzed systems determined on the base of the formula (16) 
have been presented in figures 3 and 4.  
 Any change in behaviour of the parameter ω(t) results in the formation of time-frequency 
responses of the system. According to the variability of the parametric function, the cut-off 
frequency and attenuation ratio are varied. When the parametric function achieves its steady 
value ωg, the LTV system becomes equivalent to a classic, first order low pass filter with con-
stant a value of the cut-off angular frequency ωg. 
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a) 

 

 

 

b) 
 

 

 

 

Fig. 3. Time-frequency responses of first order LTV (a) magnitude response and its shaping process  
in time (b) phase response and its shaping process in time  

 
 

4. Conclusions 
 
 The method of frequency response determination presented in this paper requires a closed 
form of the section impulse response. The method can be used both for frequency characte-
ristic calculations of the first order low-pass LTV sections and for higher order sections with 
an arbitrary variability of a parameter. 
 The time-frequency response of a non-stationary system is the Fourier transform of an im-
pulse response. Moreover, it is a function not only of frequency (as in the stationary systems 
case), but also of time. The variability of the system parameters allows to freely shape the 
magnitude and phase characteristics of parametric systems.  
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