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Summary. Normal distribution is commonly applied in natural sciences, as well as in technical, humanistic or
social. It is also very often used for the description of phenomena and processes in investigations in the domain
of agricultural engineering. Wide application of this distribution is justified by the principle of great numbers.
Great importance of normal distribution results also from the following facts: 1) Normal distribution is a model
for random error of measurements. 2) Many physical phenomena, even if they do not have normal distribution,
can be described in terms of this distribution after suitable transformation. 3) Normal distribution is a good
approximation for different distributions, 4) Every linear combination of independent random variables with
normal distribution has a normal distribution.

These desirable properties cause, that research workers want to check whether the results of their experiments
have normal distribution. In literature many tests checking normality of distribution of the studied feature are
described both in one [Anderson at al 1954, Bowman at al 1975, Geary 1947, Green at al 1976,Tench at al 1980,
Oja 1983, Pearson 1930, Shapiro at al 1965, Uthoff 1973, Vasicek, 1976] and in multidimensional case [Andrews
at al 1973, Bera ay 1986, Cox at al 1978, Hawkins 1981, Henze at al 1990, Buck 1986, Royston 1983]. All of
them require the application of suitable tables of critical values.

In the present work we suggest using the selection between normal and logarythm - normal distribution: Akaike
information criterion (AIC). This criterion originates from the theory of information. The suggested method was
applied to dataset obtained in an experiment with crops of sugar beets. Conclusions resulting from criterion
Akaike were confirmed by the classic Shapiro-Wilka test.

Key words: Crop of sugar beet, Akaike information criterion, normal distribution, lognormal distribution,
selection of the models.

AKAIKE INFORMATION CRITERION.

The concept of Akaike information criterion (AIC) has its source in the theory of information.
This notion is based on the concept of Kullback-Leibler (K-L) information [Kulback.and Leibler
1951]. Let us consider a continuous probability distribution. Let g(x) be the true density function
and f(x) be a model density function. Then the Kullback-Leibler information is given by [17]
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I(g./)= jlog g(x)dx, (1)

fx )

where: log denotes the natural logarithm. /(g, /) describes the distance between two prob-
ability distributions and has the following properties [Akaike 1974]:

L I(g./)20,

2. I(g,f)=0< f(x)=g(x) almost everywhere.

Obviously, the lower the value of I(g, f), the better the fitting of the model. Notice that the
value of /(g, /) depends on the distribution of g(x), which is usually unknown. So we need an
estimator of /(g, /). From the definition of K-L information we have:

I(g./)= j ¢(log (¥ - | g(0)log f()dkx.
The first term in the last equality does not depend on the model distribution f(x), so finding
the minimum of K-L information is equivalent to finding the maximum of the value:

[ g()log f(x)dx, @)

which is called an expected log likelihood. If we have » independent realizations {X .4 n},
then the value :

ilogf(x,-), 3)

is called the log likelihood of the model. It is easy to prove that an expected log likelihood
can be approximated by (3) times 1/n [24]. So, the higher the value of (3), the better the fitting of
the model.

Assume that f(x,,....x,|0) is a joint distribution function of the vector (X,..., X))
0, where is a parameter of the distribution. If we have »n observations {x],l...,xn} then the
function L(8) = f(x,,...x, | €) is called the likelihood function. When we consider the independent
random variables {Xl,....,X,,}, then L(6) = f(x,|0)-...- f(x,]6), where f(x,|6) is a density func-
tion of X,, we can define the log likelihood function as:

10)=) log f(x,10).
i=1
Let us identify g(x) = f(x|0"), where fis a model with k parameters and & is a vector of true
parameters. Then the expected log likelihood of the distribution f(-| 8) is given by [24]:

I'(0)=E,[log f(Z0)],

where: Z is a random variable with the same distribution as X; and independent of X. As we
said, this value is a criterion of fitting of the distribution. The higher the value of /" (8), the better
the fitting of the model.

Let 6 be the maximum likelihood estimator of the parameters of the model maximizing the
log likelihood function /(€). So the goodness of fitting of the model can be expressed in terms of
l*(é). Observe that this value depends on the realization of the random variable X. Therefore, in
order to lose this dependence, define the mean expected log likelihood as:

1 () =E[l'@=[I (H)Hg(x)dx
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As before, the higher the value of /,"(k), the better the fitting of the model. At first sight, it
would seem that the maximum log likelihood is a good estimator of the mean expected log likeli-
hood. However, as Akaike has shown, it is a biased estimator of this value and its bias is equal to
the number of the parameters. Akaike [25] has also shown that the asymptotically unbiased estimator
of the mean expected log likelihood is:

AIC(k) = the maximum log likelihood — number of estimated parameters.

By historical reasons [Rao 1980] we take:

AIC(k) =-21(8,)+2k. “)

Summarizing, the model which has the minimal value of AIC(k) is considered to be the most
appropriate model.

ESTIMATION OF PARAMETERS OF NORMAL DISTRIBUTION
BY THE MAXIMUM LIKELIHOOD METHOD

Let X, X,,..., X, be the independent  observations of the normal distribution N(x, o), where
1€ R,c*>0. Let us consider the normal density function of the random variable X :

no

The likelihood function is given by:

Lg,0%) = lnexp{—zizi(x,. —u)z} ®)

(o)

1 & n n
(u,0%)=— X —u)? —=log27 ——logo™.
(1,0%) 2022(, #)* ~log2m —log

i=1

Thus:

We also have:

o 1

C ol 1 & , n
=13 (v~ ) and RO 6
ou o’ ;(xz #) an 0ol 20" ;(x, H) 257 6)

We will find the maximum value of the function /(-,-) and the corresponding maximum argu-
ment. The necessary condition for the existence of the maximum of this function is 2—1 =0 and

ol . H
— =0. Solving the system:

do
Z(xi - /J) =0
i=1

Zn:(xi - /u)2 —no’ = 0, @)

n

1< 1
we: get ,u:foi and o’ =72(x,. — )
n

i=1 i=1
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We: can write the solution of the above system as:

N R N 1 N
f==2x, 6 == (x,— ). ®)
niis niis
Now, we should check if the function /(-,-) has the maximum in (&,6°). We will check if
I(f1,6*)—I(1t,0%) > 0. Let us consider the difference:
A A2 1 < NG ~2 2 N 2
I(g,07)—l(u,o AZZ(xi—,u) —Eloga + xi—y) —Eloga =
2&22(x -’ _,10g7+ {Z(X - ) +n(jt— p)’ }
A2 ~2
n. o 1 n(a-p?’ _n(é® L) ﬂ)
=——log—+ - X, —f) +———— -1-1lo
2 % [202 “)z( = a3l g 207
The last term in the equation is nonnegative, so we can observe the function f(x) =logx —x.
The function f has a maximum in x=1 and f(1)=-1. Thus logx—x < -1 for x>0
So we have /({1,6%) -

)—1(u,57) >0, which implies that function /(x,c”) has the maximum

at u=f and o° =6 To summarize, 2 and & are the maximum likelihood estimators of the
parameters  and o”. Also the maximum log likelihood is given by

l(ﬁ,&z)z—glogZﬂAz—f ©9)

ESTIMATION OF PARAMETERS OF LOGNORMAL DISTRIBUTION
BY THE MAXIMUM LIKELIHOOD METHOD.

Def. Let random variable Y have a normal distribution: ¥ ~ N(#,5). Then a random variable
—or 1

X =¢" has a lognormal distribution with parameters y,6°. The probability density function of the
lognormal random variable is given by the formula

0:
f(x)= 1 _(nx—p)®

207

0 (10)
e ,X>
xo\2xw

Let X,, X,,..., X, be the sample from lognormal distribution with parameters #,c". 11 € R,c* > 0
Let us consider the lognormal density function of the random variable X

1 Inx, — 1)
AV OB N eXp{—( 2‘02”) }dla x>0.

The likelihood function is given by:

L(ﬂ7o-2) :f(x]axzr--sxnlazzﬂ) :Hf(xxlazzﬂ)a
i=l

i(m x—H)’

i=l

= (27:02)’%]1[()@)" e . (11)
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Thus log likelihood is equal to:

0 . X(nx -
l(x‘o-z,,u):—E(ln27r+ln0'2)—21nxl.—’=‘27. (12)

2
i=1 <}

In order to find the maximum likelihood estimators £z i & of parameters of distribution we
differentiate the function with respect to x i o° i and then equate it to zero. We get the following:

1 n

ol 1
—=— 2(Inx, — -)=— Inx, - =0
” 202;( x, = u)(=1) 02;( )
C _ 2
ol _ n +;(ln)‘:i 'U) L_O (13)
oo’ 207 2 ot

After the transformation of the system (13) we obtain equalities:

Zn:(ln x,—u)=0
i=1

-no”+ Y (Inx, - u)* =0, (14)

i=1

and from it the following estimators:

Zn“lnxi

A=—=Inx
n
Z (Inx, - )y
Grl=il = gq
—=Su. (1)
Moreover, the maximum log likelihood is equal to (from(12) and (15)):
1d6%, ) =—2n27 - "1n6* =Y Inx, . (16)
2 2 par 2

SELECTION OF NORMAL DISTRIBUTION BY THE AKAIKE METHOD

We want to verify if the investigated feature in population has a normal or lognormal distri-
bution. We state hypotheses:

H,:F(x)eF,
H, :F(x)eF,, (17)

where: F denotes a family of normal cumulative distribution functions, F  a family of
lognormal cumulative distribution functions and F(x) a cumulative distribution function of feature
in population.

In Akaike method we match to each of hypotheses a model connected with specified prob-
ability distribution, evaluate Akaike information criterion AIC for each model and then we choose
this hypothesis, which corresponds to the lower value of AIC.

Model (0)-the feature in population has normal distribution.
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Model (1)-the feature in population has lognormal distribution.
From (4) we have AIC =-21(6) + 2k. As the number of free parameters in the model (0) is 2
so AIC for it is equal to (from (9)):

{AIC(0) = AIC(u,07) = -21(j2,6°) + 2x2 = n[log 27 + log &” +1]+ 4}, (18)

where 6% is given by (8).
Similarly, for model (1) we find (from (16)):

AIC(1) = -21(f1,6*) +2x2 = nflog 27 +log 6* +1]+2) Inx, +4, (19)

i=1

where in its time &7 is given by (15).

CONCLUSIONS

The Akaike theory given in previous sections we apply to an analysis of experimental data
from the crop of sugar beets. Proper investigations were carried out in the years 2006-2008. [Ostroga
2010, Bzowska-Bakalarz et al 2008]. The tool for assembling the data in farms were questionnaires
filled through growers. Area of questionnaires’ investigations contained region of working of four
sugar factories - Krasnystaw, Lublin, Werbkowice and Strzyzow. Respondents were farmers who
had a chance of survival of production of sugar beets in next years. They became chosen at co-
operation with workers of sections of raw material sugar factory on the basis of positive produc-
tive results. Investigations were carried out by the method of standardized interview. Analyzing
dataset related to crops of sugar beet received through 100 manufacturers in 2006 year we obtain
6 =75,035, n=100 while from example (18) we get:

AIC(0) =100-[1,8379 +In(75,035) +1] + 4 = 719,5855. (20)

For dataset 6° =0,0364, Zln x=381,89, n=100 from example (19) we receive:

i=1

AIC(1) =100-[1,8379 + In(0,0364) + 1]+ 2-381,89 + 4 = 720,2513. Q1)

In the face of inequality AIC(1)>AIC(0) we state, that normal distribution better than log
normal distribution describes crops of beets. Now we will try to apply the traditional method of
testing of hypotheses for analysis of experimental dataset. We will use classic test Shapiro-Wilka
to this end. Test function of this test has the form [Domanski 1990]:

B

2
Ay (X = X))}
1

i (x,. - })2

{

W= , (22)
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where: X denotes i-th; within growing crop of beet., a; fixed value in Shapiro-Wilka test

read from statistical tables, meanwhile symbol [z] denotes the largest integer number less or equal
H .
to z. In our example we have: n=100, Za(i)(x(nfm) - X)) =85,39, nSZZ(x,. - x)* ==7503,5202.

i=1 i=1

Therefore in the face of (22) we get:

2
W= (85,39

= =0,9717. (23)
7503,5202

Assuming the level of significance o =0,05 we read the critical value W0705=0,9641. In the
face of W> W we state, that it does not have bases for rejection of hypothesis about normality of
distribution of crop of sugar beets.
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ZASTOSOWANIE KRYTERIUM AKAIKE DO OCENY ROZKLADU
PLONOW BURAKOW CUKROWYCH

Streszczenie. Rozklad normalny jest powszechnie stosowany w naukach przyrodniczych, technicznych jak
réwniez humanistycznych i spotecznych. Bardzo czgsto jest on rowniez uzywany do opisu zjawisk i procesdw
w badaniach z zakresu inzynierii rolniczej. Szerokie wykorzystanie tego rozktadu ttumacza prawa wielkich
liczb. Znaczenie rozktadu normalnego wynika tez z nastgpujacych faktow: 1) Rozktad normalny jest modelem
dla losowych btedow pomiarow. 2) Wiele zjawisk fizycznych, choé¢ nie podlega rozktadowi normalnemu moze
by¢ opisanych za pomocg tego rozktadu po odpowiedniej transformacji. 3) Rozktad normalny jest dobrym przy-
blizeniem dla innych rozktadoéw, 4) Kazda kombinacja liniowa niezaleznych zmiennych losowych o rozktadzie
normalnym ma rozktad normalny.

Te pozadane wtasnosci powoduja, iz badacze dysponujac wynikami eksperymentu chca sprawdzi¢ czy maja
one rozktad normalny. W literaturze opisanych jest wiele testow sprawdzajacych normalno$¢ rozktadu badane;j
cechy zarowno w przypadku jedno [Anderson i in 1954, Bowman i in 1975, Geary 1947,Green i in 1976,Lin
iin 1980,0ja 1983,Pearson 1930, Shapiro i in 1965, Uthoff 1973, Vasicek, 1976] jak i wielowymiarowym [An-
drews iin 1973, Bera i in 1986, Cox i in 1978, Hawkins 1981, Henze i in 1990, Koziot 1986, Royston 1983 ].
Wszystkie one wymagaja stosowania odpowiednich tablic wartosci krytycznych.

W niniejszej pracy proponuje si¢ zastosowanie do selekcji migdzy rozktadem normalnym i logarytmo-normal-
nym kryterium informacyjnego Akaike. Kryterium to wywodzi si¢ z teorii informacji. Sugerowang metodg
zastosowano do danych uzyskanych w do$wiadczeniu z plonami burakoéw cukrowych .Wnioski wynikajace
z kryterium Akaike potwierdzono klasycznym testem Shapiro-Wilka.

Stowa kluczowe: Plony burakéw cukrowych, kryterium informacyjne Akaike, rozktad normalny, rozktad loga-
rytmo-normalny, selekcja modeli.



